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Abstract. The theory of torus actions on topological spaces has a long his- 
tory and constitutes an important field within algebraic topology. Over the last 
20 years a new field emerged on the borders of equivariant topology, algebraic 
and symplectic geometry, combinatorics and commutative algebra. Under the 
name "toric topology" this field has quickly attracted the attention of specialists 
from different areas, and is currently under active development. 
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CHAPTER 1 



Geometry and combinatorics of polytopes 

This chapter is an introductory survey of the geometric and combinatorial 
theory of convex polytopes, with the emphasis on those of its aspects related to the 
topological applications later in the book. We do not assume any specific knowledge 
of the reader here. Algebraic definitions (graded rings and algebras) required in the 
last section of this chapter are contained in the beginning of Section lA.ll of the 
Appendix. 

Convex polytopes have been studied since ancient times. Nowadays both combi- 
natorial and geometrical aspects of polytopes are presented in numerous textbooks 
and monographs. Among them are the classical monograph |107] by Griinbaum and 
Ziegler's more recent lectures [228]. Face vectors and other combinatorial questions 
are discussed in books by McMullen-Shephard [158\ , Br0nsted [32j , and the survey 
article |136j by Klee and Kleinschmidt; while Yemelichev-Kovalev-Kravtsov |226j 
focus on applications to linear programming and optimisation. All these sources 
may be recommended for the subsequent study of the theory of polytopes, and 
contain a host of further references. 

1.1. Convex polytopes 

Definitions and basic constructions. There are two constructively different 
ways to define a convex polytope in n-dimensional Euclidean afhne space R" with 
the scalar product ( , ) : 

Definition 1.1.1. A convex polytope is the convex hull conv(t)i, . . . , Vq) of a 
finite set of points Vi, . . . ,Vq G M". 

Definition 1.1.2. A convex polyhedron P is an intersection of finitely many 
half-spaces in some M": 

(1.1) P = {x <eW: {ai,x) +b,^Q for i 1, . . . , m}, 

where a; G M" and hi G M. A convex polytope is a bounded convex polyhedron. 

All polytopes in this book will be convex. The two definitions above produce 
the same geometrical object, i.e. a subset of R" is the convex hull of a finite point 
set if and only if it is a bounded intersection of finitely many half-spaces. This 
classical fact is proved in many textbooks on polytopes and convex geometry, and 
it lies at the heart of many applications of polytope theory to linear programming 
and optimisation, see e.g. |2281 Theorem 1.1]. 

The dimension of a polytope is the dimension of its affine hull. We usually 
abbreviate a 'polytope of dimension n' to n-polytope. A supporting hyperplane 
of P is an affine hyperplane H which has common points with P and for which 
the polytope is contained in one of the two closed half-spaces determined by the 
hyperplane. The intersection PnH with a supporting hyperplane is called a face of 
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the polytope. We also regard the polytope P itself as a face; other faces are called 
proper. The boundary dP is the union of all proper faces of P; the complement 
int P = P \ dP is the (relative) interior of P. Each face of an n-polytope is itself a 
polytope of dimension ^ n. 0-dimensional faces are called vertices^ 1-dimensional 
faces are edges, and faces of codimension one are facets. 

Two polytopes P C M"^ and Q C M"^ of the same dimension are said to 
be affinely equivalent (or affinely isomorphic) if there is an afhne map — R"^ 
establishing a bijection between the points of the two polytopes. Two polytopes are 
comhinatorially equivalent if there is a bijection between their faces preserving the 
inclusion relation. Note that two affinely isomorphic polytopes are comhinatorially 
equivalent, but the opposite is not true. 

The faces of all dimensions in a given P form a partially ordered set (a poset) 
with respect to inclusion (so that G ^ H if the face G is contained in H). This 
poset is called the face poset of P. We therefore obtain that two polytopes are 
comhinatorially equivalent if and only if their face posets are isomorphic. 

Definition 1.1.3. A combinatorial polytope is a class of comhinatorially equiv- 
alent polytopes. 

Many topological constructions later in this book will depend only on the com- 
binatorial equivalence class of a polytope. Nevertheless, it is always helpful, and 
sometimes necessary, to keep in mind a particular geometric representative P rather 
than thinking in terms of abstract posets. Depending on the context, we shall de- 
note by P, Q, etc., geometric polytopes or their combinatorial equivalent classes 
(combinatorial polytopes) . Whenever we consider with both geometric and combi- 
natorial polytopes, we shall use the notation P « Q for combinatorial equivalence. 

We shall assume our polytopes in M" to be of full dimension n, unless otherwise 
stated. Under this assumption there is no distinction between int P and the interior 
of P C M" in the topological sense. 

Let P be given by (jl.ip . We shall further assume, unless otherwise stated, that 
there are no redundant inequalities {oi, x) + bi ^ in this representation. That is, 
no inequality can be removed from (|l.ip without changing the polytope P. In this 
case P has exactly m facets, which are given by 

F,^{xeP: {a,,x)+k, = 0} 

for 1 ^ i ^ TO. The vector is orthogonal to the facet Fi and points towards the 
interior of the polytope. 

Example 1.1.4 (simplex and cube). An n-dimensional simplex A" is the con- 
vex hull of n -|- 1 points in M" that do not lie on a common afhne hyperplane. 
All faces of an n-simplex are simplices of dimension ^ n. Any two n-simplices 
are afhnely equivalent. Let ei, . . . , e„ be the standard basis in R". The n-simplex 
conv(0, ei, . . . , e„) is called standard. Equivalently, the standard n-simplex is spec- 
ified by the n + 1 inequalities 

(1.2) Xi ^ for i = 1, . . . ,ri, and — xi — • • • — a;„ + 1 0. 

The regular n-simplex is the convex hull of the endpoints of vectors ei, . . . , Sn+i 
in 

The standard n-cube is given by 

(1.3) r = [0,1]" = {(a;i,...,a;„) e M": ^ 1 for i = 1, . . . , n}. 
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Equivalently, the standard ?i-cube is the convex huh of 2" points (ei, . . . , e„) e M", 
where = or 1 for 1 ^ i ^ n. Whenever we work with combinatorial polytopes, 
we shall refer to any polytope combinatorially equivalent to I" as a cube, and denote 
it by 

The cube I" has 2n facets. We denote by F° the facet specified by the equation 
Xk — 0, and by that specified by the equation Xk — 1, for 1 ^ fc ^ n. 

The following construction shows that any n-polytope with m facets is affinely 
equivalent to the intersection of the positive cone (or orthant) 

(1.4) = {(2/i,...,y,„) eK": ^0 for z = 1, . . . , m} C 
with a certain n-dimensional affine plane. 

Construction 1.1.5. Let P C M" be an n-polytope given by (|l.ip . Form an 
m X n-matrix Ap whose rows are the vectors written in the standard basis of K", 
i.e. {Ap)ij = {ai)j. Note that Ap is of rank n. Likewise, let bp = {bi, . . . , bmf S 
M™ be the column vector of &i's. Now we can write (|1.1[) as 

(1.5) P ^ {x (^W-: {Apx + hp),^Q for i = 1, . . . , m}, 

where x = {xi, . . . , a;„)* is the column of coordinates. Consider the affine map 

(1.6) ip:M"^M", ip{x) = Apx + bp. 

It is monomorphic onto a certain 7i-dimensional plane in R™, and ip{P) is the 
intersection of this plane with the positive cone K™. Let C be an (m — n) x m- 
matrix whose rows form a basis of linear dependencies between the vectors a^. That 
is, C is of rank (m — n) and satisfies CAp = 0. Then 

(1.7) ip{P)^{yeR"':Cy^Cbp,y,^0 for i = 1, . . . , m} . 
By definition, the polytopes P and ip{P) arc affinely equivalent. 

Example 1.1.6. Consider the standard n-simplex A" C M" specified by (|1.2I) . 
It has m = n + 1 facets and may be given by (|l.ip with Oi = (1,0,..., 0)*, . . ., 
a„ = (0,. . . ,0, 1)*, a„+i = (-1,..., --1)S fei = • • • = 6„ = 0, 6„+i = 1. We may 
take C — (1, . . . , 1) in Construction 11.131 Then Cy = yi + ■ ■ ■ + ym, Cbp = 1, 
and we have 

lA^A") = {ye K"+i : yi + • • • + yn+i = l, > for z = 1, . . . , n}. 
This is the regular n-simplex in R"+^. 

Simple and simplicial polytopes. Polarity. The notion of a generic poly- 
tope depends on the choice of definition. Below we describe the two possibilities. 

A set oi q > n points in M" is in general position if no n -|- 1 of them lie on 
a common affine hyperplane. Now, assuming Definition ll.l.li we may say that a 
polytope is generic if it is the convex hull of a set of generally positioned points. 
This implies that all proper faces of the polytope are simplices, i.e. every facet 
has the minimal number of vertices (namely, n). Polytopes with this property are 
called simplicial. 

On the other hand, a set of m > n hyperplanes (a^, x) + bi — 0, Oi £ R", 
&i G R, 1 ^ i ^ TO, is in general position if no point belongs to more than n 
hyperplanes. From the viewpoint of Definition 11.1.21 a polytope P is generic if its 
bounding hyperplanes are in general position. This implies that there are exactly 
n facets meeting at each vertex of P. Such polytopes are called simple. Each face 
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of a simple polytope is again a simple polytope. Every vertex of a simple polytope 
has a neighbourhood afhnely equivalent to a neighbourhood of in R" . It follows 
that every vertex is contained in exactly n edges, and each subset of k edges with 
a common vertex spans a /c-face. 

For any polytope P C M" define its polar set P* C M" as 

(1.8) P* = {u e R": {u,x) ^ -1 for all x G P) . 

Remark. If we do not assume the ambient space to be Euclidean, then the 
polar set naturally lies in the dual space. Also, our choice of the inequality > — 1 
in the definition of polarity is not the most standard one (in convex geometry ^ 1 
is usually used instead), but it is better suited for applications in toric geometry. 
Obviously, these two ways of defining the polar set are taken into each other by the 
central symmetry. Note also that G int P* . 

The following fact is well known in convex geometry (see [32, Theorem 9.1] 
or [2281 Theorem 2.11]). 

Theorem 1.1.7. 

(a) if a polytope Q is given as a convex hull, Q ~ conv(ai, . . . , a^n), then Q* 
is given by inequalities (jl.ip with bi = 1 for 1 ^ i ^ m; in particular, Q* 
is a convex polyhedron, but not necessarily bounded; 

(b) if a polytope P is given by inequalities p.ip with bi = 1, then P* = 
conv(0, ai, . . . , a™); 

(c) i/0 G P then (P*)* = P; 

(d) if € int P, then P* is bounded, i.e., it is also a polytope; 

(e) if P* is a polytope, then its face poset is the opposite to the face poset of P; 
in particular, the combinatorial type of P* is determined by that of P. 

Example 1.1.8. The difference between the situations G P and G int P may 
be illustrated by the following example. Let Q = conv(0, ei, 62) be the standard 
2-simplex in R^. Then by Theorem 1 1 . 1 . 71 fa) Q* is specified by three inequalities 

{0,x) + 1^0, (ei,a;) + 1^0, (63,0;) + 1^0, 

of which the first is satisfied for all x, so we obtain an unbounded polyhedron. Its 
dual is conv(0, ei, 62) by Theorem 1 1.1. 71 (b), giving back the standard 2-simplex. 

The condition G int P can be achieved by a parallel translation, without 
changing the affine or combinatorial type of P. Having this in mind, we refer to 
P* as the polar polytope of P. It follows from Theorem 1 1.1. 71 (e) that if P is simple 
then P* is simplicial, and vice versa. Any polygon is both simple and simplicial. 

Proposition 1.1.9. In dimensions n ^ 3 a simplex is the only polytope which 
is both simple and simplicial. 

Proof. Let be P be a polytope which is both simple and simplicial. Choose a 
vertex v G P. Since P is simple, v is connected by edges to exactly n other vertices, 
say «!,...,«„. We claim that there are no other vertices in P. To prove this it 
is enough to show that all vertices wi, . . . ,w„ are pairwise connected by edges, as 
then every vertex from u, ui, . . . , u„ will be connected to the remaining n vertices. 
Indeed, take a pair Vi, Vj. Since P is simple and v is connected to both Vi and Vj, 
all these three vertices belong to a 2-face. Since P is simplicial and n ^ 3, this face 
is a 2-simplex, in which Vi and vj are connected by an edge. We conclude that P 
has n + 1 vertices, so it is an n-simplex. □ 
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The proof above also shows that if all 2-faces of a simple polytope are triangular, 
then P is a simplex. A similar property is valid for a cube: if all 2-faces of a simple 
polytope P quadrangular, then P is a cube (an exercise). 

Example 1.1.10. The polar of a simplex is again a simplex. To describe the 
polar of a cube, we consider the cube [—1,1]" (the standard cube ()1.3p is not good 
as is not in its interior). Then the polar set is the convex hull of the endpoints 
of 2n vectors ±6^. 1 ^ /c ^ n. It is called the cross-polytope. The 3-dimensional 
cross-polytope is the octahedron. 

A combinatorial polytope P is called self-dual if P* is combinatorially equiva- 
lent to P. There are many examples of self-dual non-simple polytopes; an infinite 
family of them is given by /c-gonal pyramids for k ^ A. Here is a more interesting 
regular example: 

Example 1.1.11 (24-ceU). Let Q be the 4-polytope obtained by taking the 
convex hull of the following 24 points in W^: endpoints of 8 vectors ±6;, 1 ^ z ^ 4, 
and 16 points of the form (±i, ±i, ±i, ±i). By Theorem 1 1 . 1 . 71 f a) . the polar Q* 
is given by the following 24 inequalities: 

(1.9) ±Xi 1 ^ for i = 1, . . . ,4, and i(±2:i±a;2±a;3±a;4) + l ^0. 

Each of these inequalities turns into equality in exactly one of the specified 24 
points, so it defines a supporting hyperplane whose intersection with Q is only one 
point. This implies that Q has exactly 24 vertices. The vertices of Q* may be 
determined by applying the 'elimination process' to (|1.9|) (see |228[ §1.2]), and as 
a result we obtain 24 points of the form ± ± ej for 1 ^ i < j ^ 4. Each 
supporting hyperplane defined by (|1.9|) contains exactly 6 vertices of Q*, which 
form an octahedron. So both Q and Q* have 24-vertices and 24 octahedral facets. 
In fact, both Q and Q* provide examples of a regular A-polytope called a 24-ce/Z. It 
is the only regular self-dual polytope different from a simplex. For more details on 
the 24-cell and other regular polytopes see |67j. 

Basic methods of producing new polytopes from given ones. 

Construction 1.1.12 (Product). The product Pi x P2 of two simple polytopes 
Pi and P2 is again a simple polytope. The dual operation on simplicial polytopes 
can be described as follows. Let Si C K"^ and S2 C M"^ be two simplicial polytopes. 
Assume that both Si and S2 contain in their interiors. Now define 

SioS2^ conv(S'i X U X 52) C . 

Then Si o S2 is again a simplicial polytope. For any two simple polytopes Pi, P2 
containing in their interiors the following identity holds: 

Pi*op; ^ (Pi X P2)*. 

Both operations x and o are also defined on combinatorial polytopes; in this case 
the above formula holds without any restrictions. 

Construction 1.1.13 (Hyperplane cuts and face truncations). Assume given 
a simple polytope (|l.ip and a hyperplane H = {x G K." : (a, a;) -I- 6 = 0} that does 
not contain any vertex of P. Then the intersections P n and P n of P with 
either of the halfspaces determined by H are simple polytopes; we refer to them as 
hyperplane cuts of P. To see that P n and P n iJ<; are simple we note that 
their new vertices are transverse intersections of H with the edges of P. Since P 
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is simple, each of those edges is contained in rt — 1 facets, so each new vertex of 
P n or P n H<^ is contained in exactly n facets. 

If H separates all vertices of a certain i-face G C P from the other vertices of P 
and G C H^, then POH^ is combinatorially equivalent to G x A"~* (an exercise), 
and we say that the polytope P D H<^ is obtained from P by a face truncation. 

In particular, if G is a vertex, the result is a vertex truncation of P. When the 
choice of the truncated vertex is clear or irrelevant we use the notation vt(P). We 
also use the notation vt'^(P) for a polytope obtained from P by a fc-fold iteration 
of the vertex truncation. 

We may describe the face poset of the simple polytope P obtained from P by 
truncation of a face G C P as follows. Let Pi, . . . ,Pm be the facets of P, and 
assume that G = P^^ n • • • H P^^. . The polytope P has m facets corresponding to 
Pi, ... , (and obtained from them by truncation), which we denote by the same 
letters for simplicity, and a new facet F = P H . Then we have 

Pji n • • • n Pj, 7^ in P 

Pji n • • • n Pj, 7^ in P, and P^^ n • • • H P,, (t G, 

p n Pji n • • • n p^, 7^ in p 

<^ G n Pj, n • • • n Pj, 7^ in P, and p^, n • • • n P,, G. 
Note that P^^ n • • • n Pj^ ^ G if and only if {ii, . . . , ifc} ^ {ji, . . . , j^}. 

The two previous construction worked for geometric polytopes. Here is an 
example of a construction which is more suitable for combinatorial ones. 

Construction 1.1.14 (Connected sum of polytopes). Suppose we are given 
two simple polytopes P and Q, both of dimension n, with distinguished vertices 
V and w respectively. An informal way to obtain the connected sum P 4f^v,w Q of 
P a.t V and Q at w is as follows. We cut off v from P and w from Q; then, after 
a projective transformation, we can glue the rest of P to the rest of Q along the 
new simplex facets to obtain P 4l^v,w Q- A more formal definition is given below, 
fohowing Ha §6]. 

First, we introduce an n-dimensional polyhedron P, which will be used as a 
template for the construction; it arises by considering the standard (n — l)-simplex 
A"~^ in the subspace {x : xi = 0} C M", and taking its cartesian product with the 
first coordinate axis. The facets Gr of P therefore have the form M x Z?,., where 
Dr: 1 < r < n, are the facets of A"~^. Both P and the Gr are divided into positive 
and negative halves, determined by the sign of the coordinate xi. 

We order the facets of P meeting in w as Pi , ... , P„ , and the facets of Q meeting 
in w as Pi, . . . , P„. Denote the complementary sets of facets by and C^; those 
in Cy avoid and those in Cw avoid w. 

We now choose projective transformations Lpp and ^pq of K", whose purpose is 
to map V and w to the infinity of the xi axis. We insist that tpp embeds P in P so as 
to satisfy two conditions; firstly, that the hyperplane defining Er is identified with 
the hyperplane defining G^, for each 1 < r < n, and secondly, that the images of 
the hyperplanes defining meet P in its negative half. Similarly, tpg identifies the 
hyperplane defining P^ with that defining G^, for each 1 < r < n, but the images 
of the hyperplanes defining meet P in its positive half. We define the connected 
sum P 4t^v,w Q of P at w and Q at w to be the simple n-polytope determined by 
the images of the hyperplanes defining C„ and Cm and hyperplanes defining G^, 
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1 ^ r ^ n. It is defined only up to combinatorial equivalence; moreover, different 
choices for either of v and w, or either of the orderings for Er and Fr, are likely 
to affect the combinatorial type. When the choices are clear, or their effect on the 
result irrelevant, we use the abbreviation P ^ Q. 

The related construction of connected sum P ^ S oi & simple polytope P and 
a simplicial polytope S is described in [2281 Example 8.41]. 

Example 1.1.15. 

1. If P is an TOi-gon and Q is an m2-gon then P # Q is an (mi + m2 — 2)-gon. 

2. If P is an n-simplex, then P # Q sa vt(P). 

3. If both P and Q are n-simplices, then P^Q^ vt(A") « A"-i x A^. The 
combinatorial type of vt(A") does not depend on the choice of the truncated vertex. 
All the vertices of the resulting polytope A"~^ x A^ are equivalent, therefore, the 
combinatorial type of vt^(A") « A" ^ A" # A" is still independent of the choices. 
The choice of the truncated vertex becomes significant from the next step, i.e. for 
vt3(A"), see Exercise 

Neighbourly polytopes. 

Definition 1.1.16. A polytope is called k -neighbourly if any set of its k or fewer 
vertices spans a face. According to Exercise ll.l.26[ the only n-polytope which is 
more than [^] -neighbourly is a simplex. An n-polytope which is [^] -neighbourly is 
called simply neighbourly. 

Example 1.1.17 (neighbourly 4-polytope). Let P = A^ x A^, the product of 
two triangles. Then P is simple, and it is easy to see that any two facets of P share 
a common 2-face. Therefore, any two vertices of P* are connected by an edge, so 
P* is a neighbourly simplicial 4-polytope. 

More generally, if Pj* is /ci -neighbourly and P| is A:2-neighbourly, then (Pi x 
P2)* is min(fci,fc2)-neighbourly. It follows that (A" x A")* and (A" x A"+i)* are 
neighbourly 2n- and (2n + l)-polytopes respectively. The next example gives a 
neighbourly polytope with an arbitrary number of vertices. 

Example 1.1.18 (cyclic polytopes). The moment curve in M" is given by 

a;:M^M", i ^ a;(t) = (i, i^, . . . , i") e R". 

For any m > n define the cyclic polytope C"(ti, . . . ,tm) as the convex hull of m 
distinct points x(ti), ti < t2 < ... < t„i, on the moment curve. 

Theorem 1.1.19. 

(a) C"(ii, . . . ,tm) is a simplicial n-polytope; 

(b) C"(ii, . . . ,tm) has exactly m vertices x{ti), 1 ^ i ^ to; 

(c) the combinatorial type 0/ C"(ii, . . . , tm) does not depend on the specific 
choice of parameters ti, . . . , t„i; 

(d) C"(ii, . . . , tm) is a neighbourly polytope. 
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Proof. This proof is taken from |228[ Theorem 0.7]. Recah the weU-known 
Vandermonde determinant identity 



det 



1 

x{to) 



1 

xih) 



1 



1 

to 

,n- 
j-n 



1 

h 

,n- 

^1 

j-n 



1 

4-n- 

''n 

4-n 



n 



to- 



F^{x) = det 



This imphes that no n + 1 points on the moment curve belong to a common affine 
hyperplane, proving (a). Denote [m] = {!,..., m}. Properties (b) and (c) follow 
from the following statement: an n-element subset u) C [m] corresponds to the 
vertex set of a facet of C"(ti, . . . , tm) if and only if the following 'Gale's evenness 
condition' is satisfied: 

// elements i < j are not in lj, then the number of elements fc £ w 

between i and j is even. 
To prove this we write uj — {ii, . . . , i„} and consider the hyperplane Hi^ through 
the corresponding points x{ti^), 1 ^ s ^ n, on the moment curve. We have 

where 

'1 1 ... 1 

^X X{tij ... X{tij 

(The latter is exactly the linear function vanishing on the prescribed points.) Now 
let the point x{t) move on the moment curve. Then Fi^{x(t)) is a polynomial in t 
of degree n. It has n different roots ti-^^, . . . ,ti^, and changes sign at each of them. 
Now oj corresponds to the vertex set of a facet if and only if F^{x{ti)) has the same 
sign for all the points x{ti) with i ^ oj; that is, if F^{x{t)) has an even number of 
sign changes between t = ti and t — tj, for i < j and i,j ^ uj. This proves Gale's 
condition, and statements (b) and (c). 

It remains to prove (d). We need to check that any subset t — {ii, . . . , ik} C [m] 
of cardinality k ^ [2^] corresponds to the vertex set of a face. Choose some e > 
so that ti < ti + e < i^+i for all z < to, and some N > t^ + e. Define a linear 
function Fr{x) as 

det(a;, x{ti^), x{ti^ +£),..., a;(tij, x{ti^ + e), x{N + 1), . . . , a;(A^ + n- 2k)). 

It vanishes on x{ti) with i G r. Now Fr{x{t)) is a polynomial in t of degree n, and 
it has n different roots 



til ' til ~^ ^' 



. . ,t,^,t,^ + e, N + 1, . . . , N + n - 2k. 

If i,j ^ T, then there is an even number of roots between t = ti and t = tj, because 
a root t — ti always come in a pair with the root t = ti+e. Thus, the linear function 
Fr{x) has the same sign on all the points x{ti) with i ^ t. This linear function 
defines a supporting hyperplane, so r corresponds to the vertex set of a face. □ 

We shall denote the combinatorial cyclic n-polytope with m vertices by C" (to) . 

The vertices and edges of a polytope P determine a graph, which is called the 
graph of the polytope and denoted r(^'). This graph is simple, that is, it has no 
loops and multiple edges. The following theorem is due to Blind and Mani, see 
also [2281 §3.4] for a simpler proof given by Kalai. 
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Theorem 1.1.20. The combinatorial type of a simple polytope P is determined 
by its graph T{P). In other words, two simple polytopes are combinatorially equiv- 
alent if their graphs are isomorphic. 

This theorem fails for general polytopes: the graph of a neighbourly polytope 
is isomorphic to that of a simplex with the same number of vertices. In general, 
simplicial n-polytopes are determined by their [^]-skeleta. General n-polytopes are 
determined by their (n — 2)-skeleta. See |228[ §3.4] for more history and references. 

Exercises. 

1.1.21. Show that if P and Q are n-polytopes, and the face poset of P is a 
subposet of the face poset of Q, then P and Q are combinatorially equivalent. 

1.1.22. Show that a simple n-polytope all of whose 2-faces are quadrangular is 
combinatorially equivalent to an n-cube. 

1.1.23. Show that any hyperplane cut of A" is combinatorially equivalent to 
a product of two simplices. Conclude that any combinatorial simple n-polytope 
with n + 2 facets is combinatorially equivalent (in fact, projectively equivalent) to 
a product of two simplices. 

1.1.24. Let P be a simple polytope. Show that if a hyperplane H separates all 
vertices of a certain i-face G C P from the other vertices of P and G C H^, then 
PDH^^GxA"-'. 

1.1.25. How many combinatorially different polytopes may be obtained 
as vt3(A")? 

1.1.26. Show that if a polytope is fc-neighbourly, then every {2k — l)-face is 
a simplex. Conclude that if an n-polytope is ([^] + l)-neighbourly, then it is a 
simplex. Conclude also that a neighbourly 2fc-polytope is simplicial. Are there 
neighbourly non-simplicial polytopes of odd dimension? 

1.1.27. Are the polytopes (A" x A")* and (A" x A"+i)* combinatorially equiv- 
alent to cyclic polytopes? 

1.2. Gale diagrams 

1.3. Face vectors and Dehn Sommerville relations 

The notion of the /-vector (or face vector) is a central concept in the combi- 
natorial theory of polytopes. It has been studied since the time of Euler. 

Definition 1.3.1. Let P be a convex n-polytope. Denote by fi the number 
of i-dimensional faces of P. The integer sequence /(P) = (/o, /i, . . . , /„) is known 
as the f -vector (or the face vector) of P. Note that /„ = 1. The homogeneous 
F -polynomial of P is defined by 

F{P){s,t) - s" + /„-is"-4 + • • • -f /isr-i + /ot". 

The h-vector h{P) — (ho, hi, . . . , hn) and the H -polynomial of P are defined by 

/los" + his'^-h +■■■ + h,r = {S - <)" + fn-l{s ~ tr-h +■■■ + fof\ 

H{P){s, t) = has'' + his''-H + ■■■ + hn-ist"-^ + hnf' = F{P){s - t, t). 
The g-vector of a simple polytope P is the vector g{P) — {go,gi, ■ • ■ iSj'nj )i where 
go — 1 and gi — hi — hi-i for i — 1, . . . , [n/2\. 
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Example 1.3.2. We have 
f(A") = s"+( ^ js" 2 js" H =^ , 

ri+l _ j-ri+1 

iJ(A") = S" + S"-H + S"^2^2 ^ . . . ^ ^ ^ 

s — f 

Obviously, the /-vector is a combinatorial invariant of a polytope, that is, it 
depends only on the face poset. This invariant is far from being complete, even for 
simple polytopes: 

Example 1.3.3. Two different combinatorial simple polytopes may have same 
/-vectors. For instance, let P be the 3-cube and Q a simple 3-polytope with 2 
triangular, 2 quadrangular and 2 pentagonal facets, see Figure [TTTJ (Note that Q 
is obtained by truncating two vertices of a tetrahedron, it is also dual to the cyclic 
polytope C3(6) from Definition HXH) Then /(P) = f{Q) = (8, 12, 6). 




Figure 1.1. Two combinatorially non-equivalent simple polytopes 
with the same /-vectors. 



The /-vector and the ft-vector contain equivalent combinatorial information, 
and determine each other by means of linear relations, namely 

(1.11) /ifc-E(-l)'"'(r-l)^"-- /'^=E(fc)'^"-9' forOsJfc^n. 

j=0 ^ q=k ^ 

In particular, ho — 1 and hn = fo — fi + ■ ■ ■ + (— 1)"/„. By the Euler formula, 

(1.12) /o - ./i + • • • + (-!)"/« - 1, 

which is equivalent to hn — Hq. This is the first evidence of the fact that many 
combinatorial relations for the face numbers have much simpler form when written 
in terms of the /i-vector. Another example of this phenomenon is given by the 
following generalisation of the Euler formula for simple or simplicial polytopes. 

Theorem 1.3.4 (Dehn-Sommerville relations). The h-vector of any simple n- 
polytope is symmetric, that is, 

H{s, t) — H{t, s), or hi — hn^i for ^ i ^ n. 

The Dehn-Sommerville relations can be proved in many different ways. We 
present a proof from |32j , which can be viewed as a combinatorial version of Morse- 
theoretic arguments. An alternative proof will be given in Section [T771 
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Proof of Theorem 11.3.41 Let P C M" be a simple polytope. Choose a 
generic linear function (p: M" — > M which distinguishes the vertices of P. Write 
ip{x) = {v,x) for some vector i/ in R". The assumption on ip implies that v is 
parallel to no edge of P. We can view (p a.s a height function on P and turn the 
1-skeleton of P into a directed graph by orienting each edge in such a way that ip 
increases along it, see Figure [L2] For each vertex w of P define the index md^{v) as 




Figure 1.2. Orienting the 1-skeleton of P. 



the number of incident edges that point towards v. Denote the number of vertices 
of index i by We claim that /^(i) = h^-i- Indeed, each face of P has a 

unique top vertex (the maximum of the height function ip restricted to the face) 
and a unique bottom vertex (the minimum of tp). Let G be a fc-face of P, and its 
top vertex. Since P is simple, there are exactly k edges of G meeting at v^, whence 
ind(t;Q) ^ k. On the other hand, each vertex of index q ^ k is the top vertex for 
exactly (^,) faces of dimension k. It follows that the number of fc-faces of P can be 
calculated as 




Now the second identity from ()1.11|) shows that /^(g) = hn-q, as claimed. In 
particular, the number I^{q) does not depend on i/. At the same time, we have 
indi/(u) — n — 'md-,y{v) for any vertex v, which implies that 

hn-q = I„{q) = I-u{n- q) = hq. □ 

Remark. The above proof also shows that the numbers hk = I,y{n — k) are 
nonnegative, which is not evident from (|l.lip . On the other hand, the nonnegativity 
of the /i-vector translates into certain conditions on the /-vector. This will be 
important in the subsequent study of /-vectors for combinatorial objects more 
general than simple polytopes. 

Theorem 1.3.5. The f -vector of a simple n-polytope satisfies 
(1.13) ^=E(-l)'f"rl)/- forO^k^n. 
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Proof. By the Dehn-Sommerville relations, 

F{s -t,t) = H(s, t) = H{t, s) = F{t - s, s). 
By substituting u — s — t we obtain F{u, t) — F{—u, t + u), or 

= + fn-l{-ur-\t + u) + ---+ h{-u){t + U)^-^ + /o(< + UT. 

Calculating the coefficient of u^f^^^ in both sides above yields (|1.13p . □ 

It follows from Theorem 1 1.1 .71 (e) that the /-vector of the polar n-polytope P* 
satisfies 

h{P*) = fn-l-^{P), for ^ z ^ n - 1. 
Then it follows from ()1.13p that the /-vector of a simplicial polytope satisfies the 
relations fn-i-k = Ei=o(-l)'(,"-fc)/«-i-' O""' equivalently, 

h-i = E(-l)""-' (^) fj-i, ioTl^q^n + l. 

Proposition 1.3.6. The F- and H -polynomial are multiplicative, i.e. 

(1.14) F{PixP2)^F{Pi)F{P2), H{P^xP2)^H{P^)H{P2). 
for any convex polytopes Pi and P2 . 

Proof. Let dim Pi — ni and diniP2 — "-2- Each /c-face of Pi x P2 is the 
product of an i-face of Pi and a (fc — i)-face of P2 for some i, whence 

(1.15) fkiPiX P2) = J2MPl)fk-^iP2), ioT0^k^ni+n2. 

i=0 

This implies the first identity, and the second follows from (|1.10p . □ 

Example 1.3.7. We have F(/") = (F(A^))" and i?(/") = {H{A^)y\ i.e. 

F(/") = (s + 2t)", H{r') = [s + t)". 

We can also express the /-vector and the /i- vector of the connected sum P 
in terms of those of P and Q (the proof is left as an exercise): 

Proposition 1.3.8. Let P and Q be simple n-polytopes. Then 

h(P # Q) = h{P) + h{Q) - 2; ha{P # 0) = hr,{P # Q) = 1; 

h{P # Q) = hiP) + h{Q) - , forl^i^ n; 

h^iP # Q) = h,{P) + h,iQ), forl^i^n-1. 

Using the Dehn-Sommerville relations we can show that a simplicial polytope 
cannot be 'too neighbourly' (see Definition II. 1.16P if it is not a simplex. 

Proposition 1.3.9. Let S be a q-neighbourly simplicial n-polytope, and let 
S^A". Then q [f ] . 
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\m — n-\-k—l 



Proof. Let S* be the polar simple polytope. By Theorem 11.1.71 (e), 
fn-i{S*) — fi-i{S) = (™) for 1 ^ z ^ q, where m is the number of vertices 
of S. From pTTT|) we get 

, s-^ , N I. i f n ~ i\ f m\ /to — ri + fc — 1\ 

(1.16) M^*)=E(-ir^(,_J(j-( , ), forfc^,, 

The second equality is obtained by calculating the coefficient of t'' on both sides of 

- — ^ + 1)"' = (1 + ty 

If 5 7^ A", then to > ti + 1, which together with ([TTC)) gives hoiS*) < hi{S*) < 
■ ■ ■ < hq{S*). It then follows from the Dehn-Sommerville relations that 9 ^ [§] • D 

Since the i7-polynomial of a simple n-polytope P satisfies the identity 
H[P)(s,t) = H{P){t, s), we can express it in terms of elementary symmetric 
functions as follows: 

ln/2] 

(1.17) if(P)(,s,t) = ^7,(s + ^)"-'^(s^)^ 

1=0 

The identity ho = hn — 1 implies that 70 = 1. 

Definition 1.3.10. The integer sequence 7(P) — (70, ■ . ■ ,7[„/2]) is called the 
^-vector of P. We refer to 

7(F)(r) = 70 + 71^ + • • • + 7[n/2]r["/'l 
as the -•polynomial of P. 

Example 1.3.11. We have 7(/^)(r) = 1. If P^^ is an m-gon, then 7(Pto)(t) = 
1 + (to - 4)r. 

The components of the 7-vector can be expressed via the components of any 
of the /-, h- or gi-vector by means of linear relations, and vice versa. The explicit 
transition formulae between the g- and 7-vectors are given by the next lemma. 

Lemma 1.3.12. Let P be a simple n-polytope. Then 

7. = (-irEMF("::;')5.. o<.^[t]. 

Proof. Using the formulae of Examples 1 1 . 3 . 2l and [L377I we calculate 

ln/2] 

« / X [9/21 



j=0 ^ fc=o 
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where co,, = 1 and Ck,q = H) - {,1^) = ^^fpr(^) > for A; = 1, ... , [§]. Hence 

[n/2] i 

H{p)i.s,t) = (E^-^v.-2n.)(50'^(A"-^*). 

z=0 j=0 

On the other hand, 

[n/2] 
i=0 

Comparing the last two formulae we obtain gi — X]j=o ^i~j-n-2jlj, which is equiv- 
alent to the first required formula. The second is left as an exercise. □ 

Proposition 1.3.13. Let P,Q be two simple n-polytopes, and consider the 
following four conditions: 

(a) f,(P)^ f^iQ) for 1^0,1,..., n; 

(b) h,{P) ^ h,{Q) fort^O,l,...,n; 

(c) .9,(F)^g,(Q)V* = 0,l,...,[f]; 

(d) j,{P)^ j,{Q) fort ^0,1,..., [^]. 

Then (d)^(c)^(b)^(a). 

Proof. The first of equations (|l.lip implies that the components of f{P) 
are expressed via the components of h{P) with positive coefficients, which proves 
the implication (b)=>(a). We have hk = X]i=off» for ^ fc ^ [^] , which gives 
the implication (c)=>(b). The implication (d)^(c) follows similarly from the first 
formula of Lemma 11.3.121 □ 

The components of the /-vector of any polytope are nonnegative. The nonneg- 
ativity of the components of the /i-vector of a simple polytope follows from their 
geometric interpretation obtained in the proof of Theorem 11.3.41 the /i- vector of 
a non-simple polytope may have negative components (e.g. for the octahedron). 
The nonnegativity of the g-vector of a simple n-polytope (that is, the inequalities 
9i{P) ^ 5i(A")) is a much more subtle property; it follows from the g-theorem 
discussed in the next section. The 7- vector of a simple polytope may have nega- 
tive components (e.g. for P — A^); its nonnegativity for special classes of simple 
polytopes will be discussed in Section 11.61 The nonnegativity of the 7- vector can 
be expressed by the inequalities ji{P) > -fi{I^), see Exercise 1 1.3. 171 

Exercises. 

1.3.14. Show that any 3-polytope has a face with ^ 5 vertices. 

1.3.15. Prove Proposition 1 1 . 3 . 8l 

1.3.16. Prove the second transition formula of Lemma ri.3.121 

1.3.17. Show that the 7-polynomial is multiplicative, that is, 

7(PxQ)(t)=7(P)(t).7(Q)(t) 
In particular, 7(/")(t) = 1, i.e. 7(7") = (1,0,..., 0). 
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1.4. Characterising the face vectors of polytopes 

The face numbers are the simplest combinatorial invariants of polytopes, and 
they arise in many hard problems of combinatorial geometry. One of the most 
natural and basic questions is to describe all possible face numbers, or, more pre- 
cisely, determine which integer vectors arise as the /-vectors of polytopes. In the 
general case this questions is probably intractable (see the end of this section) , but 
a particularly nice answer exists in the case of simple (or, equivalently, simplicial) 
polytopes. Obviously, the Dehn-Sommerville relations provide a necessary condi- 
tion. As far as only linear equations are concerned, there are no further restrictions: 

Proposition 1.4.1 (Klee |135| 1. The Dehn-Sommerville relations are the most 
general linear equations satisfied by the face numbers of all simple polytopes. 

Proof. Once again, the use of the /i-vector simplifies the proof significantly. 
Given a simple polytope P, we set 

h{P){t)=H{P){l,t) = ho{P) + hiiP)t + --- + hniP)r. 

It is enough to prove that the afhne hull of the /i- vectors {ho, hi, . . . , hn) of simple 
n-polytopes is an [^] -dimensional plane. This can be done by presenting [2^] + 1 
simple polytopes with affinely independent /i-vectors. Take Qk — A*^ x A"^*^ for 
^ /c < [f] . Since h{A''){t) = 1 + t + • • • + formula f^TJ^ gives 

, , 1 - 1 - 

HQ.m ^ . 

It follows that the lowest degree term in the polynomial h{Qk^i){t) — h{Qk){t) is 
t^^^, for ^ fc ^ [^] — 1. Therefore, the vectors h{Qk) are affinely independent 
for these values of fc. □ 

Example 1.4.2. Let P be a simple polytope. Since every vertex is contained 
in exactly n edges and each edge connects two vertices, we have a linear relation 

(1.18) 2/i = nfo. 

By Propositioii ll.4.1] this must be a consequence of the Dehn-Sommerville relations 
(in fact, it is equation (|1.13p for fc = 1.) 

Equation (|1.18p together with the Euler identity p.l2p shows that the /-vector 
of a simple 3-polytope P^ is completely determined by the number of facets, namely, 

/(p3) = (2/2-4,3/2-6,/2,l). 

Similarly, the /-vector of a simplicial 3-polytope is determined by the number 
of vertices, namely, 

/(53)-(/o, 3/0-6,2/0 -4,1). 

Remark. Euler's formula (I1.12p is the only linear relation satisfied by the face 
vectors of general polytopes. This can be proved similarly to Proposition II .4.T1 by 
specifying sufficiently many polytopes with affinely independent face vectors. 

Apart from the linear equations, the /-vectors of polytopes satisfy certain in- 
equalities. Here are some of the simplest of them. 

Example 1.4.3. There are the following obvious lower bounds for the number 
of vertices and the number of facets of an n-polytope: 

fo ^ n + 1, fn-i > n + 1. 
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Since every pair of vertices is joined by at most one edge, and every pair of facets 
intersect at most one face of codimension 2, we have the upper bounds 

If the polytope is simphcial, then there is also the following lower bound for /i: 

It is much more difficult to prove though, even for 4-polytopes. For simplicial 
3-polytopes the inequality above turns into identity. 

Historically, the most important inequality-type results preceding the general 
characterisation of /-vectors were the Upper Bound Theorem (UBT) and the Lower 
Bound Theorem (LBT). They give respectively an upper and a lower bound for the 
number of faces in a simplicial polytope with the given number of vertices. 

Theorem 1.4.4 (UBT for simplicial polytopes). Among all simplicial n- 
polytopes S with m vertices the cyclic polytope C^{m) (Examvle M.l.l^) has the 
maximal number of i-faces for 1 ^ i ^ n. That is, if foiS) = m, then 

fr{S)i^f,{C^{m)) fori = l,...,n. 

Equality is achieved for all i if and only if S is a neighbourly polytope. 

The UBT was conjectured by Motzkin and proved by McMullen |154| in 1970. 
Since C^i^m) is neighbourly, we have 

/KC"M)-G+i) for0^zs^[f]-l. 

Due to the Dehn-Sommerville relations, this determines the full /-vector of C"(to). 
The exact values are given by the following lemma. 

Lemma 1.4.5. The number of i-faces of the cyclic polytope C^^{m) (or any 
neighbourly n-polytope with m vertices) is given by 

[f] [^] 

f Q \ f m — n + q — 1\ s—^ / n — p \ /m~n+p— 1 

for ^ i ^ n, where we set (p — for p < q or q < 0. 

Proof. We set C = C"(to). Using the second identity from (|l.lip . the identity 
[^] -1-1 = n— [^^^] , the Dehn-Sommerville relations for C* , and (|1.16p . we calculate 

n 

f^{C) = /„-l-.(C*) = (n-l->"-9(^*) 
[ra/2] n 

9=0 q=[n/2] + l 

[n/2] [(«-l)/2] 

g=0 p=0 
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Lemma 1.4.6. Assume that the inequalities 

hold for the h-vector of a simple polytope P with m facets. Then the dual simplicial 
polytope P* satisfies the UBT inequalities fi{P*) ^ fi{C"'{m)^ for i ~ 1, . . . ,n. 

Proof. Since /i, ((C"(m))*) = for i = 0, . . . , [f] , the statement 

foUows from Proposition ! 1 . 3 . l51 Alternatively, replace the last in the calculation 
from the proof of Lemma [1.4.51 by □ 

This was one of the key observations in McMuUen's original proof |154j of the 
UBT for simplicial polytopes (the whole proof can also be found in |32l §18] and 
[2281 §8.4]). R. Stanley gave an algebraic argument establishing the inequalities 
from Lemma 11.4.61 and therefore the UBT, in a much more general setting of 
triangulated spheres. We shall discuss Stanley's approach and conclude the proof 
of the UBT in Section ESI 

Remark. The UBT holds for all convex polytopes. That is, the cyclic polytope 
C"(to) has the maximal number of i-faces from all convex n-polytopes with m 
vertices. The argument for this builds on the following observation of Klee and 
McMullen, which we reproduce from |228|, Lemma 8.24]. 

Lemma 1.4.7. By a small perturbation of vertices of an n-polytope P one can 
achieve that the resulting polytope P' is simplicial, and 

h{P)^h{P') fori^l,...,n~l. 

Definition 1.4.8. A simplicial n-polytope S is called stacked if there is a 
sequence Sq, Si^ . . . , Sk — S oi n-polytopes such that Sq is an n-simplex and Si+i 
is obtained from Si by adding a pyramid over a facet of Si (the vertex of the 
added pyramid is chosen close enough to its base, so that the whole construction 
remains convex and simplicial). The polar simple polytopes are those obtained 
from a simplex by iterating the vertex cut operation of Example 11.1.151 2. These 
are sometimes called truncation polytopes. 

The /-vector of a stacked polytope is easy to calculate (see Exercise II. 4. 17p . 

Theorem 1.4.9 (LBT for simplicial polytopes). Among all simplicial n- 
polytopes S with m vertices a stacked polytope has the minimal number of i- faces 
for 2 ^ i ^ n — 1. That is, if fo{S) = m, then 

f,{S) ^ (;0m -Cl+Di fori^l,...,n~ 2; 

fn-i[S) ^ (n- l)m- (n + l)(n-2). 

For n 7^ 3 equality is achieved for all i if and only if S is a stacked polytope. 

Remark. For n = 3 the LBT inequalities /i ^ 3to - 6 and /2 ^ 2to - 4 turn 
into equalities for all simplicial polytopes. 

An inductive argument by McMullen, Perles and Walkup [159] reduced the 
LBT to the case i = 1, namely, to the inequality /i ^ nm — ("J^)- It was finally 
proved by Barnette |15| . |16j . Barnette's proof of the LBT, with some simplifica- 
tions, can also be found in [32j . The fact that equality is achieved only for stacked 
polytopes (if n ^ 3) was proved by Billera and Lee |23) . 
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Remark. Unlike the UBT, little is know about generalisations of the LBT 
to non-simplicial convex polytopes. Some results in this direction were obtained 
in [130] along with generalisations of the LBT to triangulated spheres and mani- 
folds, which we also discuss later in this book. 

An easy calculation shows that the inequalities /„_i ^ n + 1 and and 
nfn-i — ("J ) for simple polytopes from Example 11.4.31 can be written in terms 
of the /i- vector as follows: ho ^ hi ^ h2. Having reduced the whole LBT to the 
inequality hi ^ /12, McMuUen and Walkup [159] conjectured that the components 
of the ft,- vector 'grow up to the middle', that is the inequalities 

(1.19) fto ^ /ii ^ ••• ^ 

hold for a simple n-polytope. It has since become known as the Generalised Lower 
Bound Conjecture (GLBC). 

McMullen also suggested a generalisation to the UBT, whose formulation re- 
quires an algebraic digression. 

Definition 1.4.10. For any two positive integers a, i there exists a unique 
binomial i- expansion of a of the form 

a=(-) + M + --- + (?)> 
where > a^-i > • • • > ^ j ^ 1. 

The binomial i-expansion of a can be constructed by choosing as the unique 
number satisfying ^ a < (°'^^), then choosing a^-i, and so on. One needs 
only to check that ai > which is straightforward. 

Now define the ith pseudopower of a as 

Example 1.4.11. 

1. For a > 0, a<^^ = 

2. If z ^ a then the binomial expansion has the form 

«=(:) + G:;)+---+c:::i) = i+---+i. 

and therefore a^*^ = a. 

3. Let a = 28, z = 4. Then 

28=© + © + ©- 28<^^ = © + © + © =40. 

The importance of the binomial expansion and pseudopowers comes from the 
following fundamental result of combinatorial commutative algebra. 

Theorem 1.4.12 (Macaulay, Stanley). The following two conditions are equiv- 
alent for a sequence of integers (/cq, ki, fc2, . . .).' 

(a) ko — 1 and ^ fci+i ^ k^^"^ for i ^ 1; 

(b) there exists a connected commutative graded algebra A — A'^ (S (B A'^ (B ■ ■ ■ 
over a field k such that A is generated by its degree-one elements and 
dinik A* = ki for i ^ 0. 

Macaulay's original theorem |144| says that (b) above is equivalent to the 
existence of a multicomplex whose /i- vector is given by (fco, fci, ^2, . . .). The original 
proof is long and complicated. The reformulation of Macaulay's condition in terms 
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of pseudopowers, i.e. condition (a), is due to Stanley ^208i. Theorem 2.2]. Simpler 
proofs of Theorem [TXT21 can be found in [62j and [Ml §4.2]. 

Definition 1.4.13. A sequence of integers satisfying either of the conditions 
of Theorem 11.4.121 is called an M-sequence. Finite il/-sequences are M-vectors. 

Now observe that the number on the right hand side of the inequality 

of Lemma ll.4.6l equals the number of degree i monomials in hi = m — n generators. 
It follows that the inequalities of Lemma [1.4.61 and therefore the UBT, hold if the 
/i- vector is an M- vector. 

In 1970 McMullen [155j combined all known and conjectured information about 
the /-vectors, including the Dehn-Sommerville relations and the generalisations to 
the LBT and UBT discussed above, into a (conjectured) complete characterisation. 
McMullen's conjecture is now proved, and remains up to the present time perhaps 
the most impressive achievement of the combinatorial theory of face numbers: 

Theorem 1.4.14 (g-theorem). An integer vector (/o, /i, . . . , /n) is the f -vec- 
tor of a simple n-polytope if and only if the corresponding sequence {hQ,...,hn) 
determined by (|1.10p satisfies the following three conditions: 

(a) hi — hn-i for i — 0,1, . . . ,n (the Dehn-Sommerville relations) ; 

(b) /lo < /ii < ■ ■ ■ < ft. |-nj ; 

(c) ho = 1, ft,+i - /i. < (/i. - /or z - 1, . . . , [f] - 1. 

Remark. Condition (b) says that the components of the ft- vector 'grow up to 
the middle', while (c) gives a restriction on the rate of this growth. Both (b) and (c) 
can be reformulated by saying that the vector (go , . . . , 5[n/2] ) (see Definition II. 3. ip 
is an M-vector; this explains the name 'g-theorem'. The fact that the g-vector is 
an Af- vector implies that the ft- vector is also an M-vector (see Exercise II. 4. ISp . 

Both necessity and sufficiency parts of the g-theorem were proved almost si- 
multaneously (around 1980), although by radically difi^erent methods. 

The sufficiency part was proved by Billera and Lee |22| , |23| . The proof is quite 
elementary and relies upon a remarkable combinatorial-geometrical construction 
combining cyclic polytopes (achieving the upper bound for the number of faces) 
with the operation of 'adding a pyramid' (used to produce polytopes achieving 
the lower bound). As a result, a simplicial polytope can be produced with any 
prescribed g- vector between the minimal and the maximal ones. Another important 
consequence of the results of |159 j and [23] is that the GLBC inequalities (|1.19p are 
the most general linear inequalities satisfied by the /-vectors of simplicial polytopes. 

On the other hand, Stanley's proof |204) of the necessity part of g-theorem 
(i.e. that the g-vector of a simple polytope is an M-vector) used deep results from 
algebraic geometry, in particular, the Hard Lefschetz theorem for the cohomology 
of toric varieties. We shall give this argument in Section 15.31 After the appear- 
ance of Stanley's paper combinatorists had been looking for a more elementary 
combinatorial proof of his theorem, until in 1993 a first such proof was found by 
McMullen [156j . It builds up on the notion of the polytope algebra, which may be 
thought of as a combinatorial model for the cohomology algebras of toric varieties. 
Despite being elementary, it was a complicated proof. Later McMullen simplified 
his approach in |157j . Yet another elementary proof of the g-theorem was given by 
Timorin | ,218) . It relies on an interpretation of McMullen's polytope algebra as the 
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algebra of differential operators with constant coefficients vanishing on the volume 
polynomial of the polytope. 

By duality, the UBT and the LET provide upper and lower bounds for the num- 
ber of faces of a simple polytope with the given number of facets. Similarly, the 
g-theorem also provides a characterisation for the /-vectors of simplicial polytopes. 
During the last three decades some work was done in extending the ^-theorem 
to objects more general than simplicial (or simple) polytopes, although the most 
important conjecture here remains open since 1971 (see Section l2.5p . There are 
basically two diverging routes for generalisations of the ^-theorem: towards non- 
polytopal objects (like triangulations of spheres or manifolds), and towards general 
convex polytopes which are neither simple nor simplicial. The former requires ma- 
chinery from combinatorial topology and commutative algebra; we shall discuss the 
corresponding generalisations in more detail in the next chapters. The generalisa- 
tions of the g-theorem to non-simplicial convex polytopes are mostly beyond the 
scope of this book; they require algebraic geometry techniques such as intersection 
homology, which we only briefly discuss in Section [5.31 

Exercises. 

1.4.15. Prove the following upper bound for the number of fc-faces in a simple 
n-polytope P with /o vertices: 



where the equality is achieved only for P — A". Observe that this inequality gives 
a better upper bound for simple polytopes that the UBT. 

1.4.16. Prove Lemma [TX71 

1.4.17. Show that the numbers of faces of a stacked n-polytope S with rn = fo 
vertices are given by 



1.4.18. Let h = {ho, hi, ... , hn) be an integer vector with h^ — 1 and hi = hn-i 
for i n, and let g = {go, ffi, ■ • ■ , 5[n/2]) where go ^ I, gt ^ hi ~ hi-i for i > 0. 
Show that if g is an Af -vector, then h is also an Af -vector. 

1.4.19. Prove directly that parts (a) and (b) of the g-theorem imply the LBT, 
while parts (a) and (c) imply the UBT. 




for k = I, . . . ,n. 



MS) 

fn-l{S) 



forl^z^n-2; 
(n - l)m - {n + l){n ~ 2). 



Polytopes: additional topics 



1.5. Nestohedra and graph-associahedra 

Several constructions of series of simple polytopes with remarkable properties 
appeared in the beginning of the 1990s under the common name of 'generalised as- 
sociahedra'. (The original associahedron, or Stasheff polytope, was first introduced 
in homotopy theory |210| .) Nowadays generalised associahedra find numerous ap- 
plications in algebraic geometry [98j, the theory of knot and link invariants [29j, 
representation theory and cluster algebras |92| . and the theory of operads and 
geometric 'field theories' originating from quantum physics f211j. 

Without attempting to overview all aspects of generalised associahedra, we 
describe one particular construction which uses the Minkowski sum and the combi- 
natorial concept of a building set. Our exposition is much influenced by the original 
works of Feichtner-Sturmfels [88j and Postnikov |187j . The resulting family of 
polytopes is known as nestohedra. Although it does not include all possible gener- 
alisations of associahedra, this family is wide enough to contain all classical series, 
and its construction is elementary enough so that it requires no specific knowledge. 

The Minkowski sum is a classical geometric construction allowing one to pro- 
duce new polytopes from known ones, just like the product, hyperplane cut and 
connected sum described in Section fl.il However, a Minkowski sum of simple poly- 
topes usually fails to be simple. Interesting examples of polytopes can be obtained 
by taking Minkowski sums of regular simplices. Simplices in such a Minkowski 
sum are indexed by a collection S of subsets in a finite set. It was shown in [8S\ 
and |187) that a Minkowski sum of regular simplices is a simple polytope if S sat- 
isfies certain combinatorial condition, identifying it as a building set. The resulting 
family of simple polytopes was called nestohedra in [188j because of its connection 
to nested sets considered by De Concini and Procesi |71| in the context of subspace 
arrangements. An example of a building set is provided by the collection of subsets 
of vertices which span connected subgraphs in a given graph. The correspond- 
ing nestohedra are called graph-associahedra; they were introduced and studied in 
the work of Carr and Devadoss [57], and independently in the work of Toledano 
Laredo |219| under the name De Concini-Procesi associahedra. These include the 
classical series of permutahedra and associahedra. 

Minkowski sums of simplices. Recall that the Minkowski sum of two sub- 
sets A.B cW- is defined as 

A + B = {x + y: X e A, y e B}. 

Proposition 1.5.1. The Minkowski sum of two polytopes is a polytope. More- 
over, if P — conv(t;i, . . . , Vk) and Q — conv(tt)i, . . . , Wi), then 

P + Q ^ conv(i;i + Wi, . . . ,Vi + Wj, . . . ,Vk + wi). 
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Proof. Follows directly from the definition of Minkowski sum. □ 

For every subset S C [n + l] = {l,...,n + l} consider the regular simplex 

A5 = conv(ei: i e S) C W+\ 

Let be a collection of nonempty subsets of [n+ 1] . We assume that T contains 
all singletons {i}, As usual, denote by the number of elements 

in Given a subset C [?i + 1], denote by the restriction of T to N, i.e. 

T\N = {SeT: S CN} 

of subsets in N. A collection T is connected if [n + 1] cannot be represented as a 
disjoint union of nonempty subsets A^i and A'^2 such that for every S (Iz J- either 
S C Ni or C A^2- Obviously, every collection T splits into the disjoint union of 
its connected components. 

Remark. In some further considerations we shall allow T to contain some 
subsets of [n + 1] with multiplicities. 

Now consider the convex polytope 

(1.20) Pf = ^ As C 

The following statement gives some of its basic properties. 



Proposition 1.5.2. Let J" = J"i u • • • 

components. Then 

(a) Pr = PF, X ... X Pr,; 

(b) dim Pjr ^ n + 1 — q. 



U J-q be the decomposition into connected 



Proof. Statement (a) follows from the fact that the polytopes Pjr. are con- 
tained in complementary subspaces for 1 ^ i ^ q, so their Minkowski sum is the 
product. Because of (a), it is enough to verify (b) for connected T only. Then we 
need to prove that dimPjr = n. Observe that Pjr is contained in the hyperplane 
Hjr = {x e R"+i : ^27=1 = \^\]i and therefore dimPr ^n. If J" has a unique 
maximal element, then this element is [n + 1], because is connected. Hence, Pjr 
has an n-simplex as a Minkowski summaiid, and therefore dim Pjr = n. We shall 
only need this case in the further considerations, so we skip the rest of the proof 
and leave it as an exercise. □ 

We now describe two extreme examples of polytopes Pjr, corresponding to the 
minimal and the maximal connected collections. 

Example 1.5.3 (Simplex). Let S be the collection consisting of all singletons 
and the whole set [n + 1]. Then Pg is the regular n-siniplex A[„_|_]^] shifted by the 
vector ei + . . . + e„_|_i. 

Permutahedron. Let C be the complete collection, consisting of all subsets 
in [n + 1] . The polytope Pq is n-dimensional by Proposition 11.5.21 

Theorem 1.5.4. Pq can be described as the intersection of the hyperplane 

n+1 

Hc = {xe«^+^: = 2"+i-l} 
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with the halfspaces 

ies 

for all proper subsets SC. [n+1]. Moreover, every halfspace above is irredundant, 
i.e. determines a facet Fs of Pq, so there are \C\ = 2"+^ — 2 facets in total. 

Proof. By definition, every point x — (si, . . . G Pc can be written as 

X = X^sec where a;'^ — (a:f , . . . , a;f+i) G Ag. Then 

n+1 n+1 

i=i sec i=i Sec 
which imphes that Pc C i?c- Similarly, 

(1.21) ^ X, . 5] 5] ^ ^ ^ . ^ 1 . ICUl = 2l^l - 1, 
les Tec ies tcs ies tcs 

so Pc is contained in all subspaces Hs.^. 

It remains to show that any facet of Pc has the form Pc n Hg, where Hs is 
the bounding hyperplane for Hg^. Since Pc is a Minkowski sum of simplices, each 
of its faces G is a Minkowski sum of faces of these simplices. We therefore may 
write G as X^sec where Ts C S. By Proposition 11.5.21 if G is a facet (i.e. 
dimG = n — 1), then the collection T ~ {Ts} of subsets in [n + I] has exactly two 
connected components. (Note that T may contain some subsets more than once.) 
Let [n + 1] = A^i U 7V2 and T = T| at^ U T\n2 be the decomposition into components. 
Then the hyperplane containing the facet G is defined by each of the two equations 

(1.22) ^Xi = |T|Ari| or ^ xi ^ \T\n2\- 

Since every Ts is contained in the corresponding S, we have 

(1.23) |TUi| ^ |C|jVi| and |r|jv. | ^ |C|Ar, | . 

We claim that at least one of these inequalities turns into equality. Indeed, assume 
the converse. By (ll.2ip the minimum of the linear function X^ieA^i is 
\C\ni |, so there is a point x' e Pc with 

(1.24) ^x^^icuj <|rk,|. 

ieAfi 

Similarly, there is a point x" E Pc with 

E = 1*^1^2 1 < \T\n2\- 

ieN2 

Since iVi U A^2 — [n + 1], the latter inequality is equivalent to X^ieWi -^i' ^ ["^lAfi |- 
This together with (11.241) implies that there are points of Pc in both open halfspaces 
determined by the first of the equations (11.221) , which contradicts the assumption 
that G is a facet. So at least one of (|1.23l) is an equality, which implies that the 
hyperplane (|1.22p containing G has the form Hs (where S is either Ni or A^2)- 

It follows that every facet is contained in the hyperplane Hs for some S. On the 
other hand, every subset S can be taken as iVi in the construction of the preceding 
paragraph, which shows that every Hs contains a facet. □ 
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Having identified the facets, we may derive the following description of the 
whole face poset of Pq ■ 

Proposition 1.5.5. Faces of Pq of dimension k are in one-to-one correspon- 
dence with ordered partitions of the set [n + 1] into n + 1 — fc nonempty parts. An 
inclusion of faces G <Z F occurs whenever the ordered partition corresponding to G 
can he obtained by refining the ordered partition corresponding to F . 

Proof. This follows from the fact that two facets Fs^ and of Pc have 
nonempty intersection if and only if Si C S2 or 6*2 C Si. We skip the details to 
avoid repetitive arguments; see Theorem ll.5.13l below for a more general result. □ 

Corollary 1.5.6. 

(a) Pc is a simple polytope; 

(b) the vertices of Pq are obtained by all permutations of the coordinates of 
the point (1,2,4, 2") G 

The polytope whose vertices are obtained by permuting the coordinates of a 
given point is known as the permutahedron; it has been studied by convex ge- 
ometers since the beginning of the 20th century. More precisely, given a point 
a — (oi, . . . , a„+i) G with ai < a2 < ■ ■ ■ < fln+i, define the corresponding 

permutahedron as 

Pe"(a) = conv(o-(ai), . . . ,a-(a„+i): a £ S„+i), 

where T^n+i denotes the group of permutations of n + 1 elements. In particular, 
Pc = Pe^{l, 2, . . . , 2"). All n-dimensional permutahedra Pe^{a) are combinatori- 
ally equivalent; this follows from the following description of their faces: 

Theorem 1.5.7. 

(a) Every facet of Pe'^{a) is the intersection of Pe^ [a) with the hyperplane 

Hs = {a;e M"+i: ^ = ai + 02 H ^a]S]} 

for a proper subset SC. [n + 1]. 

(b) The faces of Pe^{a) are described in the same way as in Provosition \1.5.M 

Proof. This can be proved by mimicking the proof of Theorem ll.5.41 Another 
way to proceed is as follows. Every face of Pe"(a) is a set of points where a certain 
linear function iff, — (b, • ) restricted to the polytope achieves its minimum. We 
denote this face by G^. Then b = . . . , 6„+i) defines an ordered partition 
[n + 1] = iVi U • • • U Nj, according to the sets of equal coordinates of b. Namely, if 
bk — bi then k and I are in the same A^^, while if 6^, < 6; then k C Ni and I g Nj with 
i < j. It can be shown that (a) dim Gb = n+l — k, and (b) the face Gb only depends 
on the ordered partition above and does not depend on the particular values of 6^. 
In particular, the vertices of i-'e"(a) correspond to (pb where all coordinates of b 
are different, while the facets correspond to ipb where all coordinates of b are either 
or 1. We leave the details to the reader. □ 

We shall denote an n-dimensional combinatorial permutahedron by Pe". The 
classical permutahedron corresponds to a = (1, 2, ... , n+l). It can also be obtained 
as a Minkowski sum (|1.20p as follows (we leave the proof as an exercise): 
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Proposition 1.5.8. Let I be the collection of all subsets of cardinality ^ 2 
in [n -\- I]. Then 

Pi = Pe"(l,2,...,n + l). 

The polytope Pj is the Minkowski sum of segments of the form conv(ei, Sj) 
ioi 1 ^ i < j ^ n + I, shifted by the vector ei + • • • + e„+i. Minkowski sums of 
segments are known as zonotopes; this family of polytopes has many remarkable 
properties [2281 §7-3]. However, general zonotopes are rarely simple; the permuta- 
hedron is one of the few exceptions. 

Building sets and nestohedra. We now return to general Minkowski 
sums ()1.20|) . The next statement gives a description of Pjr in terms of inequalities, 
and generalises the first part of Theorem 11.5.41 

Proposition 1.5.9 ( |88[ Proposition 3.12]). Pjr can be described as the inter- 
section of the hyperplane 

n+l 

i/^- {xeM"+i: = 1^1} 

4=1 

with the halfspaces 

corresponding to all proper subsets T C [n 4- 1] • 

Proof. Since Pjr is a Minkowski summand in the permutahedron Pq^ it is 
defined by inequalities of the form X^ieT -^^ ^ for some parameters br- The 
minimum value of the linear function X^ieT •^^ ^ simplex As equals one if S* C T, 
and equals zero otherwise. Therefore, bx — |-^|t|i as needed. □ 

It follows that Pjr can be obtained by iteratively cutting the n-simplex 

Hjr O {x : Xi ^ 1 for i = 1, . . . , n + 1} 

by the hyperplanes i?T,^ corresponding to subsets T of cardinality ^ 2. In the case 
of the permutahedron, each of these cuts is nontrivial, that is, the corresponding 
hyperplane is not redundant. In general, the description of Pjr in Proposition 1 1 . 5 . 51 
is redundant. The concept of a building set will allow us to achieve an irredundant 
description of Pjr for certain T and therefore describe the face posets. The resulting 
polytopes Pjr will be simple; furthermore they will be obtained from a simplex by 
a sequence of face truncations. 

Definition 1.5.10. A collection B of nonempty subsets of [n + 1] is called a 
building set on [n + 1] if the following two conditions are satisfied: 

(a) 5', S" e B with S' n S"' 7^ implies 5" U S" G B; 

(b) {i} e B for all ie[n + l]. 

Remark. The terminology comes from a more general notion of a building set 
in a finite lattice, so that the building set above corresponds to the case of the 
Boolean lattice 2["+il. We do not give the general definition because it requires too 
much poset terminology. See |881 §3] for the details. 
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Note that a building set B on [n + 1] is connected if and only if [n + 1] G 6. 
Given SC. [n + 1] define the contraction of S from B as 

B/S ^ {T\S:T e B, T\S ^ 0} = {S' C [n+l]\5': S' e B or S' U S E B}. 

The restriction B\s and the contraction B/S are building sets on S and [rt + 1] \ 
respectively. Note that B\s is connected if and only ii S G B. If B is connected, 
then B/S is also connected for any S. 

We now consider polytopes p.20p corresponding to building sets B. The 
following specification of Proposition 11.5.91 gives an irredundant description of 
as an intersection of halfspaces. 

Proposition 1.5.11 ([88], [T87| ). We have 

n+l 

Pe = {a;eM"+i: = 1^1, ^ |6|s| for every S e b}. 

i=l i£S 

If B is connected, then this representation is irredundant, that is, every hyperplane 
Hs = {xe R"+i : J2ies = \^\sW with S ^ [n + 1] defines a facet Fs of Ps (so 
that the number of facets of Pq is \B\ — I). 

Proof. The halfspace Ht,^ in the presentation of from Proposition 1 1 . 5 . 9l 
is irredundant if the intersection of Pg with the corresponding hyperplane Ht is a 
facet. This intersection is a face of Pjg given by 

Pb\t + Pb/t 

(since Pgi^ and P^/t li^ in complementary subspaces, their Minkowski sum is actu- 
ally a product). In order for this face to have codimension one in Pg, it is necessary, 
by Proposition 1 1 . 5 . 2l that the collection B\t is connected. This condition is equiva- 
lent to P e S. li B is connected, then this condition is also sufficient, because then 
B/T is also connected, and dim(Pt5|^ + Pb/t) = n — 1 by Proposition 1 1 . 5 . 2l □ 

Corollary 1.5.12. IfB is a connected building set on [n-f 1], then every facet 
of Pb can he written as 

Pb\t ^ Pb/t 

for some T G S \ [n + 1] . 

Theorem 1.5.13. The intersection of facets Fg^^f] • • • H Fg^ is nonempty (and 
therefore is a face of Pg ) if and only if the following two conditions are satisfied: 

(a) for any 1 ^ i < j ^ k, either Si C Sj, or Sj C Si, or Si Sj = 0; 

(b) if the sets Si^, . . . , Si^ are pairwise nonintersecting, then Si^^U- ■ -USi^ ^ B. 

Definition 1.5.14. A subcollection {^i, . . . , Sk} C B satisfying conditions (a) 
and (b) of Theorem 11.5.131 is called a nested set. Following [188j, we refer to 
polytopes Pg p.20p corresponding to building sets B as nestohedra. 

Proof of Theorem 11.5.131 Assume n • • • n Fg^ ^ 0. 

If (a) fails, then SiU Sj E B, and for any x £ Fg. n Fg. we have 

^ a:^fe = |^|s.|, ^ ^k^\l3\g^\, ^ Xk ^ \B\g.i,g.\. 
fees, keSj feeSjUSj 

Adding the first two equalities and subtracting the third inequality we obtain 

J2 Xk^ \B\g^\ + \B\g^\-\B\g^US,\ < \B\g^\ + \B\s^\ ~ \B\s^U B\s^\ = \B\g^nS,\ 
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where the second inequahty is strict because B\si U B\sj B\siUSj- Now the 
inequahty X^fceSiOSj ^ \^\sinSj \ contradicts Proposition 1 1 . 5 . 9l 

If (b) fails, then Si^ U ■ ■ ■ U Si^ G B, and for any x <E Fs^^H • • • fl Fs^^ we have 

^Xk = \B\siJ forl^g^p, and ^ Xk ^ \B\s,^u-us,J- 

Subtracting the first p equahties from the last inequality we obtain 

\B\s^,\ + --- + \B\s^^ \ ^ |6|s.,u...u5,J. 

This leads to a contradiction because Si-^ Li ■■■ U Si E B. 

Now assume that both (a) and (b) are satisfied. We need to show that Fs\ O 

■■■nFs,^0. 

We write x — '^xers^"'" ^^"^ note that the inequality '^^^g Xi ^ \B\s\ defining 
the facet Fs turns into equality if and only it xf — for every T E B, T S and 
i E S (this follows from p.2ip ). Hence, 

(1.25) x = Y,^'^ e Fs,n---nFs, 

TeB 

xf^O whenever T e B, T (;t Sj, i e Sj, for 1 s$ j /fc. 

We therefore need to find x whose coordinates satisfy the k conditions on the right 
hand side of (|1.25p . Given T E B, the jth condition is not void only if T ^ Sj 
and T n Sj ^ 0. We may assume without the loss of generality that the first 
k' conditions in p.25p are not void, and the rest are void. That is, T ^ Sj and 
T n S'j ^ for 1 ^ j ^ fc', while T C 5^ or T n Sj = for j > k' . Then we 
claim that T \ {Si U • • • U Sk') ^ 0. Indeed, otherwise choosing among Si, ... , Sk' 
the maximal subsets Si-^, . . . , Si^ (which are pairwise disjoint by (a)) we obtain 
Si,U---USi^^TUSi,U---(JSi^E B, which contradicts (b). Now setting xf = 1 
for only one i E T \ {Si U • • • U Sk') and xf = for the rest, we obtain the required 
point X in the intersection Fs-^ n • • • n Fs^ . □ 

From the description of the face lattice of nestohedra in Theorem 11.5.131 it is 
easy to deduce their following main property. 

Theorem 1.5.15. Every nestohedron Pq is a simple polytope. 

Prooe. By Proposition ! 1 . 5 . 2] we may assume that B is connected. A collection 
Si, . . . , Sk may satisfy both conditions of Theorem 1 1 . 5 . 1 31 only if fc ^ n. □ 

Example 1.5.16. If ;B is a connected building set on a 2-element set, then 
is an interval I^. If ;B is a connected building set on a 3-element set, then is a 
polygon, and only m-gons with 3 ^ m ^ 6 arise in this way. 

More examples will appear in the next subsections. 

Proposition 11.5.111 gives a particular way to obtain a nestohedron Pg from 
a simplex by a sequence of hyperplane cuts. The next result shows that these 
hyperplane cuts can be organised in such a way that we get a sequence of face 
truncations (see Construction 1 1 . 1 . 1 3p . 

Let Bq C Bi be building sets on [n+ 1], and S E Bi. We define a decomposition 
of S into elements of Bq as S = SiU - ■ -USk, where Sj are pairwise nonintersecting 
elements of Bq and fc is minimal among such disjoint representations of S. It can 
be easily seen that this decomposition exists and is unique. 
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Lemma 1.5.17. Let Bo C Bi be connected building sets on [n + 1]. Then Pg^ is 
obtained from Pq^ by a sequence of truncations of faces Gi — H^Li correspond- 
ing to the decompositions = S\\-\ ■ ■ ■ L\ S].. of elements G Bi\B^, numbered in 
any order that is reverse to inclusion (i.e. ^ => i ^ i'). 

Proof. We use induction on the number N — \Bi\ — \Bo\. For A'' = 1, we have 
Bi — BqU{S^}. We shaU show that Pg^ is obtained from Pg^ by a single truncation 
of the face G — Fgi n • • • n Fgi , where — Si U ■■■ Li Sl is the decomposition 

of into elements of Bq. Let Pgj, denote the polytope obtained from Pg„ by 
truncation of G. Since both Pg,, and Pg^ are n-dimensional polytopes (here we use 
the assumption that both Bq and Bi are connected), it is enough to verify that the 
face poset of Pg^ is a subposet of the face poset of Pg^, (see Exercise ll.l.2ip . 

The facets of Pg^ are Fgi and Pj. with Sj G Bq. We first consider a nonempty 
intersection of the form Fg^ n . . . n Fg^ in Pg^, i.e. a nested set {51, . . . , 5*^} of Bi, 
with aU Sj e Bo- Then obviously, {S*!, . . . , S*^} is a nested set of ;Bo, i-e. Psi n . . . n 
Fsf in Pg„. Furthermore, since S^ is the only element of Bi\Bo, we have that 

S,,U---U s,^ ^s' = slu---usl 

for any C [£]. The latter condition implies that {S'^ , . . . , S*^} ^ 

{Sl, . . . , Se}, i.e. Fs^ n ... n Pg^ ^ G in the face poset of Pgj,. By the de- 
scription of the face poset of P^q given in Construction 11.1.131 this implies that 
P5in...nP5, 7^0inPe„. 

Now we consider a nonempty intersection of the form P51 n P^j n . . . n Fs,, in 
Pgj, i.e. a nested set {5"^ S*!, . . . ,Se} of Bi, with Sj G Bq and S^ e Bi \ Bq- We 
claim that {Sl, Sl, Si, Sg} is a. nested set of Bq, i.e. GCiFs^ n . . .CiFse ^ 
in PgQ. To do this we need to verify (a) and (b) of Theorem 1 1.5. 131 

We need to check condition (a) for pairs of the form Sp,Sq; for other pairs it 
is obvious. That is, we need to check that if S^ O Sq ^ 0, then one of Sp,Sq is 
contained in the other. The condition S^H Sq implies that S^ Sq 0. Since 
{S^, 5*1, ... , Sg} is a nested set of Bi, we obtain that Sp C S^ C Sq or Sq C S^. 
By the minimality of the decomposition S^ — Sl Li ■■■ U Sl, the inclusion Sq C 5*^ 
implies that Sq is contained in some Sl, which can be only 5*^, since Sp Sq ^ 0. 

To verify condition (b) of Theorem 1 1 . 5 . 1 31 for {Sl, . . . , Sl, Si, . . . , Sg}, we con- 
sider a subcollection {Sl_^, . . . , S}^ , Sj-^ , ■ ■ ■ , Sj^ } consisting of pairwise nonintersect- 
ing subsets. We need to check that its union is not in Bq. For obvious reasons, we 
may assume that p > and q > 0. Since {S^, Si, ... , Sg} is a nested set of Bi, 
we have that either Sj. C S^ or Sj. O S^ = for each i = 1, . . . ,q. Suppose that 
Sl^U-'-US^U Sj, U • • • U Sj^ e 60. "Then S^USj,U---U Sj^ G Bi by the definition 
of the building set. If any of Sj. is disjoint with S^, then we get a contradiction 
with condition (b) for the nested set {S^, Si, ... , Sg} of Bi. Therefore, Sj. C S^ for 
i = l,...,q, sothat Sj^U- ■ -USl^USj.U- ■ -USj^ C 5"^ By the argument of the previ- 
ous paragraph, for each Sj. we have that Sj. C Sl or Sl C Sj. for some r — 1, . . . ,k. 
Then it follows from the minimality of the decomposition S^ — Sl Li ■■■ Li Sl and 
the definition of a building set that Sl^ U ■ ■ ■ U Sl^ U Sj, U ■ ■ ■ U Sj^ = S^ , which 
contradicts the assumption that S^ ^ Bq. 

Hence, {Sl, . . . , Sl, Si, . . . , Sg} is a nested set of Bq. Similarly to the case 
considered in the previous paragraph, we also obtain that Fg, n . . . n Ps^, ^ G in 
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the face poset of P^g ■ Once again, by the description of the face poset of P^g given 
in Construction 1 1 . 1 . 131 this impHes that Fgi n i^Si H . . . n Fs,, ^ in Pbq- 

It follows that the face poset of P^i is indeed contained as a subposet in the 
face poset of P^g , and thus Pjs-^ = Pb^ ■ 

It now remains to finish the induction. Assuming the theorem holds for M < N, 
we shall prove it for M = N. Since is not contained in any other 5% the collection 
of sets Bq = Bq U {S^} is a building set. By the induction assumption, P^'^ is 
obtained from Pg^ by truncation of the face corresponding to the decomposition of 
S^, and Pgj is obtained from Pg^ by a sequence of truncations corresponding to 
the decompositions of S** for i = 2, . . . , A^. □ 

Remark. The proof given above only establishes a combinatorial equivalence 
between Pg^ and Pg„ . Since Proposition 11.5.111 gives a geometric presentation 
of nestohedra by a sequence of hyperplane cuts, it follows easily that the face 
truncations of Pg„ giving Pg^ are also geometric. 

Theorem 1.5.18. Every nestohedron Pg corresponding to a connected building 
set B can he obtained from a simplex by a sequence of face truncations. 

Proof. Assume that ;B is a connected building set on [n + 1]. Then we have 
S C B, where S is the connected building set of ExamDle ll.5.31 whose corresponding 
nestohedron is an n-simplex. Now apply Lemina ll.5.171 □ 

The following construction, suggested by N. Erokhovets, will allow us to show 
that every nestohedron can be obtained from a connected building set, up to com- 
binatorial equivalence. 

Construction 1.5.19 (Substitution of building sets). Let Bi, . . . ,Bn+i be 
connected building sets on [ki], . . . , [fc„+i]. Then, for every connected building set B 
on [n-l- 1], we define a connected building set B{Bi, . . . , Bn+i) on [fci] U . . .U [fc„+i] = 
[fci + . . . + fc„+i], consisting of elements g Bi and [J [ki], where S E B. 

When Bi, . . . ,Bn are singletons {1}, . . . , {n}, we shall write B{1, 2, . . . , n, Bn+i) 
instead of ^({1}, {2}, . . . , {n}, B^+i) ■ 

Lemma 1.5.20. Let B, Bi, . . . , Bn+i be connected building sets on [n + 1], 
[fci], . . . , [fc„+i], and let B' = B{Bi, 6„+i). Then Pg- « Pg x Pg^ x • • • x Pg„_^i. 

Proof. Set B" = BU BiU . . .U Bn+i and define the map (p: B" ^ B' by 




S if 5 e Si 

U [h] iiS£B. 



Then tp generates a bijection between B" \ /Bj^ax ^^id B' \ [ki + ■ ■ ■ + fcn+i], where 
'^max = + [^iIj • ■ • ; [^n+i]} dcnotcs the Collection of maximal sets of B". Let 
S cB\[n+l] andSi C B, \ [h]. Notice that ip{S) U U.r=/ ^^i^i) 

is a nested set 

of B' if and only if 5 is a nested set of B and Si is a nested set of Bi for all i. It 
follows that Pg/ « Pg/' = Pg X Pgj X • • • X Pb„+i- O 

Example 1.5.21. Assume that each of B, Bi, B2 is the building set 
{{1}, {2}, {1, 2}} corresponding to the segment I. Let us describe the build- 
ing set B{Bi,B2)- In the building set {{a}, {6}, {a, 6}}, we substitute a by 
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Bi = {{1},{2},{1,2}} and by 62 {{3}, {4}, {3, 4}}. As a result, we ob- 
tain the connected building set B', consisting of {!}, {2}, {3}, {4}, {1, 2}, {3, 4}, [4]. 
Its corresponding nestohedron is obtained by truncating two nonadjacent edges of 
a 3-simplex; it is combinatorially equivalent to a 3-cube. 

The facet correspondence ip between the combinatorial cubes x Pgj^ x Pg^ 
and Pg' is given by 



Example 1.5.22. Let B = {{!}, . . .,{n + 1}, [n + 1]} be the building set corre- 
sponding to the simplex A" and let Bi,. . . ,Bn+i be arbitrary connected building 
sets on [fci], . . . , [fc„+i]. Then 

B' = B{Bi, 6„+i) = (Ki U • • • U S„+i) U [fci + • • • -f fc„+i], 

and Pb' « A" x Pg^ x • • • x Pg^^^ . 

Proposition 1.5.23. For each nestohedron Pg there exists a connected building 
set B' such that Pg w Pg/ . 

Proof. Indeed, any building set B can be written as Si U • • • U Bk, where Bi 
are connected building sets on [ki + 1] . Define a building set i3 = Si (1, . . . , fci , 62) U 
BsU - ■ -UBk, giving the same combinatorial polytope. We have that S is a product 
(disjoint union) of k— 1 connected building sets. Then we apply again a substitution 
to B, and so on. At the end we obtain a connected building set B'. □ 

Graph associahedra. 

Definition 1.5.24. Let F be a graph on the vertex set [n + 1] without loops 
and multiple edges (a simple graph). The graphical building set Br consists of all 
nonempty subsets S C [n + 1] such that the graph Fjs is connected. 

The nestohedron Pr = Pgp corresponding to a graphical building set is called 
a graph- as sociahedron |57| . 

Example 1.5.25 (associahedron) . Let F be a 'path' with n edges {i,i + 1} for 
1 ^ i ^ n. Then Br consists of all 'segments' of the form [i,j] = {i,i + 1, . . . , j} 
where l^i^j^n+1. To describe the face poset of the corresponding polytope 
Pr it is convenient to use brackets in a string of n -f 2 letters aia2 • • • an+2- We 
associate with a segment [i,j] a pair of brackets before and after a^+i . Using The- 
orem 11.5.131 it is easy to see that the facets corresponding to n different segments 
intersect at a vertex if and only if the corresponding bracketing of 0102 • • ■an+2 
with n pairs of brackets is correct. In particular, the vertices of Br correspond 
to all different ways to obtain a product 0102 •• • a„+2 when multiplication is not 
associative. The number of vertices is therefore equal to ■:;^{^n+i)' ^^^^^ 
Catalan number. Two vertices are adjacent if and only if the bracketing correspond- 
ing to one vertex can be obtained from the bracketing corresponding to the other 
vertex by deleting a pair of brackets and inserting, in a unique way, another pair of 
brackets different from the deleted one. That is, two vertices are adjacent if they 
correspond to a single application of the associative law. This explains the name 
associahedron for the polytope Pr of this example; we shall denote it As"'. 



{1} eBi^ {1} e B', 
{3} e 62 ^ {3} e B', 
{a} €62^ {1,2} eS', 



{2} eBi^ {2} e B', 
{4} e 62 ^ {4} e B', 
{b} eB2^ {3,4} e B' 



1.5. NESTOHEDRA AND GRAPH-ASSOCIAHEDRA 



33 




Figure 1.3. 3-dimensional associahedron and the corresponding graph. 

Proposition 11.5.111 describes the associahedron as the resuh of consecutive hy- 
perplane cuts of a simplex, see Figure [T751 for the case n = 3. It can also be obtained 
by hyperplane cuts from a cube, as described in the next theorem. 

Theorem 1.5.26. The image of j4s" under a certain ajfine transformation 
jjn+i _^ jjn intersection of the cube 

{y e M" : ^ Vj sj j{n + I - j) for l^j^n] 
with the halfspaces 

{yeM": y^-y,, + {j-k)k^O} 

for I ^ k < j ^ n. 

Proof. Proposition 1 1 . 5 . iT] gives the following presentation: 

(1.26) As- = {x e M-^: g.. = (jl±2)^, 



k=l 

j 



(j - i + l)(j - i + 2) , 1 
22 ^ ^2 ^ for 1 < i sC j n + l|. 



k—i 



Apply the affine transformation K"+^ M" given by 



I 



(xi, . . . ,a;„+i) i-> (zi, . . . , z„) where z/ = ^Xfc, for 1 ^ s$ n. 



fe=i 



Now we rewrite the inequalities of (|1.26[) in the new coordinates (^i, . . . , z„). The 
inequalities with i = 1 (corresponding to the facets Fs with {1} S 5*) become 

id + I) 

(1.27) ^ ■'^■^^ ' , for \<^j<kn. 

Inequalities (|1.26[) with j = n + 1 (corresponding to Fg with {rt + 1} G 5*) become 
+ + + ^--\ for2^^<n + l, 

or equivalently, 

(1.28) Zj- g; (n^2)2- ^^^^^\ for 1 < j ti. 
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The remaining inequalities ()1.26p take the form 

(j-* + l)0'-* + 2) 



(1.29) 



for 1 < i ^ j < 71 + 1 . 



Now the required presentation is obtained from (|1.27p . (|1.28p and (|1.29p by applying 



1. 



□ 



the shift yj = Zj — ^^^^^^ and setting k 

Example 1.5.27. The case n = 3 of Theorem 11.5.261 is shown in Figure [Ol 
(right). This polytope is obtained by cutting a 3-cube (more precisely, a paral- 





-F{1,2,3} 

Figure 1.4. 3-dimensional associahedron cut from a cube. 

lelepiped) specified by the equations 

^ zji < 3, 4, < j/3 < 3 

by the three hyperplanes 

2/2 - yi + 1 = 0, j/3 - Z/i + 2 = 0, 1/3-2/2 + 1 = 0. 

Another way to cut a 3-dimensional combinatorial associahedron from a 3-cube 
is shown in Figure 11.41 (left); this time we cut three nonadjacent and pairwise 
orthogonal edges. The two associahedra in Figure FOl are not affinely equivalent. 

The associahedron As" first appeared (as a combinatorial object) in the work of 
StashefF |210| as the space of parameters for the higher associativity of the {n + 2)- 
fold product map in an _ff-space. For more information about the associahedra 
we refer to |98) and |39l Lec. II], where the reader may find other geometric and 
combinatorial realisations of ^s". 

Example 1.5.28 (permutahedron revisited). Let F be a complete graph; then 
Br is the complete building set C and Pr is the permutahedron Pe", see Figure [T75l 
for the case n = 3. 

Example 1.5.29 (cyclohedron) . Let F be a 'cycle' consisting of n -f 1 edges 
{i,i + 1} for 1 ^ i ^ n and {n -|- 1, 1}. The corresponding Pr is known as the 
cyclohedron Cy", or Bott-Taubes polytope^ see Figure [TT^ It was first introduced 
in |29| in connection with the study of link invariants. 

Example 1.5.30 (stellahedron) . Let F be a 'star' consisting of n edges 
{i,rt-|- 1}, 1 ^ i ^ 71, emanating from the point n -\- 1. The corresponding Pr 
is known as the stellahedron St" , see Figure 11.71 
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Figure 1.5. 3-dimensional permutahedron and the corresponding graph. 




Figure 1.6. 3-dimensional cyclohedron and the corresponding graph. 




Figure 1.7. 3-dimensional stellahedron and the corresponding graph. 



Exercises. 
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1.5.31. Every collection T of subsets in \n + 1] may be completed in a unique 
way to a building set by iteratively adding to T the unions 5*1 U 52 of intersecting 
sets (5*1 n 5*2 7^ 0) until the process stops. Denote the resulting building set by T . 
Show that J- is connected if and only if J- is connected, and that dim = dim Pjr 
(hint: for a pair of intersecting sets 5*1, 5*2 compare the polytopes Ag^ + As^ and 
Agj^ + A52 + A5juS2)- Use this fact to complete the proof of Proposition 11.5.21 

1.5.32. Finish the argument in the proof of Proposition 1 1 . 5 . 5l 

1.5.33. Complete the details in the proof of Theorem 11.5.71 

1.5.34. Prove Proposition 1 1 . 5 . 8l 

1.5.35. Given two building sets C Si, show that a decomposition S = 
S*! U • • • U 5*^; of 5 G Si into elements Si € Bq with minimal k is unique. 

1.5.36. A combinatorial polytope obtained from a simplex by a sequence of 
face truncations is called a truncated simplex. Notice that a truncated simplex 
is a simple polytope. By Theorem 11.5.181 every nestohedron corresponding to a 
connected nested set is a truncated simplex. Give an example of 

(a) a simple polytope which is not a truncated simplex; 

(b) a truncated simplex which is not a nestohedron; 

(c) a Minkowski sum of simplices Pjr given by (|1.20p which is not a truncated 
simplex. 

1.5.37. Consider the following connected building set on [4]: 

S= {{1},{2},{3},{4},{1,2,3},{2,3,4},[4]}. 
Then Pg is combinatorially equivalent to the polytope shown in Fig. II. 1[ right. 

1.6. Flagtopes and truncated cubes 

Definition 1.6.1. A simple polytope P is called a flagtope (or flag polytope) 
if every collection of its pairwise intersecting facets has a nonempty intersection. 
(The origins of this terminology will be explained in Section [2731 ) 

Flagtopes and flag simplicial complexes (which are the subject of Section [273]) 
feature in the well-known Charney-Davis conjecture |58j and its generalisation due 
to Gal |97| . According to the Gal conjecture, the components of the 7- vector of a 
flagtope are nonnegative. 

Gal's conjecture is important as it connects the combinatorial study of poly- 
topes and sphere triangulations to differential geometry and topology of manifolds. 
This conjecture was proved in special cases. 

Although not all nestohedra are flagtopes (a simplex is the easiest counterex- 
ample), flag nestohedra constitute an important family. In particular, all graph- 
associahedra (and therefore, the classical series of associahedra and permutahedra) 
are flagtopes, see Proposition 1 1 . 6 . 6l 

As we have seen in Theorem ll.5.26[ the associahedron can be obtained by 
hyperplane cuts from a cube. In this section we give a proof of a much more general 
and precise result: a nestohedron is a flagtope if and only if it can be obtained from 
a cube by a sequence of truncations of faces of codimension 2 (we refer to such 
polytopes as 2-truncated cubes), see Theorem 11.6.161 This result was proved by 
Buchstaber and Volodin in |54[ Theorem 6.6]. On the other hand, it can be easily 
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seen that the Gal conjecture is valid for 2-truncated cubes (see Proposition 11.6. 1 2| . 
This observation (formulated in terms of the dual operation of stellar subdivision 
at an edge) was present in the work of Charney-Davis and later Gal, and used to 
support their conjectures. As a corollary we obtain that the Gal conjecture holds 
for all flag nestohedra. 

Example 1.6.2. 

1. The cube /" is a flagtope, but the simplex A" is not if n > 1. 

2. The product P x Q oi two flagtopcs is a flagtope. 

3. The connected sum P ^ Q of two simple n-poly topes and the vertex trun- 
cation vt(P) are not flagtopes if n > 1. 

A polytope P is said to be triangle-free if it does not contain a triangular 2-face. 

Proposition 1.6.3. A flagtope is triangle-free. 

Proof. Assume that a flagtope P of dimension n contains a triangular 2-face T 
with vertices wi,W2,W3 and edges 61,62,63, where Vi is opposite to 6^. Since P is 
simple, each Ci is an intersection of n — 1 facets. Hence, for each i = 1,2,3 there is a 
unique facet, say Fi, which contains the edge 6^ but not the triangle T. Also, T is an 
intersection of n — 2 facets, and we may assume that T — f]"^^ Fi. Now we observe 
that nr^a^JT^j ^ ''^i foi' J = 1:2,3. This implies that the intersection of any pair of 
facets among Fi, . . . , Fn+i is nonempty. On the other hand, fXi^i Fi ~ because 
P is simple and n-dimensional. Therefore P cannot be a flagtope. □ 

The converse to Proposition 1 1 . 6 . 3l does not hold in general (see exercises), but 
it is valid for polytopes with few facets: 

Theorem 1.6.4 ( |26| ). If P is a triangle-free convex n-polytope then fi{P) ^ 
/i(/") for i — 0, . . . ,n. In particular, such P has at least 2n facets. Furthermore if 
P is simple then 

(a) fn-i{P) — 2n implies that P = 

(b) fn-i{P) = 2n + l implies that P = P5 x /""^ .^^/jg^g 

is a pentagon; 

(c) fn-i{P) = 2n + 2 implies that P ^ Pq x /""^ p ^ q y, jn-3 or P ^ 
P^x P^x yjfiQj.Q Pg jg (J hexagon and Q is a Z-polytope obtained from 
a pentagonal prism by truncating one of the edges forming a pentagonal 
facet. 

Corollary 1.6.5. A triangle-free simple n-polytope with at most 2n-\-2 facets 
is a flagtope. 

Another source of examples of flagtopes is provided by graph-associahedra (see 
Definition [I324|: 

Proposition 1.6.6. Every graph- associahedron Pr is a flagtope. 

Proof. Let Fs^, . ■ . , Fsf. be a set of facets of Pr with nonempty pairwise in- 
tersections. We need to check that Fs^^ n • • • n Fs^ 7^ 0, i.e. that condition (b) of 
Theorem 11.5.131 is satisfied (condition (a) holds automatically as it depends only 
on pairwise intersections). Let Si-^ , • ■ • , Si^ be pairwise nonintersecting sets among 
Si,...,Sk; then S^^ U 5^^ ^ Sr for 1 ^ r < s ^ p because Fs,^ n Fg,^ 7^ 0. There- 
fore, all subgraphs Plsi^uSi^ a-re disconnected, which implies that r|5.^u...u5.^ is 
also disconnected. Thus, Si^ U ■ ■ ■ U Si^ ^ Br, and Fsi n • • • n Fs^ 7^ by Theo- 
rem [TIIITH □ 
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The main conjecture about the face numbers of flagtopes uses the notion of the 
7-vector j{P) ~ (70, • ■ • ,7[n/2]) (see Definition ll.3.10p : 

Conjecture 1.6.7 (Gal [97]). A flagtope P of dimension n satisfies ji{P) ^ 
/or i = 0, . . . , [f] . 

We shah verify the Gal conjecture for all flag nestohedra. To do this we shall 
show that any flag nestohedron can be obtained from a cube by consecutive trun- 
cations of codimension-2 faces. 

Our flrst task is therefore to describe how the 7-vector changes under face 
truncations. For this it is convenient to use the iJ-polynomial given by (|1.10p . and 
the 7-polynomial 

7(P)(r) = 70 -I- 7ir + • • • + J[n/2]T^"^^^ ■ 

Proposition 1.6.8. Let the polytope Q be obtained from a simple n-polytope 
P by truncation of a k-dimensional face G. Then 

(a) H{Q) = H{P){s,t) + stH{G)H{A''-''-^), 

(b) 7(Q) = l{P) + r7(G)7(A"-'=-2)^ 

Proof. The truncation removes G and creates a face G x A""*^"^, so that 
f^{Q) = f^{P) + f^{G X A""''-!) - /,(G), for z ^ n. 
Hence, F{Q) = F{P) + ii^(G')F(A"-'=-i) - V'-''F{G), and 
H{Q) = H{P) + tH{G)H{A''-''-^) - e-^H{G) 



= H{P) + tH{G)\ sH''-''-^-'-t 



i=0 
-fe-2 



n-k-2\ 



= H{P) + stH{G) y ^ sJi"-'^-2-j j ^ ^(p) ^ stH{G)H{A 

which proves (a). Furthermore, 

[fl [f] 

E 7^(Q)(st)^(s + = H{Q) = J2 7.(P)(s<)*(s + t)"-2* 

i=0 i=0 

/m \ /[^^] 

+ St 5Z 7p(G)(st)^(s + t)''-^P 79(A"-'^-')(st)«(s + t)»-fe-2-29 

\p=0 I \ 9=0 



-fc-2 1 



^Y^^iP)isty{s+tr-^'+J2 £7p(G)7g(A"-'=-')(sO^+''+'(s+0""'^^+''+'^- 

4=0 p=0 p=0 

Hence, 7.(0) = 7.(^) + Ep+,=^-l lp{Ghg{A"'^~'), which proves (b). □ 

Definition 1.6.9. We refer to a truncation of a face of codimension 2 as a 
2-truncation. A combinatorial polytope obtained from a cube by 2-truncations will 
be called a 2-truncated cube. 

The following corollary is the dual of a result from |97] : 



1.6. FLAGTOPES AND TRUNCATED CUBES 



39 



Corollary 1.6.10. Let the polytope Q be obtained from a simple polytope P 
by 2-truncation of a face G. Then 

(a) H{Q) ^ H{P) + stH{G), 

(b) 7(Q)=7(^) + r7(G). 

Proposition 1.6.11. Each face of a 2-truncated cube is a 2-truncated cube. 

Proof. It is enough to show that if P is a 2-truncated cube, then ah the facets 
of P are 2-truncated cubes. The proof is by induction on the number of truncated 
faces. Let the polytope Q be obtained from a 2-truncated cube P by 2-truncation of 
a face G of codimension 2. Then the new facet is G x J, and it is a 2-truncated cube 
by the induction assumption. Every other facet F' of the polytope Q is either a 
facet of P, or obtained from a facet F" of P by 2-truncation of a face G' C F" . □ 

Proposition 1.6.12. Every 2-truncated cube P satisfies ji{P) > 0, i.e. the 
Gal conjecture holds for 2-truncated cubes. 

Proof. We proceed by induction on the dimension of P, using Proposi- 
tion [IXn] and the formula j{Q) = 7(F) + T-f{G). □ 

Here is a criterion for a nestohedron to be a flagtope. 

Proposition 1.6.13 (|54], |188) V Let B be a building set on [n + 1]. Then the 
nestohedron Pg is a flagtope if and only if for every element S B with \S\ > 1 
there exist elements S' , S" S B such that S' U S" — S . 

Proof. Suppose Pb is a flagtope. Consider an element S B. Then we 
may write S* = Si U • • • U Sk, where Si, . . . , Sk ^ B \ {S} and k is minimal among 
such decompositions of S. Then for any subset J C [k] with 1 < |J| < fc we 
have that Ujej 4- since otherwise k can be decreased. If fc > 2 then, by 
Theorem 11.5.131 the facets Fs-^ , ■ ■ ■ , Fs^ of Pb intersect pairwise, but have empty 
common intersection. Therefore, fc = 2. 

Suppose for each element S £ B with \S\ > 1, there exist elements S',S" £ B 
such that S' U S" = S. Let Fs-^ , ■ ■ ■ , Fs^ , k ^ 3, he a minimal collection of facets 
that intersect pairwise but have empty common intersection. We shall lead this 
to a contradiction by finding a nontrivial subcollection of Fs-i^ , • • ■ , Fg^ with empty 
common intersection. 

Assume there is a set S" € Sjs intersecting more than one Si, but not intersect- 
ing every Si. Then the subcollection of facets Fs^ satisfying Si H S will have 
empty common intersection, since 

U S,£B 

Si : SinS#0 

by definition of a building set. 

It remains to find S £ B\s intersecting more than one Si, but not intersecting 
every Si. By Theorem 11.5.131 Si U ■ ■ ■ U Sk — S £ B. Therefore, we can write 
S ^ S'US", where S' , S" £ B. Let S'^ be that of the sets S' and S" which intersects 
more elements Si than the other. Then S^ intersects more than one Si. If S^ does 
not intersect all of Si, then we are done. Otherwise we write S^ = S'^ U S"^, where 
S'^,S"^ £ B, and choose as S"^ that of the sets S'^ and S"^ which intersects more 
elements Si than the other. If S^ intersects all the sets Si, choose S^ in the same 
way, and so on. Since the cardinality of the sets S^ , S'^ , S^ , . . . strictly decreases, 
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at some point this process stops, and we get that one of the sets S'\ S"^ intersects 
more than one Si, but does not intersect every Si. □ 

Proposition 1.6.14 ( |188) ). Let B be a building set on [n+ 1] such that Pb is 
a flagtope. Then there exists a building set Bo d B such that Pb^ is a combinatorial 
cube with dim Pb„ = dim Pq . 

Proof. By Proposition ! 1 . 5 . 2l we need to consider only connected building sets. 
For n — \, the proposition is true. Assuming that the assertion holds for m < n, 
we shall prove it for m — n. By Proposition 1 1 . 6 . 151 we have [n + 1] = 5" U S", 
where S',S" S B. By the induction assumption, the building sets B\s' and B\s" 
have subsets B'q and Bq whose corresponding nestohedra are cubes. The building 
set Bo = {B'q U B'^) U [n + 1] is the desired one (see Example [TX^ . □ 

It now follows from Lemma ll . 5 . 1 71 that a flag nestohedron can be obtained from 
a cube by a sequence of face truncations. The following lemma shows that there is 
a sequence consisting of truncations of faces of codimension two only: 

Lemma 1.6.15. Let Bi C B2 be connected building sets on [n + 1] whose corre- 
sponding nestohedra P^^ and Pig^ are flagtopes. Then 

(a) Pb2 is obtained from Pg^ by a sequence of 2-truncations; 

(b) Ji{Pb^) < 1i{Pb,) fort = 0,1,..., [n/2]. 

Furthermore, if Bi 7^ B2, then the inequality above is strict for some i. 

Proof. Let S" be a minimal (by inclusion) element of \ Si. We set B' = 
Bi U {S} to be the minimal (by inclusion) building set containing Bi U {S}. By 
Proposition II. 6. 131 there exist 5", S" G B2 such that 5' U 5" = S. It follows from 
the choice of S that S' , S" E Bi. It is easy to show that B' is the collection of sets 
BiU{T = T'U T" : T' , T" e Bi,S' C T' , S" C T"}. Hence, the decomposition of 
any element of B' \ Bi consists of two elements. Therefore, by Lemma 11.5.171 the 
nestohedron Pb' is obtained from Pb^ by a sequence of 2-truncations. 

Since Bi B' d B2, we can finish the proof of (a) by induction on the number 
of elements in ^2 \ ^i- Statement (b) follows from Corollarv ll.6.101 □ 

Finally we can prove the main result of this section, giving a characterisation 
of fiag nestohedra: 

Theorem 1.6.16 ( |54| ). A nestohedron Pg is a flagtope if and only if it is a 
2-truncated cube. 

More precisely, if Pb is a flagtope, then there exists a sequence of building sets 
Bo d Bi d ■ ■ ■ d Bn = B, where Pb„ is a combinatorial cube, Bi = Bi-i U {Si}, 
and Pb^ is obtained from Pbi^i by a 2-truncation of the face Fsj_^ H Fs^^ d Pb._j, 
where Si = Sj-^ U S^^, and Sj-^jSj^ € Bi-i. 

Proof. By Proposition 11.5.231 we need to consider only connected building 
sets. The 'only if statement follows from Proposition 11.6.14! and Lemma 11.6.151 
To prove the 'if statement we need to check that a polytope obtained from a 
flagtope by a 2-truncation is a flagtope. This is left as an exercise. □ 

Together with Proposition 11.6.121 Theorem 11.6.161 implies 



Corollary 1.6.17. The Gal conjecture holds for all flag nestohedra Pb, i.e. 
1i{Pb) ^ 0. 



1.6. FLAGTOPES AND TRUNCATED CUBES 



41 



Example 1.6.18. Let us see how Theorem 11.6.161 works m the case of the 
3-dimensional associahedron. The building set corresponding to As^ is given by 

B = {{1}, {2}, {3}, {4}, {1, 2}, {2, 3}, {3, 4}, {1, 2, 3}, {2, 3, 4}, {1, 2, 3, 4}} 

(see Fig. 11.41 right). In order to obtain As'^ from by 2-truncations, we have to 
specify a building set Bq C B, such that Pbq ~ I^, and to order the elements of 
B\B{) in such a way that adding a new element to the building set corresponds to 
a 2-truncation. 

First let Bq consist of {«}, {1, 2}, {3, 4}, [4]. The associahedron Pg is then ob- 
tained from Pgg « by stepwise truncation of the faces ^{1,2} H F{3},F{2} H 
P{?>,A}iF{2} n ^{3} in this order. (Warning: P^o is not the rectangular paral- 
lelepiped, it is a tetrahedron with two opposite edges truncated. However the three 
2-truncations of Pbq described here and the three 2-truncations of the rectangular 
parallelepiped described in Example 1 1 . 5 . 2 71 give the same (up to afhne equivalence) 
polytope As^ shown in Fig. II. 4[ right.) 

Another option is to let Bq consist of {i}, {1, 2}, {1, 2, 3}, [4]. Then Pq^ is 
obtained from a tetrahedron by truncating a vertex and then truncating an edge 
which contained this vertex; we have that PjSa ~ ■ To obtain the associahedron 
Pg from PjSo we first truncate the face P{2} ^ ^{3} of Pbo ~ and get the new 
facet P{2,3}- Then we truncate the faces P{2,3} ^ P{i} and P{3} n P{4}- 

Exercises. 

1.6.19. In a flagtope, a collection of pairwise intersecting faces (of any dimen- 
sion) has a nonempty intersection. 

1.6.20. A face of a flagtope is a flagtope. This generalises Proposition 11.6.31 

1.6.21. Give an example of a triangle- free simple n-polytope with 2n -|- 3 facets 
which is not a flagtope. 

1.6.22. Give an example of a non-flag simple polytope P with 7i(P) ^ 0. 

1.6.23. A polytope obtained from a flagtope by a 2-truncation is a flagtope. 

1.6.24 ( |541 Theorem 9.1]). The face vectors of n-dimensional flag nestohedra 
Pb satisfy 

(a) 7,(/") ^ 7,(Pe) ^ 7,(Pe") for i = 0, 1, . . . , [n/2]; 

(b) g,(/") 5,(Pg) < g,(Pe") for i = 0, 1, . . . , [n/2]; 

(c) /i,(/") sc: h,{PB) s$ /i.(Pe") for z = 0, 1, . . . , n; 

(d) < h{PB) < /^(i^e") for z = 0, 1, . . . , n. 

Furthermore, the lower bounds are achieved only for Pg = /" and the upper bounds 
are achieved only for Pg = Pe". (Hint: to prove (a) use Lemma [1.6. 151 The other 
inequalities follow from Proposition 1 1 . 3 .T3l ) 

1.6.25 ( |54l Theorem 9.2]). The face vectors of graph associahedra Pp corre- 
sponding to connected graphs F on [n + 1] satisfy 

(a) 7,(^s") ^ 7,(Pr) ^ 7»(^e") for i = 0, 1, . . . , [n/2]; 

(b) g,{Asn ^ g,{Pr) < 3i(Pe") for i = 0, 1, . . . , [n/2]; 

(c) h,{As") ^ h,{Pr) < /i.(Pe") for i = 0, 1, . . . , n; 

(d) /,(^s") < /,(Pr) < /.(Pe") for z = 0, 1, . . . , n. 

Furthermore, the lower bounds are achieved only for Pg = As"' and the upper 
bounds are achieved only for Pg = Pe". 
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1.7. Differential algebra of combinatorial polytopes 

Here we develop a differential-algebraic formalism that will allow us to analyse 
the combinatorics of families of polytopes and their face numbers from the viewpoint 
of differential equations. All polytopes in this section are combinatorial. 

Ring of polytopes. Denote by the free abelian group generated by all 
combinatorial n-polytopes. The group is infinitely generated for 71 > 1, and it 
splits into a direct sum of finitely generated components as follows: 

where rp2ri,2(m-n) jg |.j^g group generated by n-polytopes with m facets. (The fact 
that there are finitely many combinatorial polytopes with a given number of facets 
is left as an exercise.) 

Definition 1.7.1. The product of polytopes turns the direct sum 



^3 = 0^5^"=^°+ 0^^ 



|2n,2(m — n) 

n>a m> 2 n=l 



into a bigraded commutative ring, the ring of polytopes. The unit is P", a point. 
Simple polytopes generate a bigraded subring of Cp, which we denote by (3. 

A polytope is indecomposable if it cannot be represented as a product of two 
other polytopes of positive dimension. 

Proposition 1.7.2 f |4H Proposition 2.22]). ^ is a polynomial ring generated 
by indecomposable combinatorial polytopes. 

Proof. We need to show that any polytope P of positive dimension can be 
represented as a product of indecomposable polytopes, P = Pi x ■ ■ ■ x Pk, and 
this representation is unique up to reordering the factors. The existence of such a 
decomposition is clear. Now assume that Pi x ■ • • x Pj^ ^ Qi x ■ • • x Q ^ . Fix a vertex 
V — vi X ■ ■ ■ X Vk ^ wi X ■ ■ ■ X Wg, where Vi (z P and Wj G Qj . The faces of the form 
vi X ■ ■ ■ X Pi X ■ ■ ■ X Vk and wi x ■ ■ ■ x Qj x ■ ■ ■ x are maximal indecomposable 
faces of P containing the vertex v, and therefore they bijectively correspond to each 
other under the combinatorial equivalence. It follows that k = s and Pi w Qi for 
? = 1, . . . , fc up to a permutation of factors. 

Since *p is a free abelian group generated by combinatorial polytopes, and each 
polytope can be uniquely represented by a monomial in indecomposable polytopes, 
it follows that *p is a polynomial ring on indecomposable polytopes. □ 

Given P e denote by dP G g^j^ g^jj ^.^^^^^ p -^^ ^-^^ 

ring *p. The following lemma is straightforward. 

Lemma 1.7.3. d : *P — > *|5 is a linear operator of degree —2 satisfying the identity 

d{PlP2) = {dPi)P2+Pl{dP2). 

Therefore, *p is a differential ring, and (3 is its differential subring. 
Example 1.7.4. We have 

dr ^ n{dl)r-^ = 2nr-\ and dA" = (n + l)A"--i. 
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Face-polynomials revisited. By Proposition ll.3.6|, the P-polynomial and 
the i7-polynomial define ring homomorphisms 

P:<P — >Z[s,t], — >Z[s,t], 

which send P G *p to F{P){s,t) and H{P){s,t) respectively. 

Theorem 1.7.5. For any simple polytope P we have 

(1.30) F{dP) = ^P(P). 

Proof. Assume that P is a simple n-polytopse with facets Pi, ... , P^. Then 

■m rn n — 1 

F{dP) = p^p^) -EE 

i=l i=l fc=0 

On the other hand, 

Q n — l 

-F[P)^Y.^n-k)UP)s''e-^-K 

k=0 

Comparing the coefficients in the two sums above we reduce (|1.30p to 

m 

(1-31) 5]/,(P) = (n-fc)/fc(P). 

1=1 

Since P is simple, every fc-face is contained in exactly n — k facets, so it is counted 
n — k times on the left hand side of the above identity. □ 

Corollary 1.7.6. Let Pi and P2 be two simple n-polytopes such that dPi = 
dP2 in &. Then P(Pi) = P(P2). 

Proof. Indeed, P(dPi) ^ F{dP2) implies that = Using that 

P(P)(s,0) = s" we obtain P(Pi) = P(P2). □ 

Proposition 1.7.7. Let P: 6 — > Z[s,t] be a linear map such that 
P(dP) - §iFiP) and P(P) |t=o = s". 

Then F{P) = P(P). 

Proof. We have F{P") = 1 = P(P°). Assume by induction the state- 
ment is true in dimensions ^ n—l, and let P be a simple n-polytope. Then 
F{dP){s,t) = F{dP)is,t). It follows that ^P(P) = §-tF{P). Therefore, 
F{P){s,t) = F{P){s,t) + C(s). Setting t = 0, we obtain s" = s" + C(s), whence 
C{s) = 0. □ 

Theorem 1 1 . 7 . 51 also allows us to reduce the Dehn-Sommerville relations p.l3p 
to the Euler formula: 

Theorem 1.7.8. The following identity holds for any simple n-polytope P: 

(1.32) F{P){s,t)^F{P){~s,s + t). 
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Proof. We have F{P°){s,t) = 1 = F{P°){-s, s + t). Assume by induction 
the identity holds in dimensions ^ n — 1. Then for a given P of dimension n we 
have F{dP){s,t) ^ F{dP){-s, s + t). Therefore, §^F{P){s,t) = §-^F{P){-s, s + t) 
and F{P){s,t) - F{P){-s,s + t) ^ C{s). By Euler's formula (fTT^ . 

F{-.s, = (/o - /i + • • • + = s". 

Therefore, C(s) = F{P){s, 0) - F{P){~s, s) = 0. □ 

Example 1.7.9. For a simple 3-polytope P'^ with m = J2 facets we have 
/i — 3(m — 2), /o = 2(m — 2). Assume that all facets are fc-gons, so dP^ — mP^. 
Then by Theorem [TT^l 

d 

mls^ + kst + kt^) = — is^ + ms^t + 3(m - 2)st^ + 2(m - 2)t^) , 
at 

which implies m(6 — k) = 12. It follows that the pair (k, m) may only take values 
(3,4), (4,6) and (5,12) corresponding to a simplex, cube and dodecahedron. 

For general polytopes the difference 5 — Fd — -^F measures the failure of 
identity (fT3(I| . 

A polytope is said to be k-simple (for fc ^ 0) if each of its fc-faces is an inter- 
section of exactly n — k facets. For example, a simple polytope is 0-simple, while 
1-simple polytopes are also known as simple in edges. Every n-polytope is (n — 1)- 
and {n — 2)-simple. 

A polytope is k-simplicial if each of its fc-dimensional faces is a simplex. A 
simplicial n-polytope is (n — l)-simplicial, and every polytope is 1-simplicial. By 
polarity, if an n-polytope P is fc-simple, then P* is (n — 1 — fc)-simplicial. 

Theorem 1.7.10. Let P e Then the following identity holds: 

F{dP) = ^F{P) + 5{P), 

where (5: *P — > Z[s,t] is an F-derivation, i.e. it is linear and satisfies the identity 

5{PlP2) = SiPi)F{P2) + P(Pi)(5(P2). 

Moreover, if P is an n-polytope, then S{P) = S2s"'^^t^ + • • • + (5„_ii"~^ and 5i ^ 
for 2 ^ I ^ 71 — 1. Also, P is k-simple if and only i/(S„_i-fe = 0; in this case Si = 
for 2^i^n— 1 — A:. 

Proof. The fact that 6 = Fd - §-^F is an P-derivation is verified by a direct 
computation. By (|1.3ip the coefficient of s^t"^^^^^ in 5{P) is given by 

m 

5n-i-k = J2 - - k)fk{P). 

i=l 

It vanishes for k = n — 1 and k — n — 2 (as each codimension-two face of P is 
contained in exactly two facets). Also, (5„-i-fc is non-negative because every fc-face 
is contained in at least n — k facets. Finally, if P is fc-simple, then every j-face is 
contained in exactly n — j facets for j ^ fc, so Sn-i-j vanishes for j ^ k. □ 

Example 1.7.11. Let P be a simple n-polytope, and P* the polar simplicial 
polytope. Since the face poset of P* is the opposite to the face poset of P, 

P(P*)(S, t)=s"-^t = + y J^(^p),n-l-k^k+l 

k=0 
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We have dP* = /o(P)A"-\ therefore, 

siP*) = MP)il±D^ - I MP)s--'-'t'+\ 

The coefficient of s'^^^^^t^ on the right hand side above is given by 
h{P*) = Q h{P) -{k + l)fk{P), for 1< fc < n. 

This is non- negative by Theorem 1 1 . 7. 101 or by Exercise ll. 4.151 

The following properties of H{P) follow from the corresponding properties of 
F{P) established above and the identity H{P){s,t) = F{P){s - t,t). 

Theorem 1.7.12. 

(a) The ring homomorphism H: *P — > Z[s,t] satisfies H{P)\^_^ = s". The 
restriction of H to the subring & of simple polytopes satisfies the equation 



H{dP) = dH{P) 



where d — + 4t . 

OS ot 



(b) The image of H is generated by H{A^) ~ s + t and _ff (A^) ~ s-^ + st + t^. 

(c) If H : & — > 'L\s^t\ is a linear map satisfying H{dP) = dH{P) and 
H{P)\^_^ — s" for any simple n-polytope P, then H{P) = H{P). 

Ring of building sets. Let Bi and B2 be building sets on [m] and [712] re- 
spectively. A map / : Si — > S2 of building sets is a map / : [ni] — >■ [712] satisfying 
f^^{S) G Bi for every S E B2. Two building sets Bi and B2 are said to be equiva- 
lent, if there exist maps f : Bi ^ B2 and g: B2 ^ Bi of building sets such that the 
compositions fog and g o f are the identity maps. 

The product of Bi and B2 is the building set Bi ■ B2 on [ni + 712] induced by 
appending the interval [71,2] to the interval [ni\. 

Example 1.7.13. The collection S of Example 11.5.31 and the complete collec- 
tion C are both connected building sets on [n + 1]. They are initial and terminal 
connected building sets respectively, since for every connected building set B on 
[n + 1] there are maps C — > ,B — > 5 of building sets induced by the identity map 
on [rj + 1] . 

Definition 1.7.14. Denote by *B^" the free abehan group generated by the 
equivalence classes of building sets on [fc] for fc ^ ri -I- 1. Since Bi ■ B2 is equivalent 
to B2 ■ Bi, the product turns *B = ®„>o i^ito a commutative associative ring. 

Given a connected building set B on [n -I- 1] , define 

(1.33) dB^ ^\s-B/S 

SeB\[n+l\ 

where the sum is taken in the ring *8. Since *B is generated by connected building 
sets, we may extend d to a linear map d: *B — )• *B using the Leibniz formula 

(1.34) d{Bi ■ B2) = {dBi) ■B2+Bi- (^62). 
We therefore get a derivation of *B. 
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Proposition 1.7.15. The map B i— > Pb induces a differential ring homomor- 
phism /?: *B — > *p. Its image is a graded subring with unit in *P multiplicatively 
generated by nestohedra Pjg corresponding to connected building sets B. 

Proof. The fact that /3 is a ring homomorphism is obvious. It follows from 
Corollary 11.5.121 and (|1.34p that (3 commutes with the differentials. Every building 
set consisting only of singletons is mapped to which represents a unit in *p. 
Finally, it follows from Proposition 11.5.21 (a) that the image /3(58) is generated by 
with connected B. □ 

Remark. The ring *B does not have unit, and the map [3 is not injective. 

Given a subset 5 C [n + 1], denote by Fjs the restriction of F to the vertex 
set S, and denote by F/5 the graph with the vertex set [n + 1]\S having an edge 
between two vertices i and j whenever they are path connected in Tg^J^^ jy 

Proposition 1.7.16. For a connected graph F on n + 1 vertices, we have 
dPr = ^(r|s) X P{T/S). 

SC[n+l] 
T\s is connected 

Proof. Follows directly from (|1.33p . □ 

Example 1.7.17. We have the following formulae for the differentials of the 
four graph-associahedra defined in Section 11.51 

dAs"= ^ {i + 2)As' X As^; 

i-\-j—n— 1 

dPe"= J2 ("l^DPe' X Pe^; 

i-\-j—n—l ^ 

dCj/" = (n + l) J2 As'xCy^; 

i+j—n~ 1 

dSe = n ■ + Y\-]st' X Pe"-'"\ 

For example (see Figs. ll.3H1.7p . 

dAs^ = 2As° X As^ + SAs'^ x As^ + iAs'^ x As° ; 
d Pe^ = 4Pe" X Pe^ + 6Pe^ x Pe^ + iPe^ x Pe° ; 
d Cy^ = 4{As° X Cy^ + As^ x Cy^ + As^ x Cy°) ; 
d St^ ^ 3St^ + St° X Pe^ + 3St^ x Pe^ + 'SSt^ x Pe" . 

Exercises. 

1.7.18. Show that there are finitely many combinatorial polytopes with a given 
number of facets. 

1.7.19. Show that S = Fd- -§^F is an P- derivation. 
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1.8. Families of polytopes and differential equations 

In this section, using the language of generating series, we interpret tire for- 
mulae for the differential of nestohedra and graph-associahedra as certain partial 
differential equations. These differential equations encode the combinatorial infor- 
mation of the face structure of nestohedra. This exposition builds upon the results 
of [40] and [38] . 

Denote by the polynomial ring in an indeterminate q with coefficients in *p. 
Proposition 1.8.1. Let 

Q:^^^[q], P^Q{P;q) 

be a linear map such that 

Q{dP;q) = ^Q{P-q) and Q{P;0) = P 



for any poly tope P. Then 



QiP;q)=Y^id'^pf-. 

k=0 

Proof. Use induction by dimension, as in the proof of Proposition 1 1 . 7 . 7l □ 

Now assume given a sequence V = {P", n ^ 0} of polytopes, one in each 
dimension. We define its generating series as the formal power series 

in *|5 (g) Q[[a;]]. The parameter no and the coefficients A„ will be chosen depending 
on a particular sequence V. Using the transformation Q of the previous proposition 
we may define the following 2-parameter extension of the generating series: 

(1.35) P((Z,x) = ^A,„g(P";g)x"+"°. 

We have P(0,a;) = Vix). 

We consider the following generating series of the six sequences of nestohedra: 

^-^ m + 1 ! ^-^ n\ 

^n+1 

(1.36) Mx) = E ; p<^) = E ^^"^TTW ' 

^n+l n 

cy{x) ^ J2 ^y'^—T ; ^^(^) - E • 

■^-^ n + 1 ^-^ n\ 

Lemma 1.8.2. The differentials of the generating series above are given by 
dA{x) = xA{x) ; dl{x) = 2xl{x) ; 

dAs{x) = As{x)-^As(x) ; dPeix) = Pe^ix) ; 
dx 

dCy(x) = As(x)-^Cy(x) ; dSt(x) = (x + Pe(x))St{x) . 
dx 
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Proof. This follows from the formulae of Examples [17^41 and IT. 7. 171 □ 

Theorem 1.8.3. The two-parameter extensions of the generating series (|1.36p 
satisfy the following partial differential equations: 

d d 

— A{q, x) = xA{q, x) ; — I{q, x) = 2xl{q, x) ; 

d d d 

— As{q,x) = As{q,x)—As{q,x) ; —Pe{q,x) = Pe'^{q,x) ; 
d d d 

— Oy{q,x) ^ As{q,x)—Cy{q,x) ; —St{q,x) = {x + Pe{q,x))St{q,x) . 

Proof. A direct calculation using formulae p.35p and (|1.36p . □ 

Remark. The role of the parameters A„ in p.35p can be illustrated as follows. 
If we replace the first series A(a::) of (|1.36p by 

then the first equations of Lemma 11.8.21 and Theorem 11.8.31 take the form 

dA{x) ^x^^A{x), ^A{q,x)^x^^A{q,x). 
dx oq dx 

Four of the equations of Theorem 11.8.31 namely those corresponding to the 
series A, /, Pe and St, are ordinary differential equations. Their solutions are 
completely determined by the initial data 7^(0, x) = T^ix) and are given by the 
explicit formulae 

A(g,x)-A(x)e'^ I{q,x) = I{x)e^'i- ■ 

Pelr) p"?^ 

Pe{q,x) = ; St{q,x) = St{x)- — ^ . 

1 — qPe[x) 1 — qPe{x) 

The equation for U = As{q, x) has the form Uq — UUx- This classical quasilin- 
ear partial differential equation was considered by E. Hopf, and therefore became 
known as the Hopf equation. 

Theorem 1.8.4. 

(a) The series As{q, x) is given by the solution of the functional equation 
( equation on characteristics ) 

(1.37) As{q,x) ^ As{x + qAs{q,x)), 

where As{x) = As{0,x). 

(b) The series Oy{q,x) is given by the solution of 

(1.38) Oyiq,x)^Oy{x + qAs{q,x)), 
where Cy{x) ~ Oy(0,x). 

Proof. Set U = As{q,x) and As^ = ^As(a;). If [/ is a solution to (f07)) . 
then we obtain by differentiating 

Uq ^ {U + qUq)ASx, Ux {l+qUx)ASa:. 
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Therefore, (1 — qAsx)Uq — UAsx and (1 — qAsx)Ux — Asx, which imphes that 
U satisfies the Hopf equation Uq — UUx- Its solution with the initial condition 
C/(0, x) = As{x) is unique by the general theory of quasilinear equations (in our case 
the uniqueness can be also verified using standard arguments with power series). 
Similarly, by differentiating (|1.38[) we obtain for V = Oy{q, x): 

Vq = {U + qUq)Cyx, Vx = {l+ qUx)Oyx. 

Using that Uq = UUx we rewrite the first equation above as Vij = U{1 + qUx)Oyx, 
which implies Vq = UVx as claimed. This is exactly the equation for V = Cy{q, x) 
given by Theorem ll.8.31 and its solution with V{0,x) — Cy{x) is unique. □ 

We can also use Lemma ff .8.2l to calculate the face-polynomials F{s, t) of graph- 
associahedra. Let Vix) be one of the generating series (|1.36|) . and set 

n 

Fv = F{V{x)) = A"a;"+"° ^ /fc(P")s'=r-^ 

We refer to F-p — F-p{s^t]x) as the generating series of face-polynomials; it is a 
series in x whose coefficients are polynomials in s and t. 

Theorem f.8.5. The generating series of face-polynomials corresponding 
to ()f .36p satisfy the following differential equations, with the initial conditions 
given in the second column: 

d e^"" - 1 

— Fa=xFa, FA(s,0;a;) = ; 

ot s 

^Fj^2xFj, Fiis,0;x) = e'- ; 

ot 

— Fas^Fas^Fas, Fa.(s,0;x) = ; 

^^Fp, = Fl^, Fp^(s,0;x) = ; 

d d , . ln(f — sx) 
^ Fcy = FAsg^ Fcy, Fcyis, 0; x) = '-^-^ ; 

^^Fst^{x + Fp,)Fst, Fstis,0;x)^e'^ . 

Proof. The differential equations are obtained by applying F to the equations 
of Lemma 11.8.21 and using the fact that F{dP) — ^F{P). The initial conditions 
follow by substituting s" for P" in (ll.36[) and calculating the resulting series. □ 

Again, the four equations for the series Pa, P/, Ppe and Fst are ordinary 
differential equations. Their solutions are completely determined by the initial data; 
the explicit formulae are left as exercises. The remaining two partial differential 
equations for the series Fas and Fcy can be explicitly solved as follows. 

Theorem 1.8.6. 
(a) The series U ~ Fas satisfies the quadratic equation 
(1.39) t{s + t)U^ + {2tx + sx- 1)U -\-x^ =0. 

The initial condition Fas{s,0; x) — jzr^ determines its solution uniquely. 
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(b) The series Fcy is given by 

Fcy = --^Hl-s{x + tFAs))). 
Proof, (a) By analogy with p.37p we show that U — Fas satisfies 

where ^p{x) = Fas{s,Q]x) = j^^. It is equivalent to (|1.39p . 

(b) We have that V = Fcy is given by the solution to Vt = UVx- By analogy 
with (jl.38p we show that it is given by 

V ^Tpix^-tU), 

where U = Fas and ^:{x) = Fcy{s, 0; x) = _M1_££). □ 

As a corollary, we shall derive a formula for the number of /c-faces in ^s", 
which equals the number of bracketing of a word of n + 2 letters with n — k pairs 
of brackets. These numbers were first calculated by Cayley in 1891: 

Theorem 1.8.7. The number of k- dimensional faces in an n-dimensional as- 
sociahedron is given by 

1 rn\r2n-k + 2^ 

fkiAs ) 



n + 2\k J \ n + 1 

Proof. We use the fact that Fas satisfies the Hopf equation, whose solutions 
may be obtained using conservation laws. Let 

Uit,x) = J2Ukix)t'' 

k^O 

be the solution of the Cauchy problem for the Hopf equation: 
(1.40) Ut = UU,, U{0,x)^^ix). 

This equation has the following conservation laws 

Hence, 



dt'' dt^-^\2 )^ dt^~'^\ 3 7^^ dxHfc+i 
Evaluating at i = we obtain 
d^ 



d'^^^d^/C^X ^^^^^^^ 



Ul^\x) 



Therefore, 

1 d^ 



By Theorem 11.8.51 the function 

n 

(1.41) U = Fas{s, t;x)^Y.T. /n-fc(^5")s""'i'^"+' 

n^O k=0 
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satisfies the Hopf equation (|1.40p with the initial function (p{s;x) = jzr^- We 
therefore calculate 

Uk[s;x 



1 d'' ( yji.^^^^ fl + k 

ik- 



^ „2(fe+i) 

i)\ dxn ^ 



l>0 



1 ^ (l + k\ {2k + l + 2y. I 



1)! ^ 



(fc + l)!^V k J (fc + ; + 2)!'^ 



k+l+2 



M-^ 1 /n\/n + k + 2 
~ n + 2\k)\ n + 1 

On the other hand, it follows from p.4ip that 



S )S X . 



n^k 

Comparing the last two formulae we obtain 

1 fn\fn + k + 2 



fn-k{As-) 



n + 2\kj\ n+1 

which is equivalent to the required formula. □ 
Exercises. 

1.8.8. By solving the first two differential equations of Theorem 11.8.51 show that 
the generating series for the i^-polynomials of simplices and cubes are given by 



Fiis, t;x)^y F{r)^ = e*-e(^+*)" 



pSX _ 1 



n>0 



Compare this with the formulae for F(A") and F{I"'). 

1.8.9. Show by solving the corresponding differential equations from Theo- 
rem 11.8.51 that the generating series for the face-polynomials of permutahedra and 
stellahedra are given by 

„n+l sx _ 1 

^ (n+l) 



(n+1)! s-t(e'*^-l)' 
Fst{s,t;x) = J2F{Sn^ = 



n\ s - t{e/'^ - 1) ■ 



Compute the face-polynomials F{Pe"') and F{St^) and the face numbers explicitly. 

1.8.10. Define the generating series H-p{s,t;x) of iJ-polynomials by analogy 
with the generating series of face-polynomials. Deduce the following formulae for 
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sequences of nestohedra: 

ifz(s,t;x) = ViJ(r)— = e(^+*)^ 

^ — • rj.i 

n+1 



n>0 



^ — ' n + 1 



(n + 1)! se*=^-te* 



H{sn^ = ^^-^ — . 

n! se — te^^ 

1.8.11. The series y = HAs{s,t;x) = J2n>o ^ (^^")^"~^^ satisfies the quadratic 
equation 

Y = {x + sY){x + tY). 
The initial condition Has{s,0;x) = determines its solution uniquely. 

1.8.12. The components of the /i- vector of As" are given by 

1 /n + 1\ /n + 1\ 
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Combinatorial structures 

The face poset of a convex polytope is a classical example of a combinatorial 
structure underlying a decomposition of a geometric object. With the development 
of combinatorial topology several new combinatorial structures emerged, such as 
simplicial and cubical complexes, simplicial posets and other types of regular cellu- 
lar (or CW) complexes. Many of these structures have eventually become objects 
of independent study in geometric combinatorics. 

A simplicial complex is the abstract combinatorial structure behind a simpli- 
cial subdivision (or triangulation) of a topological space. Triangulations were first 
introduced by Poincare and provide a rigorous and convenient tool for studying 
topological invariants of smooth manifolds by combinatorial methods. The notion 
of a nerve of a covering of a topological space, introduced by AlexandrofF, provides 
another source of examples of simplicial complexes. 

The study of triangulations stimulated the development of first combinatorial 
and then algebraic topology in the first half of the XXth century. With the ap- 
pearance of cellular complexes algebraic tools gradually replaced the combinatorial 
ones in mainstream topology. Simplicial complexes still play a pivotal role in PL 
(piecewise linear) topology, however nowadays the main source of interest in them 
is in discrete and computational geometry. One reason for that is the emergence of 
computers, since simplicial complexes provide the most effective way to translate 
geometric and topological structures into machine language. 

We therefore may distinguish two different views on the role of simplicial com- 
plexes and triangulations. In topology, simplicial complexes and their different 
derivatives such as singular chains and simplicial sets are used as technical tools 
to study the topology of the underlying space. Most combinatorial invariants of 
nerves or triangulations (such as the number of faces of a given dimension) do not 
have meaning in topology, as they do not reflect any topological feature of the 
underlying space. Topologists therefore tend not to distinguish between simplicial 
complexes that have the same underlying topology. For instance, refining a trian- 
gulation (such as passing to the barycentric subdivision) changes the combinatorics 
drastically, but does not affect the underlying topology. On the other hand, in 
combinatorial geometry the combinatorics of a simplicial complex is what really 
matters, while the underlying topology is often simple or irrelevant. 

In toric topology the combinatorist's point of view on triangulations and simi- 
lar decompositions is enriched by elaborate topological techniques. Combinatorial 
invariants of triangulations therefore can be analysed by topological methods, and 
at the same time combinatorial structures such as simplicial complexes or posets 
become a source of examples of topological spaces and manifolds with nice features 
and lots of symmetry, e.g. bearing a torus action. The combinatorial structures 
are the subject of this chapter; the associated topological objects will come later. 



53 



54 



2. COMBINATORIAL STRUCTURES 



Here we assume only minimal knowledge of topology. The reader may also 
check Appendix IbI for the definition of simplicial homology groups, etc. 

2.1. Polyhedral fans 

Like convex polytopes, polyhedral fans encode both geometrical and combina- 
torial information. The geometry of fans is poorer than that of convex polytopes, 
but this geometry is still a part of the structure of a fan, which distinguishes fans 
from the purely combinatorial objects considered later in this chapter. 

Although fans were considered in convex geometry independently, the main 
source of interest to them is in the theory of toric varieties, which are classified by 
rational fans. Toric varieties are the subject of Chapter [5l and here we describe the 
terminology and constructions related to fans. 

Definition 2.1.1. A set of vectors ai, . . . , ak E K" defines a convex polyhedral 
cone, or simply cone, 

cr = {^lOi H h l-J-kOk ■ IM e K^}- 

Here Oi, . . . are referred to as generating vectors (or generators) of cr. A cone is 
rational if its generators can be chosen from the integer lattice C M". If cr is a 
rational cone, then its generators ai, . . . are usually chosen to be primitive, i.e. 
each ai is the smallest lattice vector in the ray defined by it. 

A cone is strongly convex if it does not contain a line. A strongly convex cone is 
simplicial if it is generated by a part of basis of R", and is regular if it is generated 
by a part of basis of Z" . (Regular cones play a special role in the theory of toric 
varieties, see Chapter [5]) 

A cone is also an (unbounded) intersection of finitely many halfspaces in M", 
so it is a convex polyhedron in the sense of Definition 11.1.21 We therefore may 
define face of a cone in the same way as we did for polytopes. as intersections 
of cr with supporting hyperplanes. We can only consider supporting hyperplanes 
containing 0; such a hyperplane is defined by a linear function u and will be denoted 
by u^. A face t of a cone cr is therefore an intersection of cr with a supporting 
hyperplane w^, i.e. r = cr n u^. Every face of a cone is itself a cone. If a ^ M", 
then cr has the smallest face a n (— cr); it is a vertex if and only if cr strongly 
convex. Any cone is generated by a set of nonzero vectors along its edges. 

A fan is a finite collection E = {cri, . . . , cr^} of strongly convex cones in some 
M" such that every face of a cone in S belongs to S and the intersection of any two 
cones in S is a face of each. A fan E is rational (respectively, simplicial, regular) if 
every cone in E is rational (respectively, simplicial, regular). A fan E = {cri, . . . , erg} 
is called complete if ci U ••• U cts M". 

Given a cone a C M", define its dual as 

(2.1) a= {x e M": {u,x) ^ for aU u e a}. 

(Note the difference with the definition of the polar set of a polyhedron, see ([LSp .) 
Observe that ii u G a , then is a supporting hyperplane of a. It can be shown 
that a is indeed a cone, (cr"')"'= a, and a is strongly convex if and only if dim cr = n. 

Cones in a fan can be separated by hyperplanes (or linear functions): 
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Lemma 2.1.2 (Separation Lemma). Let a and a' he two cones whose intersec- 
tion T is a face of each. Then there exists u Cz cr' D (— cr')" such that 

T = a n = a' n u^. 

In other words, a supporting hyperplane defining r can be chosen so as to separate 
a and a' . 

Proof. We only sketch a proof; the details can be found, e.g. in [96] §1.2]. 
The fact that a and a' intersect in a face implies that the cone ^ — a—a' = a+{—a') 
is not the whole space. Let be a supporting hyperplane defining the smallest 
face of ^, that is, 

enw^ = en(-0 = (^-^')n(fT'-a). 

We claim that this u has the required properties. Indeed, a d ^ implies u € a' , 
and r C (— ^) implies t C aOu-^. Conversely, if a; € aOu-^, then x is in a' — a, 
so that X = y' — y for y' E a' , y E a. Then x + y E aOa' = t, which implies that 
both X and y are in t. Hence a H = t, and the same argument for —it shows 
that u E {-a'Y and a' Hu^ = t. □ 

Miraculously, the convex-geometrical separation property above will translate 
into topological separation (Hausdorffness) of algebraic varieties and topological 
spaces constructed from fans in the latter chapters. 

The next construction assigns a complete fan to every convex poly tope. 

Construction 2.1.3 (Normal fan). Let P be a polytope (|l.ip with m facets 
-Fi, . . . , Fm and normal vectors Oi, . . . , am- Given a face Q d P define the cone 

(2.2) aq = {u E M" : (u, x') ^ {u, x) for aU x' E Q and x E P}. 

The dual cone aq is generated by vectors x — x' where x E P and x' E Q. In 
other words, aq is the 'polyhedral angle' at the face Q consisting of all vectors 
pointing from points of Q to points of P. 

We say that a vector is normal to the face Q if Q C Fi. The cone aq is 
generated by those ai which are normal to Q (this is an exercise). Then 

Sp — {aq : Q is a face of P} 

is a complete fan Sp in M" (this is another exercise), which is denoted by Sp and 
is referred to as the normal fan of the polytope P. If is contained in the interior 
of P then Ep may be also described as the set of cones over the faces of the polar 
polytope P* (yet another exercise). 

It is clear from the above descriptions that the normal fan Ep is simplicial if 
and only if P is simple. In this case the definition of Ep may be simplified: the 
cones of Ep are generated by those sets {ojj^, . . . , ai^,} for which the intersection 

n • • • n Pij^ is nonempty. 

If all vertices of P are in the lattice Z" then the normal fan Ep is rational, 
but the converse is not true. Polytopes whose normal fans are regular are called 
Delzant (this name comes from a symplectic geometry construction discussed in 
Section [5.5^ . Therefore, P is a Delzant polytope if and only if for every vertex 
X E P the normal vectors to the facets meeting at x can be chosen to form a basis 
of Z". In this definition one may replace 'normal vectors to the facets meeting at a;' 
by 'vectors along the edges meeting at x\ A Delzant polytope is necessarily simple. 
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The normal fan Sp of a polytope P contains the information about the normals 
to the facets (the generators a; of the edges of Sp) and the combinatorial structure 
of P (which sets of vectors span a cone of Sp is determined by which facets 
intersect at a face), however the scalars bi in (II. ip are lost. Not any fan can 
be obtained by 'forgetting the numbers 6^' from a presentation of a polytope by 
inequalities, i.e. not any fan is a normal fan of a polytope. This is fails even for 
regular fans, as is shown by the next example, which is taken from [96j. 

Example 2.1.4. Consider the complete three-dimensional fan S with 7 edges 
generated by the vectors Oi = ei, 02 = 62, 0,3 = 63, = — ei — 62 — 63, 
05 = — ei — 62, — —€2 — e^, a7 = — ei — 63, and 10 three-dimensional cones 
with vertex over the faces of the triangulated boundary of the tetrahedron shown 
in Fig. 12.11 It is easy to verify that S is regular. 
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Figure 2.1. Complete regular fan not coming from a polytope. 

Assume that E = Sp is the normal fan of a polytope P. Consider the function 
i/i : M" ^ M given by 

ipiu) = min(ti, a;) = min {u,v), 
xeP vev{p) 

where V{P) is the set of vertices of P. This function is continuous and its re- 
striction to every 3-dimensional cone of Ep is linear. Indeed, 3-dimensional cones 
(T„ correspond to vertices v e V{P), and we have ^/'(tt) = {u,v) for u G cr^ by 
definition p.2|) of ■ 

Now consider the two 3-dimensional cones of Ep generated by the triples 
ai,a3,a5 and 01,05,05, and let v and v' be the corresponding vertices of P. 
Then ip{ai) = (oi, v), ^(^3) = (03, v), ipia^) = (05, v), i^iao) = (og, v'), hence, 

V'(ai) + ipia^) - -0(03) = (fli + 05 - 03, = (oe, > (oe, ■'^'> = V^oe)- 
Therefore, 

■0(ai) + ^'(05) > ■0(03) + ^{o-e)- 

Similarly, 

-0(02) + -ipia-e) > -0(01) + 0(07), 
■0(03) + 0(07) > -0(02) + 0(05)- 
Adding the last three inequalities together we get a contradiction. 
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Exercises. 

2.1.5. Let CT be a cone in R". Show that a is also a cone, u, and a is 
strongly convex if and only if dimcr = n. 

2.1.6. The cone aq given by (|2.2p is generated by those vectors among 
ai, . . . , a„i which are normal to Q. 

2.1.7. The set {ctq : Q is a face of P} is a complete fan in R" . 

2.1.8. If is contained in the interior of P then Ep consists of cones over the 
faces of the polar polytope P* . 

2.1.9. Let P be a convex polytope (not necessarily simple). Does the collection 
of cones generated by the sets { a^^ , . . . , a^^. } of normal vectors for which Fi^ n • • • n 
Fi^ 7^ form a fan? 

2.2. Simplicial complexes 

A simplex is the convex hull of a set of afhnely independent points in R". 

Definition 2.2.1. A geometric simplicial complex in R" is a collection V of 
simplices of arbitrary dimension such that every face of a simplex in V belongs to 
V and the intersection of any two simplices in V is either empty or a face of each. 

To make the exposition more streamlined and without creating much ambigu- 
ity we shall not distinguish between the collection V (which is an abstract set of 
simplices) and the union of its simplices (which is a subset in R"). In PL (piece- 
wise linear) topology the latter union is usually referred to as 'the polyhedron oiV\ 
Although we have already reserved the term 'polyhedron' for a finite intersection of 
halfspaces (|l.ll) , we shall also occasionally use it in the PL topological sense (when 
it creates no ambiguity). 

A face of P is a face of any of its simplices. The dimension of V is the maximal 
dimension of its faces. 

If we know the set of vertices of V in R" then we may recover the whole V by 
specifying which subsets of vertices span simplices. This observation leads to the 
following definition. 

Definition 2.2.2. An abstract simplicial complex on a set V is a collection 
JC of subsets / C V such that if / e /C then any subset of / also belongs to K.. 
We always assume that the empty set belongs to JC. We refer to / G /C as an 
(abstract) simplex of /C. 

One-element simplices are called vertices of /C. If /C contains all one-element 
subsets of V, then we say that /C is a simplicial complex on the vertex set V. 

It is sometimes convenient to consider simplicial complexes K, whose vertex sets 
are proper subsets of V. In this case we refer to a one-element subset of V which is 
not a vertex of /C as a ghost vertex. 

The dimension of a simplex / G /C is dim/ = |/| — 1, where |/| denotes the 
number of elements in /. A simplicial complex /C is pure if all its maximal simplices 
have the same dimension. A subcoUection K,' <Z K, which is itself a simplicial 
complex is called a subcomplex of /C. 

A geometric simplicial complex V is said to be a geometric realisation of an 
abstract simplicial complex /C on a set V if there is a bijection between V and the 
vertex set of V which maps abstract simplices of JC to vertex sets of faces of V. 
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Both geometric and abstract simplicial complexes will be assumed to be finite, 
unless we explicitly specify otherwise. In most constructions we identify the set 
V with the index set [to] ~ {1, . . . , m} and consider abstract simplicial complexes 
on [to]. An identification of V with [m] fixes an order of vertices, although this 
order will be irrelevant in most cases. We drop the parentheses in the notation of 
one-element subsets {i} C [to], so that i £ K, means that {i} is a vertex of /C, and 
i (ji K, means that {i} is a ghost vertex. 

We shall use the common notation A™^^ for any of the following three objects: 
an (m — l)-simplex (a convex polytope), the geometric simplicial complex consisting 
of all faces in an (to — l)-simplex, and the abstract simplicial complex consisting of 
all subsets of [to]. 

Construction 2.2.3. Every abstract simphcial complex K. on [771] can be re- 
alised geometrically in R™ as follows. Let ei, . . . , e„i be the standard basis in M™, 
and for each / C [m] denote by the convex hull of points et with « G /. Then 



is a geometric realisation of /C. 

The above construction is just a geometrical interpretation of the fact that any 
simplicial complex on [to] is a subcomplex of the simplex A"*"^. Also, by a clas- 
sical result |185| . a c?-dimensional abstract simplicial complex admits a geometric 
realisation in 

Example 2.2.4. The boundary of a simplicial ri-polytope is a simplicial com- 
plex of dimension n — 1. For a simple polytope P, we shall denote by /Cp the 
boundary complex dP* of the dual polytope. It coincides with the nerve of the 
covering of dP by the facets. That is, the vertices oi fCp are the facets of P, and a 
set of vertices spans a simplex whenever the intersection of the corresponding facets 
is nonempty. We refer to /Cp as the nerve complex of P. 

Definition 2.2.5. The f -vector of an (n — l)-diniensional simplicial complex 
K. is /(/C) — (/o, /i, . . . , /n-i), where fi is the number of i-dimensional simplices 
in K.. We also set /_i = 1; to justify this convention one can assign dimension 
— 1 to the empty simplex. The h-vector h{IC) — (/iq, hi, . . . , is defined by the 
identity 



(2.3) hos" + his"-^ + ... + h,, = {s- 1)" + fo{s - + • • • + 



(Warning: this is not the identity obtained by substituting t = 1 in p.lOp .) The 
g-vector g{K,) = (50, 5i: • ■ ■ : 5[n/2]) is defined by 50 = 1 and ^ hi - h.,^i for 



Remark. If /C = /Cp is the nerve complex of a simple polytope P, then /(/C) = 
f{P*) and h{JC) = h{P). This our notational convention may look a bit artificial, 
but it seems to be the best possible way to treat the face vectors of both polytopes 
and simplicial complexes consistently. 

Definition 2.2.6. Let ICi, JC2 be simplicial complexes on the sets [toi], [7712] 
respectively, and Vi, V2 their geometric realisations. A map ip: [mi] — > [TO2] induces 
a simplicial map between /Ci and IC2 if fil) G /C2 for any / G /Ci. A simplicial map 
(f is said to be nondegenerate if |</5(/)| = |/| for any I £ JCi. On the geometric level, 




i = l,...,[n/2]. 
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a simplicial map extends linearly on the faces of Vi to a map Vi V2, which we 
continue to denote by ip. A simplicial isomorphism is a simplicial map for which 
there exists a simplicial inverse. 

There is an obvious isomorphism between any two geometric realisations of an 
abstract simplicial complex /C. We therefore shall use the common notation |/C| for 
any geometric realisation of /C. Whenever it is safe, we shall not distinguish between 
abstract simplicial complexes and their geometric realisations. For example, we 
shall say 'simplicial complex K, is homeomorphic to X' instead of 'the geometric 
realisation of JC is homeomorphic to X\ 

We shall refer to a simplicial complex homeomorphic to a topological space X 
as a triangulation of X , or a simplicial subdivision of X. 

A subdivision of a geometric simplicial complex is a geometric simplicial com- 
plex V' such that each simplex of V' is contained in a simplex of V and each simplex 
of P is a union of finitely many simplices oiV'. A PL map yj: Pi — > 7^2 is a sim- 
plicial map from a subdivision of Vi to a subdivision of 7^2- A PL homeomorphism 
is a PL map for which there exists a PL inverse. Two PL homeomorphic simpli- 
cial complexes are also referred to as combinatorially equivalent. In other words, 
two simplicial complexes are PL homeomorphic if there is a simplicial complex 
isomorphic to a subdivision of each of them. 

Remark. For a topological approach to PL maps (where a PL map is defined 
between spaces rather than their triangulations) we refer to standard sources on 
PL topology, such as [125] and |197J. 

Example 2.2.7. 

1. If P is a simple n-polytope then the nerve complex JCp (see Example 12.2. 4|) 
is a triangulation of an [n — l)-dimensional sphere S*"^^. 

2. Let E be a simplicial fan in M" with m edges generated by vectors ai, . . . , a^n- 
Its underlying simplicial complex is defined by 

/Cs = {{«!, • • ■ , ife} C [m] : , . . . , a^^. span a cone of S}. 

Informally, /Cs may be viewed as the intersection of E with a unit sphere. The fan 
S is complete if and only if JCy, is a triangulation of 5*"^^. If S is a normal fan of 
a simple n-polytope P, then K-y: = ICp. 

Construction 2.2.8 (join). Let ICi and IC2 be simplicial complexes on sets 
Vi and V2 respectively. The join of ICi and IC2 is the simplicial complex 

/Ci * /C2 = {/ c Vi u V2 : / = /i u I2, /i e /Ci, /2 e /C2} 

on the set Vi U V2. The join operation is associative by inspection. 
Example 2.2.9. 

1. If /Ci = A'"i-i, IC2 = A'"2-i, then /Ci * /C2 = ^mi+m2-i^ 

2. The simplicial complex A'^ * /C (the join of /C and a point) is called the cone 
over /C and denoted cone/C. 

3. Let S*" be a pair of disjoint points (a 0-sphere). Then S*" * /C is called the 
suspension of /C and denoted S/C. Geometric realisations of cone/C and S/C are the 
topological cone and suspension over |/C| respectively. 

4. Let Pi and P2 be simple polytopes. Then 

(see Construction II . 1 . 12p . 
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Construction 2.2.10. The fact that the product of two shuphces is not a 
simplex makes triangulations of products of spaces more subtle. There is the fol- 
lowing canonical way to triangulate the product of two simplicial complexes whose 
vertices are ordered. Let ICi and IC2 be simplicial complexes on [mi] and [7712] 
respectively (this is one of the few constructions where the order of vertices is im- 
portant: here it is an additional structure). We construct a simplicial complex 
/Ci X IC2 on [mi] X [m2] as follows. By definition, simplices of /Ci x /C2 are those 
subsets in products Ii x I2 of Ii E ICi and I2 E JC2 which establish non-decreasing 
relations between Ii and 12- More formally, 

/Ci X /C2 = {/ C /i X /2 : /i e /Ci, /2 G /C2, 

and i ^ i' implies j ^ j' for any two pairs € /}. 

We leave it as an exercise to check that |/Ci x /C2 1 defines a triangulation of |/Ci | x I/C2 1 . 
Note that /Ci x /C2 7^ /C2 x A^i hi general. Note also that if JCi ~ IC2 = JC, then the 
diagonal is naturally a subcomplex in the triangulation of |/C| x |/C|. 

Construction 2.2.11 (connected sum of simplicial complexes). Let JCi and 
IC2 be two pure d-dimensional simplicial complexes on sets Vi and V2 respectively, 
where |Vi| = toi, IV2I = m2. Choose two maximal simplices Ii E /Ci, I2 G /C2 and 
fix an identification of Ii with 12- Let Vi U/ V2 be the union of Vi and V2 in which 
Ii is identified with I2, and denote by / the subset created by the identification. 
We have |Vi U/ V2I = mi -I- m2 — d — 1. Both /Ci and IC2 now can be viewed as 
simplicial complexes on the set Vi U/ V2. We define the connected sum of K-i and 
JC2 at Ii and I2 as the simplicial complex 

/Ci#/,j,/C2-(/CiU/C2)\{/} 

on the set Vi U/ V2. When the choices are clear, or their effect on the result 
irrelevant, we use the abbreviation Ki ^ K2. Geometrically, the connected sum 
of |/Ci| and I/C2I is produced by attaching |/Ci| to I/C2I along Ii and I2 and then 
removing the face I obtained by the identification. 

Example 2.2.12. Connected sum of simple polytopes defined in Construc- 
tion [TTTT13] is dual to the operation described above. Namely, if P and Q are two 
simple n-polytopes, then 

Definition 2.2.13. Let /C be a simplicial complex on a set V. The link and 
the star of a simplex I E K, are the subcomplexes 

ik^; / = {J e /C: / u J e /C, / n J = 0}; 
st^/ = {J e /C: /u J e /C}. 

We also define the subcomplex 

dsticl ^ {J ElC: lUJ ElC, I (tJ}. 

Then we have a sequence of inclusions 

Ikx;/ C dsticl C Stic I. 

For any vertex v E JC, the subcomplex st^; v is the cone over Ykjc v = dstjc v. Also, 
I stjcv\ is the union of all faces of |/C| that contain v. We omit the subscript JC in 
the notation of link and star whenever the ambient simplicial complex is clear. 
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The links of simplices determine the topological structure of the space |/C| 
near any of its points. In particular, the following proposition describes the 'local 
cohomology' of |/C|. 

Proposition 2.2.14. Let x he an interior point of a simplex I G K.. Then 

W{\lC\,\lC\\x)^W-\'\{lkI), 

where _ff*(X, A) denotes the ith relative singular cohomology group of a pair A C X, 
and H^{IC) denotes the ith reduced simplicial cohomology group of IC. 

Proof. We have 

if*(|/C|,|/C| '^H'{stl,{stl)\x) = W{stl,{dl) * {Ikl)) ^ 

^ H'-\{dI) * (Ik/)) 5*-i^i(ik/). 

Here the first isomorphism follows from the excision property, the second uses the 
fact that [dl) * (Ik I) is a deformation retract of (st /) \ x, the third follows from the 
homology sequence of pair, and the fourth is by the suspension isomorphism. □ 

Given a subcomplex £ c /C, define the closed combinatorial neighbourhood of 
£ in /C by 

Uk{C)= IJstyc/. 

That is, UtciC) consists of all simplices of /C, together with all their faces, having 
some simplex of £ as a face. Define also the open combinatorial neighbourhood 

o 

Uk{^) of |£| in |/C| as the union of relative interiors of simplices of |/C| having some 
simplex of |£| as a face. 

Definition 2.2.15. Given a subset / C V, define the corresponding full sub- 
complex of /C (or the restriction of /C to I) as 

(2.4) /C/ = {Je/C: Jc7}. 

Set core V = {v £ V: st u 7^ JC}. The core of JC is the subcomplex core/C = /CcoroV- 
Then we may write IC = core(/C) * A*~^, where A*~^ is the simplex on the set 
V \ core V. 

Example 2.2.16. 

1. lkK;0 = /C. 

2. Let K = dA^ be the boundary of the tetrahedron on four vertices 1, 2, 3, 4, 
and I = {1, 2}. Then lk7 consists of two disjoint points 3 and 4. 

3. Let /C be the cone over £ with vertex v. Then Ikv = jC, stv = IC, and 
core/C = core£. 

Exercises. 

2.2.17. Assume that fCi is realised geometrically in and IC2 in M"^. Con- 
struct a realisation of the join /Ci * /C2 in 

2.2.18. Show that |/Ci x /C2I is a triangulation of |/Ci| x \JC2\- 

2.2.19. Let /C be a pure simplicial complex. Then Ik 7 is pure of dimension 
dim/C — |7| for any I G )C. 
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2.3. Barycentric subdivision and flag complexes 

Definition 2.3.1. The barycentric subdivision of an abstract simplicial com- 
plex /C is the simphcial complex JC' defined as fonows. The vertex set of K,' is the 
set {/ S /C, I 0} of nonempty simphces of /C. Simplices of K,' are chains of em- 
bedded simplices of /C. That is, {/i, . . . , Ir} € JC' if and only if /i C /2 C • • • C /r 
in JC (after possible reordering) and Ii ^ 0. 

The barycentre of a geometric simplex in MJ^ with vertices Vi, . . . , Ud+i is the 
point ^^(^^1 + ■ ■ ■ + Vd+i). A geometric realisation of JC' may be obtained by 
mapping every vertex of JC' to the barycentre of the corresponding simplex of \JC\; 
simplices of |/C'| are therefore spanned by the sets of barycentres of chains of em- 
bedded simplices of \JC\. 

Example 2.3.2. For any (n—l)-dimensional simplicial complex JC on [m], there 
is a nondegenerate simplicial map JC' — >■ A""^ defined on the vertices by / >-)■ |/| 
for / e /C, where |/| denotes the cardinality of I. Here I is viewed as a vertex of JC' 

and |/| as a vertex of A""-*^. 

Example 2.3.3. Let /C be a simplicial complex on a set V, and assume we 
are given a choice function c: JC V assigning to each simplex I G JC one of its 
vertices. For instance, if V = [m] we can define c(/) as the minimal element of /. 
For every such / there is a canonical simplicial map (fc- JC' JC constructed as 
follows. We define on the vertices of K' by ifc{I) = and then extend it to 
simplices of JC' by the formula 

iPcih C 72 C • • • C /r) = {c(/i), C(J2), . . . , C{lr)}. 

The right hand side is a subset of Ir, and therefore it is a simplex of JC. 

We shall need explicit formulae for the transformation of the /- and /i-vectors 
under the barycentric subdivision. Introduce the matrix 

B = {bij), 0^i,j^n-l; bij = j2i-'^)'('^f.^)ii-k + iy^'. 

fe=0 ^ ^ 

It can be shown that 6y = for z > j and bu = (z -|- 1)!, so that 5 is a nonsingular 
upper triangular matrix. 

Lemma 2.3.4. Let JC' be the barycentric subdivision of an (n — 1)- dimensional 
simplicial complex JC. Tfien the f -vectors of K and JC' are related by the identity 

n-l 

/i(/C') = ^6y/j(/C), O^i^n-1, 

that is, /*(/C') = B/*(/C) where /*(/C) is the column vector with entries fi{JC). 

Proof. Consider the barycentric subdivision of a j-simplcx A^, and let b'^j be 
the number of its z-simplices which lie inside A-' , i.e. not contained in dA^ . Then 
we have fi{JC') — J2]=i Kjfji^)- remains to show that bij = b'^. Indeed, it is 
easy to see that the numbers b'^j satisfy the following recurrence relation: 

6^ = (i + l)bU,j-. + {'Xyi-.,-2 + ■■■ + 
It follows by induction that 6 - • is given by the same formula as bij. □ 
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Now introduce the matrix 

k=0 ^ ^ 

where we set O" = 1. 

Lemma 2.3.5. The h-vectors o//C and IC' are related by the identity: 

n 

hp{IC') ^^dpqhq{K.), O^p^n, 

q=Q 

that is, /i*(/C') = D/i*(/C). Moreover, the matrix D is nonsingular. 

Proof. The formula for hp{K.') is estabhshed by a routine check using 
Lemma [2.3.41 relations (|2.3p and identities for the binomial coefficients. If we add 
the component /_i = 1 to the /-vector and change the matrix B appropriately, 
then we obtain D — C^^BC, where C is the transition matrix from the /i- vector 
to the /-vector (its explicit form can be obtained easily from relations (|2.3p '). This 
implies the nonsingularity oi D. □ 

Definition 2.3.6. Let be a poset (partially ordered set) with strict order 
relation <. Its order complex ord(7') is the collection of all totally ordered chains 
xi < X2 < ■ ■ ■ < Xk (or flags), Xi G V. Clearly, ord(P) is a simplicial complex. 

The following proposition is clear from the definition. 

Proposition 2.3.7. Let IC be a simplicial complex, viewed as the poset of its 
simplices with respect to inclusion. Then ord(/C \ 0) is the barycentric subdivi- 
sion IC' . The order complex of IC (with the empty simplex included) is cone(/C'). 

This observation may be used to define the barycentric subdivision of other 
combinatorial objects. For example, let Q be a convex polytope, and Q the poset of 
its proper faces. Then ord(Q) is a simplicial complex; moreover, it is the boundary 
complex of a simplicial polytope Q' (an exercise) , called the barycentric subdivision 
of Q. The vertices of Q' correspond to the barycentres of proper faces of Q. 

Proposition 2.3.8. Let P be a simple polytope and let JC — JCp be its nerve 
complex. Given a facet F d P, let v be the corresponding vertex of IC. Then stic' v 
is a triangulation of F. 

Proof. We identify dP with IC' by mapping the barycentre of each proper 
face of P to the corresponding vertex of IC' . Under this identification, F is mapped 
to the union of simplices of IC' corresponding to chains Gi C • • • C Gfc = F of faces 
of P ending at F. This union is exactly the star of v in /C'. □ 

Definition 2.3.9. A simplicial complex IC is called a flag complex if any set 
of vertices of IC which are pairwise connected by edges spans a simplex. 

A fiag complex is therefore completely determined by its 1-skeleton, which is 
a simple graph. Given such a graph P, we may reconstruct the fiag complex ICr, 
whose simplices are the vertex sets of complete subgraphs (or cliques) of P. 

Flag complexes may be characterised in terms of their missing faces. A missing 
face of /C is a subset / C [m] such that I ^ IC, but every proper subset of / is a 
simplex of K,. Then K, is fiag if and only if each of its missing faces has two vertices. 
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Therefore, P is a flag simple 71-polytope if and only if any set of its facets whose 
pairwise intersections are nonempty intersects at a face. 

Example 2.3.10. 

1. The order complex of a poset is a flag complex. 

2. A simple poly tope P is a flag polytope (see Definition ll.6.ip if and only if 
its nerve complex ICp is a flag complex. 

3. The boundary of a 5-gon is a flag complex, but it is not the order complex 
of a poset. 

4. The boundary of a c?-simplex is not flag for d > 1. 

5. The join /Ci * JC2 of two flag complexes (see Construction 12.2^ is flag (an 
exercise). Therefore, the product P x Q of two flag simple polytopes is flag. 

6. The connected sum /Ci ij=K,2 of two d-dimensional complexes (see Construc- 
tion [2XII]) is not flag if d > 1. 

Since the /i-vector of a sphere triangulation is symmetric, the ^-vector 7(/C) = 
(70 1 71, • ■ • 7 7[n/2]) of (^ ~ l)-dimensional sphere triangulation K. can be defined 
by the equation 

n [n/2] 

(2.5) h,s'r-' = J2 + tv^\sty. 

1=0 1=0 

Conjecture 2.3.11 (Gal [97])- Let JC be a flag triangulation of an {n — 1)- 
sphere. Then 7i(/C) ^ for i = 0, . . . , [^] . 

Substituting n — 2q, s — 1 and t = —1 into (|2.5p we obtain 

2q 
i=0 

The top inequality 7^ ^ from the Gal conjecture therefore implies the following: 
Conjecture 2.3.12 (Charney-Davis [58J). The inequality 

2q 
1=0 

holds for any flag triangulation K, of a {2q — l)-sphere. 

The Charney-Davis conjecture is a discrete analogue of the well-known Hopf 
conjecture of differential geometry, which states that the Euler characteristic x of 
a closed nonpositively curved Riemannian manifold M'^'' satisfies the inequality 
(— 1)'^X ^ 0- Due to a theorem of Gromov [105j, a piecewise Euclidean cubical 
complex satisfies the discrete analogue of the nonpositive curvature condition, the 
so-called CAT( 0) inequality^ if and only if the links of all vertices are flag complexes. 
As it was observed in [58j, the Hopf conjecture for piecewise Euclidean cubical 
manifolds translates into Conjecture [23321 

The Hopf and Charney-Davis conjectures are valid for g = 1, 2. In |97j the Gal 
conjecture was verified for n ^ 5. 

Exercises. 

2.3.13. Show that the matrix B of Lemma [2.3.41 satisfies hij = for i > j and 

b^^ = (z + 1)!. 
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2.3.14. Prove the formula for hp{K.') of Lemma [2.3.51 

2.3.15. Show that the order complex of the poset of proper faces of a polytope 
is the boundary complex of a simplicial polytope. (Hint: use stellar subdivisions, 
see Section [^771 and the exercises there.) 

2.3.16. The join of two flag complexes is flag. 

2.3.17. Links of simplices in a flag complex are flag. 

2.4. Alexander duality 

For any simplicial complex, a dual complex may be deflned on the same set. 
This duality has many important combinatorial and topological consequences. 

Definition 2.4.1 (dual complex). Let /C be a simplicial complex on [to] and 
JC ^ A"-!. Define 

£-{/cH: [m]\IiK). 
Then K, is also a simplicial complex on [m], which we refer to as the dual of /C. 
Obviously, the dual of /C is /C. 

Construction 2.4.2. The barycentric subdivisions of both /C and JC can be 
realised as subcomplexes in the barycentric subdivision of the boundary of the 
standard simplex on the set [to] in the following way. 

A face of (9A™~^)' corresponds to a chain /i C • • • C /r of included subsets 
in [to] with /i 7^ and 7^ [to]. We denote this face by A/jc - c/r- (Fo'" example, 
Ajji, is the ith vertex of A™^^ regarded as a vertex of (9A™~^)'.) Then 

(2.6) G(/C)= y A,,c...c/. 

is a geometric realisation of /C'. Denote i — and, more generally, / — [to]\/ 

for any subset / C [to]. Define the following subcomplex in (i9A™~^)': 

Proposition 2.4.3. For any simplicial complex JC ^ A™~^ on the set [to], 
D{JC) is a geometric realisation of the barycentric subdivision of the dual complex: 

(2.7) D{JC) = 

Moreover, the open combinatorial neighbourhood of complex (j2.6l) realising JC' in 
(SA™^^)' coincides with the complement of the complex D{IC) realising K.' : 

^(aA™-)'(ri) = (5A"'i)'\|£'|. 

In particular, |/C'| is a deformation retract of the complement to \IC'\ in (9A™^^)'. 

Proof. We map a vertex {i} of JC to the vertex i = A^ of (9A™^^)', and map 
the barycentre of a face I E JC to the vertex Aj. Then the whole complex JC' is 
mapped to the subcomplex 

U Hc-cT.' 
/ic---c/,.: ireic 

which is the same as D(JC). The second statement is left as an exercise. □ 
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Example 2.4.4. Let /C be the boundary of a 4-gon with vertices 1, 2, 3, 4 (see 




Figure 2.2. Dual complex and Alexander duality. 



Theorem 2.4.5 (Combinatorial Alexander duality). For any simplicial complex 
K. 7^ A"^^^ on the set [m] there is an isomorphism 

HHJC) ^ Hrn-3-3{l^), for - I ^ J ^ m - 2, 

where Hk{-) and H^{-) denote the kth reduced simplicial homology and cohomol- 
ogy group (with integer coefficients) respectively. Here we assume that _ff_i(0) = 
H-^{0) ^ Z. 

Proof. Since (dA™^^)' is homeomorphic to 5™^^, the Alexander duality the- 
orem [115, Theorem 3.44] and ProDOsition l2.4.3l implv that 

H^ilC) = H^iu^aA^-.yi\]C'\)) = iJ^((5A"-i)' \ \iC'\) 

A more direct topological proof is outlined in Exercise 12.4.101 Theorem 12.4.51 
can be also proved in a purely combinatorial way, see [25 . There is also a proof 
within 'combinatorial commutative algebra' (which is the subject of Chapter [S]), 
see Exercise [3XIS1 or [T60l Theorem 5.6]. 

The duality between /C and /C extends to a duality between full subcomplexes 
of K, and links of simplices in /C: 
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Corollary 2.4.6. Let K ^ A™ ^ be a simplicial complex on [m] and I ^ IC, 
that is, I (z IC. Then there is an isomorphism 

i/-'(/C/)-iJ|,|_3-,(%/), for -ls;j<|/|-2. 

Proof. We apply Theorem 12.4.51 to the complex ICi, viewed as a simplicial 
complex on the set / of |/| elements. It follows from the definition that the dual 
complex is Ikg /, which also can be viewed as a simplicial complex on the set /. □ 

Example 2.4.7. Let IC be the boundary of a pentagon. Then /C is a Mobius 
band triangulated as shown on Fig. 12.31 Note that this IC can be realised as a 
subcomplex in 9A^, and therefore it can be realised in R'^ as a subcomplex in the 
Schlegel diagram of A**, see Construction 12. 5 !2l 




Figure 2.3. The boundary of a pentagon and its dual complex. 



Adding a ghost vertex to IC results in suspending IC, up to homotopy. The 
precise statement is as follows (the proof is clear and is omitted). 

Proposition 2.4.8. LetIC be a simplicial complex on [to] andlC° be the complex 
on [to + 1] obtained by adding one ghost vertex o = m + 1 to IC. Then the maximal 
simplices of IC° are [to] and I (J o for I Cz IC, that is, 

IC° = A"-! U£Cone£. 

In particular, IC° is homotopy equivalent to the suspension E/C. 

Exercises. 

2.4.9. Show that 

^(aA"^-)'(n)-(aA™-i)'\|£'|. 

2.4.10. Complete the details in the following direct proof of combinatorial 
Alexander duality f Theorem 12. 4. 5p . 

There is a simplicial map 

ip: {dA^^-^y ^ IC' * JC' 

which is constructed as follows. We identify |/C'| with G{JC) and \IC'\ with D{IC), 
see (|2.6p and (|2.7p . The vertex sets of these two subcomplexes split the vertex set 
of (QA™^^)' into two nonintersecting subsets. Therefore, tp is uniquely determined 
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on the vertices. Check that Lp is indeed a simphcial map. It induces a map of 
simplicial cochains 

ip*: CJ (/C')®C""-3-j(£') ^ C""-2(^(5A'"-i)'), 

or, equivalently, 

C^QC') C„,_3_j-(£') ® C™-2((aA™-i)'). 

By evaluating on the fundamental cycle of (c)A™^^)' in Cm-2 and passing to sim- 
plicial (co) homology, we obtain the required isomorphism 

2.5. Classes of triangulated spheres 

Boundary complexes of simplicial polytopes form an important albeit restricted 
class of triangulated spheres. In this section we review several other classes of trian- 
gulated spheres and related complexes, and discuss their role in topology, geometry 
and combinatorics. 

Definition 2.5.1. A triangulated sphere (also known as a sphere triangulation 
or simplicial sphere) of dimension d is a simplicial complex K, homeomorphic to a 
d-sphere 5'''. A PL sphere is a triangulated sphere K, which is PL homeomorphic to 
the boundary of a simplex (equivalently, there exists a subdivision of /C isomorphic 
to a subdivision of the boundary of a simplex) . 

Remark. A PL sphere is not the same as a 'Pi manifold homeomorphic to 
a sphere', but rather a 'PL manifold which is PL homeomorphic to the standard 
sphere', where the standard PL structure on a sphere is defined by triangulating it 
as the boundary of a simplex. Nevertheless, the two notions coincide in dimensions 
other than 4, see the discussion in the next section. 

In small dimensions, triangulated spheres can be effectively visualised using 
Schlegel diagrams and their generalisations, which we describe below. 

Definition 2.5.2. By analogy with the notion of a geometric simplicial com- 
plex, we define a polyhedral complex as a collection C of convex polytopes in a 
space R" such that every face of a polytope in C belongs to C and the intersection 
of any two polytopes in C is either empty or a face of each. Two polyhedral com- 
plexes Ci and C2 are said to be combinatorially equivalent if there is a one-to-one 
correspondence between their polytopes respecting the inclusion of faces. 

The boundary dP of a convex polytope P is a polyhedral complex. Another 
important polyhedral complex associated with P can be constructed as follows. 
Choose a facet P of P and a point p ^ P 'close enough' to P so that any segment 
connecting p to a point in P \ P intersects the relative interior of P (see Fig. 12.41 
for the case P — P). Now project the complex dP onto P from the point p. 
The projection images of faces of P different from P form a polyhedral complex C 
subdividing P. We refer to C, and also to any polyhedral complex combinatorially 
equivalent to it, as a Schlegel diagram of the polytope P. 

An n- diagram is a polyhedral complex C consisting of n-poly topes and their 
faces and satisfying the following conditions: 

(a) the union of all polytopes in C is an n-polytope Q; 
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Figure 2.4. Schlegel diagram of P. 



(b) every nonempty intersection of a polytope from C with the boundary of 
Q belongs to C. 

We refer to Q as the base of the n-diagram C. An n-diagram is simplicial if it 
consists of siinphces and its base is a simplex. 

By definition, a Schlegel diagram of an n-polytope is an [n — l)-diagram. 

Proposition 2.5.3. Let C be a simplicial (n — \)-diagram with base Q. Then 
C Uag Q is an [n — 1)- dimensional PL sphere. 

Proof. We need to construct a simplicial complex which is a subdivision of 
both C Ugg Q and 9A". This can be done as follows. Replace one of the facets of 
i9A" by the diagram C. The resulting simplicial complex /C is a subdivision of 9 A". 
On the other hand, K, is isomorphic to the subdivision of C Ugg Q obtained by 
replacing Q by a Schlegel diagram of A". □ 

Corollary 2.5.4. The boundary of a simplicial n-polytope is an [n — 1)- 
dimensional PL sphere. 

In dimensions 7i ^ 3 every (n — l)-diagram is a Schlegel diagram of an n- 
polytope. Indeed, for n ^ 2 this is obvious, and for rt — 3 this is one of equivalent 
formulations of the well-known Steinitz theorem (see |228| Theorem 5.8]). The first 
example of a 3-diagram which is not a Schlegel diagram of a 4-polytope was found by 
Griinbaum f |1071 §11.5], see also |108j ) as a correction of Briickner's result of 1909 
on the classification of simplicial 4-polytopes with 8 vertices. Another example was 
found by Barnette jl4j . We describe Barnette's example below. For the original 
example of Griinbaum, see Exercise 12.5.151 

Construction 2.5.5 (Barnette's 3-diagram). Here a certain simplicial 3- 
diagram C will be constructed. Consider the octahedron Q obtained by twisting 
the top face (abc) of a triangular prism (Fig. 12.51 (a)) slightly so that the vertices 
a, 6, c, d, e and / are in general position. Assume that the edges (bd), (ce) and 
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Figure 2.5. Barnette's 3-diagram. 

(af) lie inside Q. The tetrahedra {ahde), (beef) and (acdf) will be included in the 
complex C. Each of these tetrahedra has two faces which lie inside Q. These 6 tri- 
angles together with (abc) and (def) form a triangulated 2-sphere inside Q, which 
we denote by S. Now place a point p inside S so that the line segments from p to 
the vertices of S lie inside S. We add to C the eight tetrahedra obtained by taking 
cones with vertex p over the faces of S (namely, the tetrahedra (pabc), (pdef), 
(pabd), (pbed), (pbce), (pcef), (pacf) and (jpadf)). Note that S — \]^p. Applying 
a projective transformation if necessary, we may assume that there is a point p' 
outside the octahedron Q with the property that the segments joining p' with the 
vertices of Q lie outside Q (see Fig. 12.51 (b)). Finally, we add to C the tetrahedra 
obtained by taking cones with vertex p' over the faces of Q other than the face {def) 
(there are 7 such tetrahedra: (p'abc), (p'abe), (p'ade), (p'acd), (p'cdf), (p'bcf) and 
{p'bef)). The union of all tetrahedra in C is the tetrahedron (p'def); hence, C is a 
simplicial 3-diagram. It has 8 vertices and 18 tetrahedra. 

Proposition 2.5.6. The 3-diagram C from the previous construction is not a 
Schlegel diagram. 

Proof. Suppose there is a polytope P whose Schlegel diagram is C. Since P 
is simplicial, we may assume that its vertices are in general position. We label the 
vertices of P with the same letters as the corresponding vertices in C. Consider the 
complex S = Ikp. Let P' be the convex hull of all vertices of P other than p. Then 
P' is still a simplicial polytope, and 5 is a subcomplex in dP'. In the complex dP' 
the sphere S is filled with tetrahedra whose vertices belong to S. Then at least one 
edge of one of these tetrahedra lies inside S. However, any two vertices of S which 
are not joined by an edge on S are joined by an edge of C lying outside S. Since 
the polytope P' cannot contain a double edge we have reached a contradiction. □ 
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Now we can introduce two more classes of triangulated spheres. 

Definition 2.5.7. A polytopal sphere is a triangulated sphere isomorphic to 
the boundary complex of a simplicial polytope. 

A star-shaped sphere is a triangulated sphere isomorphic to the underlying 
complex of a complete simplicial fan. Equivalently, a triangulated sphere /C of 
dimension n — 1 is star-shaped if there is a geometric realisation of JC in M" and 
a point p e R" with the property that each ray emanating from p meets |/C| in 
exactly one point. The set of points such p G R" is called the kernel of |/C|. 

Example 2.5.8. The triangulated 3-sphere coming from Barnette's 3-diagram 
is known as the Barnette sphere. It is star-shaped. Indeed, in the construction of 
Barnette's 3-diagram we have the octahedron Q C R^ and a vertex p' outside Q 
such that Ikp' — dQ. If we choose the vertex p' in R'* \ R'^, then the Barnette 
sphere can be realised in R^ as the boundary complex of the pyramid with vertex 
p' and base Q (subdivided as described in Construction 12.53]) . This realisation is 
obviously star-shaped. 

We therefore have the following hierarchy of triangulations: 

(2 8) polytopal star-shaped PL triangulated 

spheres spheres spheres spheres 

Here the first inclusion follows from the construction of the normal fan (Construc- 
tion [511131), ^^'^ the second is left as an exercise. 

In dimension 2 any triangulated sphere is polytopal (this is another corollary 
of the Steinitz theorem). Also, by the result of Maui [147] . any triangulated d- 
dimensional sphere with up to d -I- 4 vertices is polytopal. However, in general all 
inclusions above are strict. 

The first inclusion in p.Sp is strict already in dimension 3, as is seen from 
Example 12.5.81 There are 39 combinatorially different triangulations of a 3-sphere 
with 8 vertices, among which exactly two are nonpolytopal (namely, the Barnette 
and Briickner spheres) ; this classification was completed by Barnette |17j . 

The second inclusion in (|2.8|) is also strict in dimension 3. The first example of 
a non-star-shaped sphere triangulation was found by Ewald and Schulz \87j. We 
sketch this example below, following [861 Theorem 5.5]. 

Example 2.5.9 (Non-star-shaped sphere triangulation). We use the fact, ob- 
served by Barnette, that not every tetrahedron in Barnette's 3-diagram can be 
chosen as the base of a 3-diagram of the Barnette sphere (see Exercise l2.5.16p . For 
instance, the tetrahedron (abed) cannot be chosen as the base. 

Now let /C be a connected sum of two copies of the Barnette sphere along the 
tetrahedra (abed) (the identification of vertices in the two tetrahedra is irrelevant). 
Assume that /C has a star-shaped realisation in R**. The hyperplane H through the 
points a,b,c,d splits |/C| into two parts |/Ci| and I/C2I. Since the kernel of |/C| is an 
open set, it contains a point p not lying in H. Then by projecting either |/Ci| or 
I/C2I onto H from p, we obtain a 3-diagram of the Barnette sphere with base (abed). 
This is a contradiction. 

The fact that /C is a PL sphere is an exercise. 

The third inclusion in (|2.8|) is the subtlest one. It is known that in dimension 3 
any triangulated sphere is PL. In dimension 4 the corresponding question is open. 
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but starting from dimension 5 there exist non-PL sphere triangulations. See the 
discussion in the next section and Example 12.6.31 

Many important open problems of combinatorial geometry arise from analysing 
the relationships between different classes of sphere triangulations. We end this 
section by discussing some of these problems. 

In connection with the condition of realisability of a triangulated (n— l)-sphere 
in M" in the definition of a star-shaped sphere, we note that the existence of such 
a realisation is open in general: 

Problem 2.5.10. Does every PL (n— l)-sphere admit a geometric realisation 
in an 7i-dimensional space? 

The ^-theorem (Theorem 11.4.141) gives a complete characterisation of integral 
vectors arising as the /-vectors of polytopal spheres. It is therefore natural to 
ask whether the (^-theorem extends to all sphere triangulations. This question was 
posed by McMullen [155j as an extension of his conjecture for simplicial polytopes. 
Since 1980, when McMullen's conjecture for simplicial polytopes was proved by 
Billera, Lee, and Stanley, its generalisation to spheres has been regarded as the 
main open problem in the theory of /-vectors: 

Problem 2.5.11 ((7-conjecture for triangulated spheres). Does Theorem ll.4.141 
hold for triangulated spheres? 

The 5-conjecture is open even for star-shaped spheres. Note that only the 
necessity of the conditions in the g-theorem (that is, the fact that every ^-vector is 
an M-vector) has to be verified for triangulated spheres. If correct, the g-conjecture 
would imply a complete characterisation of /-vectors of triangulated spheres. 

The Dehn-Sommerville relations (condition (a) in Theorem 11.4.14^ hold for 
arbitrary sphere triangulations (see CoroUarv 13 . 4.71 below) . The /-vectors of trian- 
gulated spheres also satisfy the UBT and LBT inequalities given in Theorems II. 4. 41 
and 1 1 . 4 . iH respect ivelv. The proof of the Lower Bound Theorem for simplicial poly- 
topes given by Barnette in |16| extends to all triangulated spheres (see also pLSOj). 
In particular, this implies the second GLBC inequality hi ^ /i2, see ()1.19p . The 
Upper Bound Theorem for triangulated spheres was proved by Stanley |203) (we 
shall give his argument in Section l3.3|) . This implies that the (7-conjecture is true 
for triangulated spheres of dimension ^ 4. The third GLBC inequality /12 ^ /13 (for 
spheres of dimension ^ 5) is open. 

Many attempts to prove the (7-conjecture were made after 1980. Though un- 
successful, these attempts resulted in some very interesting reformulations of the 
g-conjecture. The results of Pachner |175j reduce the g-conjecture (for PL spheres) 
to some properties of bistellar moves; see the discussion after Theorem 12 . 7.31 below. 

The lack of progress in proving the g-conjecture motivated Bjorner and Lutz to 
launch a computer-aided search for counterexamples |24| . Though their bistellar 
flip algorithm and BISTELLAR software produced many remarkable results on 
triangulations of manifolds, no counterexamples to the (7-conjecture were found. 
More information on the ^-conjecture and related questions may be found in |208| 
and [2281 Lecture 8]. 

We may extend the hierarchy (12. 8p by considering polyhedral complexes homeo- 
morphic to spheres (the so-called polyhedral spheres) instead of triangulated spheres. 
There are obvious analogues of polytopal and PL spheres in this generality. How- 
ever, unlike the case of triangulations, the two definitions of a star-shaped sphere 
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(namely, the one using fans and the one using the kernel points) no longer pro- 
duce the same classes of objects, see [86, §111.5] for the corresponding examples. 
One of the most notorious and long standing problems is to find a proper higher 
dimensional analogue to the Steinitz theorem. This theorem characterises graphs 
of 3-dimensional polytopes, and one of its equivalent formulations is that every 
polyhedral 2-sphere is polytopal. In higher dimensions, identification of the class 
of polytopal spheres inside all polyhedral spheres is known as the Steinitz problem: 

Problem 2.5.12 (Steinitz problem). Find necessary and sufficient conditions 
for a polyhedral decomposition of a sphere to be combinatorially equivalent to the 
boundary complex of a convex polytope. 

This is far from being solved even in the case of triangulated spheres. For more 
information on the relationships between different classes of polyhedral spheres and 
complexes see the above cited book of Ewald [86| and the survey article by Klee 
and Kleinschmidt [136]. 

Exercises. 

2.5.13. Show that /C is the underlying complex of a complete simplicial fan if 
and only if there is a geometric realisation of K. in R" and a point p G E" with the 
property that each ray emanating from p meets |/C| in exactly one point. 

2.5.14. Prove that every star-shaped sphere is a PL sphere. 

2.5.15 (Briickner sphere). The Briickner sphere is obtained by replacing two 
tetrahedra {pabc) and {p'abc) in the Barnette sphere by three tetrahedra (pp'ab), 
(pp'ac) and (pp'bc) (this is an example of a bistellar 1-move considered in Sec- 
tion [2I7|). Show that the Briickner sphere is star-shaped but not polytopal. Note 
that the 1-skeleton of the Briickner sphere is a complete graph (that is, the Briickner 
sphere is a neighbourly triangulation, see Definition 11.1.16]) . 

2.5.16. Show that the tetrahedron (abed) in Barnette's 3-diagram (Construc- 
tion I2.5.5P cannot be chosen as the base of a 3-diagram of the Barnette sphere. 
Which tetrahedra can be chosen as the base? 

2.5.17. The connected sum of two PL spheres is a PL sphere. 

2.6. Triangulated manifolds 

Piecewise linear topology experienced an intensive development during the sec- 
ond half of the 20th century, thanks to the efforts of many topologists. Surgery 
theory for simply connected manifolds of dimension ^ 5 originated from the early 
work of Milnor, Kervaire, Browder, Novikov and Wall, culminated in the proof of the 
topological invariance of rational Pontrjagin classes given by Novikov in 1965, and 
was further developed in the work of Lashof, Rothenberg, Sullivan, Kirby, Sieben- 
mann, and others. It led to a better understanding of the place of PL manifolds 
between the topological and smooth categories. Without attempting to overview 
the current state of the subject, which is generally beyond the scope of this book, 
we include several important results on the triangulation of topological manifolds, 
with a particular emphasis on various nonexamples. We also provide references for 
further reading. 

All manifolds here are compact, connected and closed, unless otherwise stated. 
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Definition 2.6.1. A triangulated manifold (or simplicial manifold) is a sim- 
plicial complex K, whose geometric realisation |/C| is a topological manifold. 

A PL manifold (or combinatorial manifold) is a simplicial complex /C of di- 
mension d such that Ik/ is a PL sphere of dimension d — |/| for every nonempty 
simplex / e /C. 

Every PL manifold |/C| of dimension d is a triangulated manifold: it has an atlas 
whose change of coordinates functions are piecewise linear. Indeed, for each vertex 
V g \JC\ the (d — l)-dimensional PL sphere Ikw bounds an open neighbourhood Uy 
which is homeomorphic to an open d-ball. Since any point of |/C| is contained in 
Uv for some v, this defines an atlas for |/C|. 

Remark. The term 'PL manifold' is often used for a manifold with a PL 
atlas, while its particular triangulation with the property above is referred to as a 
combinatorial manifold. We shall not distinguish between these two notions. 

Does every triangulation of a topological manifold yield a simplicial complex 
which is a PL manifold? The answer is 'no', and the question itself ascends to a 
famous conjecture of the dawn of topology, known as the Hauptvermutung , which 
is German for 'main conjecture'. Below we briefly review the current status of this 
conjecture, referring to the survey article |194| by Ranicki for a much more detailed 
historical account and more references. 

In the early days of topology all of the known topological invariants were defined 
in combinatorial terms, and it was very important to find out whether the topol- 
ogy of a triangulated space fully determines the combinatorial equivalence class of 
the triangulation (in the sense of Definition I2.2.6|) . In the modern terminology, 
the Hauptvermutung states that any two homeomorphic simplicial complexes are 
combinatorially equivalent {PL homeomorphic). This is valid in dimensions ^ 3; 
the result is due to Rado (1926) for 2-manifolds, Papakyriakopoulos (1943) for 2- 
complexes, Moise (1953) for 3-manifolds, and E. Brown (1963) for 3-complexes [33]; 
see [164] for a detailed exposition. The first examples of complexes disproving the 
Hauptvermutung in dimensions ^ 6 were found by Milnor in the early 1960s. How- 
ever, the manifold Hauptvermutung^ namely the question of whether two homeo- 
morphic triangulated manifolds are combinatorially equivalent, remained open until 
the end of the 1960s. The first counterexamples were found by Siebenmann in 1969, 
and relied heavily on the topological surgery theory. The 'double suspension theo- 
rem', which we state as Theorem 12. 6. 21 b elow . appeared around 1975 and provided 
much more explicit counterexamples to the manifold Hauptvermutung. 

A d-dimensional homology sphere (or simply homology d-sphere) is a topological 
d-manifold whose integral homology groups are isomorphic to those of a d-sphere S'^. 

Theorem 2.6.2 (Edwards, Cannon). The double suspension of any homology 
d-sphere is homeomorphic to S'^'^'^ . 

This theorem was proved for most double suspensions and all triple suspensions 
by Edwards [81]; the general case was done by Cannon |55) . One of its most im- 
portant consequences is the existence of non-PL triangulations of 5-spheres, which 
also disproves the manifold Hauptvermutung in dimensions ^ 5. 

Example 2.6.3 (non-PL triangulated 5-sphere). Let M be a triangulated ho- 
mology 3-sphere which is not homeomorphic to S^. An example of such M is 
provided by the Poincare sphere. It is the homogeneous space SO{3)/A5, where 
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the alternating group is represented in R"^ as the group of self-transformations 
of a dodecahedron. A particular symmetric triangulation of the Poincare sphere 
is given in [24\. By Theorem 12.6.21 the double suspension S^Af is homeomorphic 
to (and, more generally, E'^M is homeomorphic to S'''^^ for k ^ 2). However, 
E^Af cannot be a PL sphere, since M appears as the link of a 1-simplex in E^M. 

Also, according to a result of Bjorner and Lutz |24| . for any d ^ 5 there is a 
non-PL triangulation of S"^ with + 13 vertices. 

Theorem 12.6.21 led to progress in the following 'manifold recognition problem': 
given a simplicial complex, how one can decide whether its geometric realisation is 
a topological manifold? In higher dimensions there is the following result, which 
can be viewed as a generalisation of the double suspension theorem. 

Theorem 2.6.4 (Edwards [82]). Ford ^ 5 the realisation of a simplicial com- 
plex K, is a topological manifold of dimension d if and only if Ik / has the homology 
of a [d— \I\)- sphere for each nonempty simplex I ^ K., and Ikw is simply connected 
for each vertex v of JC. 

Remark. From the algorithmic point of view, the homology of links is easily 
computable, but their simply connectedness seems to be undecidable. There is a 
related result of Novikov [2251 Appendix] that a triangulated 5-sphere cannot be 
algorithmically recognised. On the other hand, the algorithmic recognition problem 
for a triangulated 3-sphere has a positive solution, with the first algorithm provided 
by Rubinstein |198| . See detailed exposition in Matveev's book |152| . which also 
contains a proof that all 3-dimensional Haken manifolds can be recognised and fully 
classified algorithmically. 

With the discovery of exotic smooth structures on 7-spheres by Milnor and 
the disproval of the Hauptvermutung it had become important to understand bet- 
ter the relationship between PL and smooth structures on topological manifolds. 
Since a PL structure implies the existence of a particular sort of triangulation, the 
related question of whether a topological manifold admits any triangulation (not 
necessarily PL) had also become important. 

Triangulations of 2-manifolds have been known from the early days of topology. 
A proof that any 3-manifold can be triangulated was obtained independently by 
Moise and Bing in the end of 1950s (the proof can be found in |164| V Since the 
link of a vertex in a triangulated 3-sphere is a 2-sphere, and a 2-sphere is always 
PL, all topological 3-manifolds are PL. 

A smooth manifold of any dimension has a PL triangulation by a theorem 
of Whitney (a proof can be found in ^165j ). Moreover, in dimensions ^ 3 every 
topological manifold has a unique smooth structure, see |164| for a proof. All these 
considerations show that in dimensions up to 3 the categories of topological, PL 
and smooth manifolds are equivalent. 

The situation in dimension 4 is quite different. There exist topological 4- 
manifolds that do not admit a PL triangulation. An example is provided by Freed- 
man's fake CP^ [94. §8.3, §10.1], a topological manifold which is homeomorphic, 
but not diffeomorphic to the complex projective plane CP^. This example also 
shows that the Hauptvermutung is false in dimension 4. Even worse, some topo- 
logical 4-manifolds do not admit any triangulation; an example is the topological 
4-manifold with the intersection form Es , see [3] . 
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In dimension 4 the categories of PL and smooth manifolds agree, that is, there 
is exactly one smooth structure on every PL manifold. However, the classifica- 
tion of PL (or equivalently. smooth) structures is wide open even for the simplest 
topological manifolds. The most notable problem here is the following. 

Problem 2.6.5. Is a PL (or smooth) structure on a 4-sphere unique? 

In dimensions ^ 5 the PL structure on a topological sphere is unique (that 
is, a PL manifold which is homeomorphic to a sphere is a PL sphere), but the 
triangulation problem is open: 

Problem 2.6.6 (Triangulation Conjecture). Is it true that any topological 
manifold of dimension ^ 5 can be triangulated? 

For the discussion of the current status of the classification of PL structures 
on topological manifolds we refer to Ranicki's survey |194| . the original essay |134) 
by Kirby and Siebenmann, and a more recent survey by Rudyak |199) . 

2.7. Stellar subdivisions and bistellar moves 

By a theorem of Alexander, a common subdivision of two PL homeomorphic 
PL manifolds can be obtained by iterating operations from a very simple and ex- 
plicit list, known as stellar subdivisions. An even more concrete iterative description 
of PL homeomorphisms was obtained by Pachner |174| . who introduced the no- 
tion of bistellar moves (in other terminology, bistellar flips or bistellar operations), 
generalising the 2- and 3-dimensional flips from low-dimensional topology. These 
operations allow us to decompose a PL homeomorphism into a sequence of simple 
'moves' and thus provide a very convenient way to compute and handle topological 
invariants of PL manifolds. Starting from a given PL triangulation, bistellar op- 
erations may be used to construct new triangulations with some good properties, 
such as ones that are symmetric or have a small number of vertices. On the other 
hand, bistellar moves can be used to produce some nasty triangulations if we start 
from a non-PL triangulation. Both approaches were used in the work of Bjorner- 
Lutz [24j and Lutz fl43] to find many interesting triangulations of low-dimensional 
manifolds. In our exposition of bistellar moves we follow the terminology of [143j. 

Bistellar moves also provide a combinatorial interpretation for algebraic flop op- 
erations for projective toric varieties and for certain surgery operations on moment- 
angle complexes and torus manifolds. Finally, bistellar moves may be used to define 
a metric on the space of PL triangulations of a given PL manifold, see [167]. 

Definition 2.7.1. Let / G /C be a nonempty simplex of a simplicial complex K,. 
The stellar subdivision of /C at / is obtained by replacing the star of / by the cone 
over its boundary: 

ss/ /C = (/C \ st^ /) U (cone d st/c I) ■ 

If dim / = then ss//C = /C. Otherwise the complex ss//C acquires an additional 
vertex (the vertex of the cone) whose link is d stjc L. Two possible stellar subdivi- 
sions of a 2-dimensional complex are shown in Fig. 12.61 

Now let /C be a triangulated manifold of dimension d. Assume that / G /C is a 
(d — j)-face such that the simplicial complex Ik^c / is the boundary of a j-simplex 
J which is not a face of K.. Then the operation bm/ on JC defined by 

hmi /C = (/C \ (/ * dJ)) U {dl * J) 
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Figure 2.6. Stellar subdivisions at a 2-simplex and at an edge. 

is called a bistellar j-move. Since / * dJ — stic I and dl * J ~ stj^J, where 
/C = bm//C, the bistellar j-move is the composition of a stellar subdivision at / 
and the inverse stellar subdivision at J, which explains the term. In particular, 
the stellar subdivision ss/ /C is a common subdivision of /C and /C, so that /C and /C 
are combinatorially equivalent. Note that a 0-move is the stellar subdivision at a 
maximal simplex (we assume that the boundary of a 0-simplex is empty). 

Bistellar j-moves with i ^ [|] are also called reverse {d — j) -moves. A 0-move 
adds a new vertex to the triangulation, a c?-move (reverse 0-move) deletes a vertex, 
and all other bistellar moves do not change the number of vertices. The bistellar 
moves in dimension 2 and 3 are shown in Figures [2771 and [2781 The bistellar 1-move 
in dimension 3 replaces two tetrahedra with a common face by 3 tetrahedra with a 
common edge. 

Two simplicial complexes are said to be bistellarly equivalent if one can be 
transformed to another by a finite sequence of bistellar moves. 

We have seen that bistellar equivalence implies PL homeomorphism. The fol- 
lowing result shows that for PL manifolds the converse is also true. 

Theorem 2.7.2 (Pachner [T74l Theorem 1], [irSi (5.5)]). Two PL manifolds 
are bistellarly equivalent if and only if they are PL homeomorphic. 

The behaviour of the face numbers of a triangulation under bistellar moves 
is easily controlled. It can be most effectively described in terms of the g-vector, 
g,(/C) = /i,(/C)-/i,_i(/C), 0<z^ [f]: 

Theorem 2.7.3 (Pachner |174j). // a triangulated d-manifold K. is obtained 
from K. by a bistellar k-move, ^ fc ^ [^3^] ^ then 

gk+i{IC) = gk+i{IC) + 1; 

gi{IC) — gi{IC) for all i ^ k + 1. 

Furthermore, if d is even and JC is obtained from JC by a bistellar [^] -move, then 

gt{IC) = gi{K.) for all i. 
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Figure 2.7. Bistellar moves for q = 2. 




Figure 2.8. Bistellar moves for q = 3. 

This theorem allows us to interpret the inequalities from the (7-conjecture for 
PL spheres (see Theorem I1.4.14P in terms of the numbers of bistellar fc-moves 
needed to transform a given PL sphere to the boundary of a simplex. For instance, 
the inequality hi ^ h2, n ^ 4, is equivalent to the statement that the number 
of 1-moves in the sequence of bistellar moves taking a given (n — l)-dimensional 
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PL sphere to the boundary of an n-simplex is less than or equal to the number of 
reverse 1-moves. (Note that the g-vector of 9A" is (1,0,..., 0).) 

Remark. There is also a generalisation of Theorem l2.7.2l to PL manifolds with 
boundary, see [175, (6.3)]. 

In the case of polytopal sphere triangulations a stellar subdivision is related to 
another familiar operation: 

Proposition 2.7.4. Assume given a simple polytope P and a proper face G C 
P. Let P* be the dual simplicial polytope, ICp ~ dP* its nerve complex, and J d P* 
the face dual to G. Then the stellar subdivision ssj/Cp is the nerve complex of the 
polytope P obtained by the face truncation at G. 

Proof. This follows directly by comparing the face poset of P, described in 
Construction II . 1 . 131 with that of ssj/Cp. □ 

Exercises. 

2.7.5. The barycentric subdivision of K, can be obtained as a sequence of stellar 
subdivisions at all faces I Cz JC, starting from the maximal ones. 

2.7.6. Deduce formulae for the transformation of the /-, h- and g- vector of JC 
under a stellar subdivision. Deduce similar formulae for a bistellar move (the case 
of the £(- vector is Theorem I2.7.3P . 

2.8. Simplicial posets and simplicial cell complexes 

Simplicial posets describe the combinatorial structures underlying 'generalised 
simplicial complexes' whose faces are still simplices, but two faces are allowed to 
intersect in any subcomplex of their boundary, rather than just in a single face. 
These are also known as 'ideal triangulations' in low-dimensional topology, or as 
'simplicial cell complexes'. 

Definition 2.8.1. A poset (partially ordered set) S with order relation ^ is 
called simplicial if it has an initial element and for each a £ S the lower segment 

[0,cr] = {t e 5: < r < cr} 

is the face poset of a simplex. (The latter poset is also known as a Boolean lattice, 
and simplicial posets are sometimes called Boolean posets.) We assume all our 
posets to be finite. The rank function | • | on 5 is defined by setting \a\ = fc if [0, a] 
is the face poset of a (A; — l)-dimensional simplex. The rank of S is the maximum 
of ranks of its elements, and the dimension of iS is its rank minus one. A vertex of 
iS is an element of rank one. We assume that S has m vertices, denote the vertex 
set by V{S), and usually identify it with [m] = {1, . . . , m}. Similarly, we denote by 
V{a) the vertex set of a, that is the set of i with i ^ a. 

The face poset of a simplicial complex is a simplicial poset, but there are 
many simplicial posets that do not arise in this way (see Example 12.8.21 below) . 
We identify a simplicial complex with its face poset, thereby regarding simplicial 
complexes as particular cases of simplicial posets. 

To each a G S we assign a geometric simplex A"^ whose face poset is [0, a], and 
glue these geometric simplices together according to the order relation in 5. As a 
result we get a regular cell complex in which the closure of each cell is identified 
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with a simplex preserving the face structure, and ah attaching and characteristic 
maps are inclusions (see [1151 Appendix] for the terminology of cell complexes). 
We call it the simplicial cell complex associated with S and denote its underlying 
space by \S\. 

In the case when S is (the face poset of) a simplicial complex /C the space |iS| 
is the geometric realisation |/C|. 

Remark. Using a more formal categorical language, we consider the face cat- 
egory CAt(iS) whose objects are elements cr e 5 and there is a morphism from a 
to T whenever a ^ t. Define a diagram (covariant functor) A*^ from CAt(5) to 
topological spaces by sending a d S to the geometric simplex A'^ and sending every 
morphism a ^ r to the inclusion A"' ^ A"^. Then we may write 

\S\ = colimA"^, 

where the colimit (or direct limit) is taken in the category of topological spaces. 
This is the first example of colimit construction over the face category CAT (5). 
Many other examples of this sort will appear later. 

In most circumstances we shall not distinguish between simplicial posets and 
simplicial cell complexes. We shall also sometimes refer to elements cr e 5 as 
simplices or faces of S. 

Example 2.8.2. Consider the simplicial cell complex obtained by attaching 
two d-dimensional simplices along their boundaries. Its corresponding simplicial 
poset is not the face poset of a simplicial complex if d > 0. 

Three cellular subdivisions of a circle are shown on Fig. 12.91 The first is not a 
simplicial cell complex. The second is a simplicial cell complex, but not a simplicial 
complex (it corresponds to d = 1 in the previous paragraph). The third one is a 
simplicial complex. 




(1) (2) (3) 

Figure 2.9. Cellular subdivisions of a circle. 

Construction 2.8.3 (folding a simplicial poset onto a simplicial complex). 
For every simplicial poset S there is the associated simplicial complex ICs on the 
same vertex set V{S), whose simplices are sets V{a), a E S. There is a folding 
map of simplicial posets 

(2.9) S — >ICs, a^V{a). 

It is identical on the vertices, and every simplex in ICs gets covered by a finite 
number of simplices of S. 

For any two elements a,T € S, denote by ct V r the set of their least common 
upper bounds (joins), and denote by cr A r the set of their greatest common lower 
bounds (meets). Since iS is a simplicial poset, a A t consists of a single element 
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whenever cr V r is nonempty. It is easy to observe that 5 is a simphcial complex 
if and only if for any cr, r G 5 the set cr V t is either empty or consists of a single 
element. In this case S coincides with /Cg. 

Applying barycentric subdivision to every simplex cr G 5 we obtain a new 
simphcial cell complex S' , called the barycentric subdivision of S. From Proposi- 
tion [2?3?7] it is clear that S' can be identified with the (geometric realisation of the) 
order complex ord(5 \ 0). We therefore obtain the following. 

Proposition 2.8.4. The barycentric subdivision S' of a simphcial cell complex 
is a simphcial complex. 

Exercises. 

2.8.5. Show that the following conditions are equivalent for a simphcial poset S: 

(a) S is (the face poset of) a simphcial complex; 

(b) for any a,T E S the set cr A r consists of a single element; 

(c) for any cr, r G 5 the set crVr is either empty or consists of a single element. 

2.9. Cubical complexes 

At some stage of the development of combinatorial topology, cubical complexes 
were considered as an alternative to triangulations, a new way to study topological 
invariants combinatorially. Their nice feature is that the product of cubes is again a 
cube, which makes subdivisions of products easier and leads to a more straightfor- 
ward definition of the multiplication in cohomology. Later it turned out, however, 
that the cubical (co)homomology itself is not particularly advantageous in compar- 
ison with the simphcial one. Currently combinatorial geometry is the main field of 
applications of cubical complexes; moreover, subdivisions into cubes sometimes are 
very helpful in various geometrical and topological considerations. In this section 
we collect the necessary definitions and notation, and then proceed to describe some 
important cubical decompositions of simple polytopes and simplical complexes. 

Definitions and examples. As in the case of simphcial complexes, a cubical 
complex can be defined either abstractly (as a poset) or geometrically (as a cell 
complex). 

Definition 2.9.1. An abstract cubical complex is a finite poset (C, c) contain- 
ing an initial element and satisfying the following two conditions: 

(a) for every element G E C the segment [0, G] is isomorphic to the face poset 
of a cube; 

(b) for every two elements Gi , G2 E C there is a unique meet (greatest lower 
bound). 

Elements G E C are faces of the cubical complex. If [0, G] is the face poset of 
the fc-cube I*^, then the face G is of k- dimensional. The dimension of C is the 
maximal dimension of its faces. The meet of any two faces Gi, G2 is also called 
their intersection and denoted Gi H G2. 

A d-dimensional topological cube is a d-ball with a face structure defined by a 
homeomorphism with the standard cube I''. A face of a topological d-cube is thus 
the homeomorphic image of a face of I"* . 
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Definition 2.9.2. A topological cubical complex is a set U of topological cubes 
of arbitrary dimensions which are all embedded in the same space M" and satisfy 
the following conditions: 

(a) every face of a cube in U belongs to U ; 

(b) The intersection of any two cubes in is a face of each. 

Every abstract cubical complex C has a geometric realisation^ a topological 
cubical complex U whose faces form a poset isomorphic to C. Such U can be 
constructed by taking a disjoint union of topological cubes corresponding to all 
segments [0, G] C C and identifying faces according to the poset relation. 

From now on we shall not distinguish between abstract cubical complexes and 
their geometric realisations. 

By analogy with simplicial complexes, define the f -vector of a cubical complex 
C by /(C) = (/o,/i,...) where /; is the number of i-dimensional faces. There 
are also notions of h- and g-vectors, and cubical analogues of the UBC, LBC and 
5-conjecture. See [2], [lO] and [209] for more details and references. 

The difference between Definition 12.9.21 of a geometric cubical complex and 
Definition 12.2.11 of a geometric simplicial complex is that we realise abstract cubes 
by topological complexes rather than polytopes. This difference is substantial: if 
we replace topological cubes by combinatorial ones (i.e. by convex polytopes com- 
binatorially equivalent to a cube) in Definition I2.9.2[ then we obtain the definition 
of a polyhedral cubical complex. Although this notion is also important in combina- 
torial geometry, not every abstract cubical complex can be realised by a polyhedral 
complex, as shown by the next example. 

Example 2.9.3. Consider the decomposition of a Mobius strip into 3 squares 
shown in Fig. 12.101 

B C D A 



A F E B 

Figure 2.10. Cubical complex which does not admit a polyhedral realisation. 

Proposition 2.9.4. The topological cubical complex shown in Fig. \2.10\ does 
not admit a polyhedral cubical realisation. 

Proof. Assume that such a realisation exists. Then since ABED is a convex 
4-gon, the points A and D are in the same halfplane with respect to the line BE, and 
therefore A and D are in the same halfspace defined by the plane BCE. Similarly, 
since ABCF is a convex 4-gon, the points A and F are in the same halfspace with 
respect to BCE. Hence, D and F are also in the same halfspace with respect to 
BCE. On the other hand, since CDEF is a convex 4-gon, the points D and F 
must be in different subspaces with respect to BCE. A contradiction. □ 
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The example above shows that, unhke the case of simphcial complexes, the 
theory of abstract cubical complexes cannot be described by using convex-geometric 
considerations only. Another simple manifestation of this is the fact that not every 
cubical complex may be realised as a subcomplex in a standard cube, in contrast 
to simplicial complexes which are always embeddable in a standard simplex. The 
boundary of a triangle is the simplest example of a cubical complex not embeddable 
in a cube. It is also not embeddable into the standard cubical lattice in R" (for 
any n). On the other hand, every cubical complex admits a cubical subdivision 
which is embeddable in a standard cube, as shown in the next subsection. Without 
subdivision the question of embeddability in a standard cube or cubical lattice 
is nontrivial. The importance of studying cubical maps (in particular, cubical 
embeddings) of 2-dimensional cubical complexes to the cubical lattice in R"^ was 
pointed out by S. Novikov in connection with the 3 -dimensional Ising model. A 
significant advance on this problem has been achieved in |77j , where necessary and 
sufficient conditions were obtained for a cubical complex to admit a cubical map to 
a standard lattice. 

Cubical subdivisions of simple polytopes and simplicial complexes. 

The particular constructions of cubical complexes given here will be important 
in the definition of moment-angle complexes. Neither of these constructions is 
particularly new, but they are probably not well recorded in the literature (see 
however the references at the end of the section) . 
Any face of I™ has the form 

Cjci = {(yi, . . . , J/m) e I" : = for j e J, v-j = 1 for j (/, 1} 

where J C / is a pair of embedded (possibly empty) subsets of [m]. We also set 

(2.10) Ci - C^ci = {(yi, • • • , 2/m) e I™ : % = 1 for j i 1} 

to simplify the notation. 

Construction 2.9.5 (canonical triangulation of I™). Denote by A = A™^^ 
the simplex on [m\. We assign to a subset / = C [m] the vertex 

vi = Ci(2i of I™. That is, vj = (ei, . . . ,em) where Si — Q if i G I and Si — 1 
otherwise. Regarding each / as a vertex of the barycentric subdivision of A, we can 
extend the correspondence / i— ?> to a piecewise linear embedding Zci A' — > I™. 
Under this embedding the vertices of A are mapped to the vertices of I™ with 
exactly one zero coordinate, and the barycentre of A is mapped to (0, . . . , 0) £ I™ 
(see Fig. 12. lip . The image ic(A') is the union of m facets of I™ meeting at the 
vertex (0, . . . ,0). For each pair / C J, all simplices of A' of the form / = /i C 
I2 C ■ ■ ■ C Ik = J are mapped to the same face C/cJ of I™. The map ic'- A' ^ I™ 
extends to cone(A') by mapping the cone vertex to (1, . . . , 1) e I™. The image of 
the resulting map cone(ic) is the whole cube I™. Thus, cone(zc) : cone(A') — > I™ 
is a PL homeomorphism which is linear on simplices of cone(A'). This defines a 
canonical triangulation of I™, the 'triangulation along the main diagonal'. 

Subdivisions appeared in the construction above can be summarised as follows: 

Proposition 2.9.6. The PL map cone(zc) : conc(A') — > I™ gives rise to 

(a) cubical subdivision 0/ A'"^^ isomorphic to 'half of the boundary 0/ I™ ' 
(the union of facets o/I™ containing the zero vertex); 

(b) cubical subdivision o/cone A™^^ (which is A"^) isomorphic to F"; 
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Figure 2.11. Taking cone over the barycentric subdivision of sim- 
plex defines a triangulation of the cube. 

(c) simplicial subdivision o/I'" isomorphic to cone((A™~^)'). 

Construction 2.9.7 (cubical subdivision of a simple polytope). Let P be a 
simple n-polytope with m facets Fi, . . . , ■ We shall embed P piecewise linearly 
into the standard cube I"*, thereby inducing a cubical subdivision C{P) of P by the 
preimages of faces of I™ . 

Denote by S the set of barycentres of faces of P, including the vertices and 
the barycentre of the whole polytope. This will be the vertex set of C{P). Every 
{n — fc)-face G of P is an intersection of k facets: G = Fi^ H • • • H Fi^, . We map 
the barycentre of G to the vertex [ex, . . . , Sm) G I™, where = if i S {ii, . . . , ik} 
and Ei = 1 otherwise. The resulting map <S ^ I™ can be extended linearly on the 
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simplices of the baryceiitric subdivision of P to an embedding cp: P — >■ I™. The 
case n = 2, TO = 3 is shown in Fig. 12.121 




Figure 2.12. Embedding cp : P ^ I™ for n = 2, to = 3. 

The image cp(P) C I™ is the union of all faces Cjc/ such that Hie/ -Pi 7^ 0- 
For such Cjci, the preimage Cp^{Cjci) is declared to be a face of the cubical com- 
plex C(P). The vertex set of Cp^{Cjci) is the subset of S consisting of barycentres 
of all faces between the faces G and H oi P, where G = f^j^j Fj and H = f],-^j Fi. 
Therefore, the faces of C(P) correspond to pairs of embedded faces G D H, and 
we denote them by Cgdh- In particular, maximal (n-dimensional) faces of C(P) 
correspond to pairs G = P, H = v, where u is a vertex of P. For these maximal 
faces we use the abbreviated notation Cy = Gp^y. 

For every vertex v = Fi-^ H • • • H P^,, G P with ~ {ii, . . . , i„} we have 

(2.11) cp(a) - C/„ - { (yi , . . . , e r" ■.y, = l for j ^ /„ } . 

We therefore obtain: 

Proposition 2.9.8. A simple polytope P with m facets admits a cubical decom- 
position whose maximal faces Gy correspond to the vertices u G P. The resulting 
cubical complex C{P) embeds canonically into F", as described by (|2.1ip . 

Lemma 2.9.9. The number of k-faces of the cubical complex C{P) is given by 

n — k / .\ 

Proof. The formula follows from the fact that the fc-faces of C(P) are in one- 
to-one correspondence with the pairs 6"+*^ D of faces of P. □ 

Construction 2.9.10 (cubical subdivision of a simphcial complex). Let /C be 
a simplicial complex on [to]. Then /C is naturally a subcomplex of A™"^ and the 
barycentric subdivision K,' is a subcomplex of (A™^^)'. Restricting the PL map 
from Construction l2.9.51 to K.' , we obtain the embedding idjc' ■ |^'| I™- Its image 
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is a cubical subcomplex in I™, which we denote cub(/C). Then cub(/C) is the union 
of faces C/cJ C I™ over all pairs / C J of nonempty simplices of JC: 

(2.12) cub(/C) = y C/cj C I™. 

Construction 2.9.11. Since cone(/C') is a subcomplex of cone((A™~^)'), Con- 
struction 12.9.51 also provides a Pi embedding 

cone(ic)|conc(/C') : I cone(/C')| ^ I™- 

The image of this embedding is an n-dimensional cubical subcomplex of I™, which 
we denote cc(/C). It is easy to see that 

(2.13) cc(/c) = y c/cj = y C^J. 

icjgk: JeK 

Remark. If i e [m] is not a vertex of K. (a ghost vertex), then cc(/C) is con- 
tained in the facet {yi — 1} of I™. 

The following statement summarises the results of two previous constructions. 

Proposition 2.9.12. For any simplicial complex K. on the set [m], there is 
a PL embedding of \K,\ into I™ linear on the simplices of K,' . The image of this 
embedding is the cubical subcomplex \2.\2\ . Moreover, there is a PL embedding of 
|cone/C| into I™ linear on the simplices o/ cone(/C'), whose image is the cubical 
subcomplex p.l3p . 

A cubical complex C is called a cubical subdivision of a cubical complex C if 
each face of C is contained in a face of C, and each face of C is a union of finitely 
many faces of C. 

Proposition 2.9.13. For every cubical complex C with q vertices, there exists 
a cubical subdivision that is embeddable as a subcomplex in V . 

Proof. We first construct a simplicial complex JCq which subdivides the cu- 
bical complex C and has the same vertices. This can be done by induction on the 
skeleta of C, by extending the triangulation from the fc-dimensional skeleton to the 
interiors of {k + l)-dimensional faces using a generic convex function /: R'^ — >■ R, 
see [2 28[ §5.1] (note that the 1-skeleton of C is already a simplicial complex). Then 
applying Construction 12 . 9 ."TUl to JCq we get cubical complex cub(/Cc) that subdivides 
JCc and therefore C. It is embeddable into I"? by Proposition 12. 9. l"2l □ 

Example 2.9.14. Cubical complexes cub(/C) and cc(/C) when /C is a disjoint 
union of 3 vertices or the boundary of a triangle are shown in Figs. I2.13H2.1^ 

Remark. Let P be a simple n-polytope, and let /Cp be its nerve complex. 
Then cc(/Cp) = cp(P), i.e. cc(/Cp) coincides with the cubical complex C(P) from 
Construction 12.9.71 

Different versions of Construction l2.9."TT] can be found in |101 p. 299]. A similar 
construction was also considered in |70l p. 434]. Finally, a version of cubical sub- 
complex cub(/C) C I™ appeared in |77j in connection with the problems described 
in the end of the previous subsection. 
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(a) /C = 3 points (b) K. = SA^ 

Figure 2.13. Cubical complex cub(/C). 




(a) /C = 3 points (b) /C = ^A^ 

Figure 2.14. Cubical complex cc(/C). 



Exercises. 

2.9.15. Show that the triangulation of I™ from Construction I2.9T51 coincides 
with the triangulation of the product of m one-dimensional simplices from Con- 
struction [5X101 



CHAPTER 3 



Combinatorial algebra of face rings 

With the appearance of the face rings in the beginning of the 1970s in the 
work of Reisner and Stanley many combinatorial problems were translated into the 
language of commutative algebra, which paved the way for their solution using the 
extensive machinery of algebraic and homological methods. Algebraic tools used 
for attacking combinatorial problems included regular sequences, Cohen-Macaulay 
and Gorenstein rings, Tor-algebras, local cohomology, etc. A whole new thriving 
field appeared on the borders of combinatorics and algebra, which has since become 
known as combinatorial commutative algebra. The basic reference here is Stanley's 
monograph |208| . 

In this chapter we collect the wealth of algebraic notions and constructions 
related to face rings. Our choice of material and notation was guided by the topo- 
logical applications in the later chapters of the book. (This explains the unusual for 
algebraists even grading in the polynomial rings and their homogeneous quotients, 
and also the nonpositive homological grading in free resolutions and Tor.) In the 
first sections we review standard results and constructions of combinatorial commu- 
tative algebra, including the Tor-algebras and algebraic Betti numbers of face rings, 
Cohen-Macaulay and Gorenstein complexes. The later sections contain some more 
recent developments, including the face rings of simplicial posets, different charac- 
terisations of Cohen-Macaulay and Gorenstein simplicial posets in terms of their 
face rings and /i-vectors, and generalisations of the Dehn-Sommerville relations. 
Although all these algebraic and combinatorial results have a strong topological 
flavour and were indeed originally motivated by topological constructions, we tried 
to keep this chapter mostly algebraic and do not require much topological knowl- 
edge from the reader here. 

The preliminary algebraic material of a more general sort, not directly or ex- 
clusively related to the face rings (such as resolutions and the functor Tor, and 
Cohen-Macaulay rings) is collected in Appendices at the end of the book. 

Alongside the above mentioned monograph by Stanley [208] , an extensive sur- 
vey of Cohen-Macaulay rings by Bruns and Herzog [35j and a more recent mono- 
graph 1 160) by Miller and Sturmfels may be recommended for a deeper study of 
algebraic methods in combinatorics. 

We use the common notation k for the ground ring, which is always assumed 
to be the ring Z of integers or a field. The former is preferable for topological 
applications, but the latter is more common in the algebraic literature. We shall 
often refer to k-modules as 'k-vector spaces'; in the case k = Z the latter means 
'abelian groups'. 

We assume graded commutativity instead of commutativity; algebras commuta- 
tive in the standard sense will be those whose nontrivial graded components appear 
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only in even degrees. In particular, the polynomial algebra k[t)i, . . . , Um], which we 
often abbreviate to 'k[m], has degVi = 2. The exterior algebra A[ui, . . . has 
degUi = 1. Given a subset / = {ii, . . . ,ik} C [to] we denote by vj the square-free 
monomial ■ ■ • Vi^, in k[m]. We also denote by uj the exterior monomial u^j^ • • • u^^ 
where ii < ■ ■ ■ < ik- 

3.1. Face rings of simplicial complexes 

Definition 3.1.1. The face ring (or the Stanley-Reisner ring) of a simplicial 
complex K, on the set [to] is the quotient graded ring 

k[/C] = k[wi, . . . ,w„]/Za:, 

where I;^ = (w/ : / ^ /C) is the ideal generated by those monomials vj for which / 
is not a simplex of /C. The ideal Xiq is known as the Stanley- Reisner ideal of /C. 

Example 3.1.2. 

1. Let K, be the 2-dimensional simplicial complex shown in Fig. 13.11 Then 

^K. = {viVr„V3V4,ViV2V3,V2V4V5). 



2 




1 

Figure 3.1. 



2. The face ring k[/C] is a quadratic algebra (that is, the ideal Ijc is generated 
by quadratic monomials) if and only if /C is a flag complex (an exercise). 

3. Let /Ci * IC2 be the join of JCi and IC2 (see Construction 12 . 2 ."S)) . Then 

k[/Ci */C2] =k[A:i](8)k[/C2]. 

Here and below (g) denotes the tensor product over k. 

We note that I/c is a monomial ideal, and it has a basis consisting of square-free 
monomials vj corresponding to the missing faces of /C. 

Proposition 3.1.3. Every square-free monomial ideall in the polynomial ring 
is the Stanley- Reisner ideal of a simplicial complex K,. 

Proof. We set 

/C = {/C [to]: VI il}. 
Then /C is a simplicial complex and T = Xjc . □ 
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Let P be a simple n-polytope and let /Cp be its nerve complex (see Exam- 
ple [2?23]). We define the face ring k[P] as the face ring of /Cp. Explicitly, 

k[P] = k[i;i, . . . ,w„i]/Ip, 

where Xp is the ideal generated by those square- free monomials Vi-^ Vi^ ■ ■ ■ Vi^ whose 
corresponding facets intersect trivially, P^^ H • • • H P^^ = 0. 

Example 3.1.4. 

1. Let P be an n-simplex (viewed as a simple polytope). Then 

k[P] = k[i;i, . . . ,w„+i]/(uit;2 • --Vn+i). 

2. Let P be a 3-cube P. Then 

k[P] = k.[vi,V2, ■ ■ ■ ,V6]/{viV4,V2V5,V3Ve). 

3. Let P be an m-gon, m ^ 4. Then 

Ip — {viVj : I — j 7^ 0, ±1 mod to). 

4. Given two simple polytopes Pi and P2, we have 

k[Pl X P2] =k[Pi]®k[P2]. 

Proposition 3.1.5. Let /C — >■ £ &e a simplicial map between simplicial 
complexes K, and C on the vertex sets [to] and [I] respectively. Define the map 
ip*: k[wi,...,wi] k[vi,...,Vm] by 

Then Lp* descends to a homomorphism k[>C] — ^ k[/C], which we continue to de- 
note ip* . 

Proof. We only need to check that (p*{Ic) C Ik.- Suppose J = {ji, . . . ,js} C 
[/] is not a simplex of C. We have 

ip*{wj, ...WjJ = V^,...Vi^. 

We claim that the right hand side above belongs to Ix:^ i-e. for any monomial 
tiij ■ ■ - Vi^ in the right hand side the set / = {ii, . . . ,is} is not a simplex of /C. 
Indeed, otherwise we would have ip{I) = J e £ by the definition of a simplicial 
map, which contradicts the assumption. □ 

Example 3.1.6. The face ring of the barycentric subdivision K.' of K, is 

k[/C'] -k[fe,: /e/C\0]/lK', 

where 6/ is the polynomial generator of degree 2 corresponding to a nonempty 
simplex / G /C, and lie is generated by quadratic monomials bjbj for which I (t J 
and J ^ I. The simplicial map V: /C' — > /C from Example 12 . 3 . 31 induces a map V* 
of the face ring, given on the generators Vj e k[/C] by 

IGK : minZ— J 
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Example 3.1.7. The nondegenerate map JC' A" ^ from Example 12.3.21 
induces the following map of the corresponding face rings: 

Vi I — > ^ bi. 

|/|=» 

This defines a canonical k[wi, . . . , tinj-module structure on k[/C']. 

An important tool arising from the functoriality of the face ring is the restriction 
homomorphism. For any simplex / G /C, the corresponding full subcomplex JCi is 
A'^I"^ and k[A^/] is the polynomial ring k[wi : i G /] on \I\ generators. The inclusion 
/C/ C K, induces the restriction homomorphism 

sj: k[/C] — > k[wi : i G /], 

which maps Vi to zero whenever i ^ I . 

The following simple proposition will be used in several algebraic and topolo- 
gical arguments of the later chapters. 

Proposition 3.1.8. The direct sum 

s = es,:k[/C] ^0kK:zG/] 

^^'^ leic 
of all restriction maps is a monomorphism. 

Proof. Consider the composite map 

k[wi,...,?;„J — ^ k[/C] — ^ 0^g^ k[w, : i G /] 

where p is the quotient projection. Suppose sp{Q) = where Q = Q{vi, . . . , Vm) 
is a polynomial. Then for any monomial v"^^ ■ ■ ■ w,^*" which enters Q with a nonzero 
coefRcient we have / — {ii, . . . , it] 4- ^ (^^ otherwise the /th component of the 
image under sp is nonzero). Hence p[ff) — and s is injective. □ 

Proposition 3.1.9. The face ring k[/C] has the h-vector space basis consisting 
of monomials v°'_^ ■ ■ ■ v"^ where > and {ji, . . . , jk} G /C. 

Proof. Indeed, the polynomial algebra k[r7i] has the k-vector space basis con- 
sisting of all monomials v°'_^ ■ ■ ■ v"^ , and such a monomial maps to zero under the 
projection k[m] — > k[/C] precisely when {ji, . . . , j^} ^ /C. □ 

Recall that the Poincare series of a nonnegatively graded k-vector space V = 
01^0^* is given by F{V;X) = X]i^o('i™k ^*)''^*- Since k[/C] is graded by even 
integers, its Poincare series is even. 

Theorem 3.1.10 (Stanley). LetK, be an (n—l)- dimensional simplicial complex 
with f -vector (/o, . . . , fn-i) md h-vector (/ig, . . . , hn). Then the Poincare series of 
the face ring k[/C] is 



F(k[/C];A) 



fe-i 

fe=0 



1-AV (1-A2)" 

Proof. By Proposition 13.1.91 a (fc — l)-dimensional simplex {ii, . . . , ik} G JC 
contributes a summand ^^^^^3.^^ to the Poincare series of K. (this summand is just 
the Poincare series of the subspace generated by monomials v"^^ ■ ■ ■ v"^ with positive 
exponents ai). This proves the first identity, and the second follows from (|2.3p . □ 
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Example 3.1.11. 

1. Let JC = A"-i. Then f^ = (^"J for -1 ^ i ^ n - 1, /iq = 1 and hi = 
for i > 0. Since every subset of [n] is a simplex of A"^^, we have k[A"^^] = 
k[z;i, . ..,!;„] and F(k[A"-i]; A) = (1 - A^)"". 

2. Let K, — (3A" be the boundary of an n-simplex. Then /li = 1 for ^ i ^ n, 
and k[9A"] — k[wi, . . . , u,i+i]/(uiU2 ■ ■ ■ Wn+i)- By Theorem l3.1.10| 

^(M9A"];A)=i±|±^^. 

The afhne algebraic variety corresponding to the commutative finitely generated 
k-algebra k[/C] — k[77i]/I^ (i.e. the set of common zeros of elements of viewed 
as algebraic functions on k™) can be easily identified as follows. 

Proposition 3.1.12. The ajfine variety corresponding to k[/C] is given by 

X{K) - y Si, 
leic 

where Si = k(ei: i Cz I) is the coordinate subspace in k™ spanned by the set of 
standard basis vectors corresponding to I . 

Proof. The statement obviously holds in the case K, = A™"^. So we assume 
JC ^ A'"^^. We shall use the following notation from Section \TM I = [m] \ I, the 
complement of / C [to], and K, = {I E [to] : / ^ /C}, the dual complex of /C. Given 
a point z = (zi, . . . , z„i) g k™, we denote by 

U!{z) = {i: 2j = 0} C [to], 

the set of zero coordinates of z. 

By the definition of the algebraic variety X{IC) corresponding to k[/C], 

XilC)^ n Ui-^^ ^^-^0}== f]{z:u:{z)nj^0} 

= {'\{z:Lo{z)<tJ] = {z:uo{z)iZ]. 

Jefc 

On the other hand, 

U^^= U r\i^--^,=0}^ U{z:/C^(z)} 
leJC /e/Cjg/ ie)c 

= \J{z: oj{z) Dl} ^ {z:uj{z) ^ £}. 

The required identity follows by comparing the two formulae above. □ 

Remark. The variety X{JC) is an example of an arrangement of coordinate 
subspaces, which will be studied further in Section [ 



We finish this section with a result showing that the face ring determines its 
underlying simplicial complex: 

Theorem 3.1.13 (Bruns-Gubeladze [34j). Let k be a field, and K-i and IC2 
be two simplicial complexes on the vertex sets [mi] and [TO2] respectively. Suppose 
k[/Ci] and k[/C2] are isomorphic as h-algebras. Then there exists a bijective map 
[mi] [TO2] which induces an isomorphism between ICi and K-2- 
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Proof. Let /: k[/Ci] — > k[/C2] be an isomorphism of k-algebras. An easy 
argument shows that we can assume that / is a graded isomorphism (an exercise, 
or see [M p. 316]). 

Since / is graded, by restriction to the hnear components we observe that 
mi = 7712 and that / is induced by a hnear isomorphism F: k[mi] — !■ k[m2]. This 
is described by the commutative diagram 

k[wi,...,u,„J s-k[tii,... 



k[/Ci] k[/C2] 

By passing to the associated affine varieties, we observe that the isomorphism 
f*: X{JC2)^ XQCi) is the restriction of the k-hnear isomorphism F* : k™^ -> k"i . 
This is described by the commutative diagram 

^(/C2) X(/Ci) 

The isomorphism /* estabhshes a bijective correspondence 

<1> : {maximal faces of /C2} {maximal faces of /Ci} 

which is defined by the formula f*{Si) — S'$(/), where / is a maximal face of IC2- 
It is also clear that = |/| = dimS"/. 

We denote by Pi the intersection poset of the subspaces Si, I G /Ci, with 
respect to inclusion (i.e. the elements of Vi are nonempty intersections Si-^H - ■ ■HS'/j. 
with Ij e JCi). The poset Vi can be also viewed as the intersection poset of the 
maximal faces of /Ci. We define the poset V2 corresponding to JC2 similarly. The 
correspondence <P obviously extends to an isomorphism of posets (P: V2 Vi, which 
preserves the dimension of spaces (or the number of elements in the intersections 
of maximal faces) . 

Now introduce the following equivalence relation on the vertex sets [mi] and 
[m2]: for 11,12 G [mi] (or Ji,j2 G ['^^2]) we put ii ^ 12 if and only if the two sets 
of maximal faces /Ci containing ii and 12 respectively coincide (and similarly for ji 
and j2). The equivalence classes in [mi] are the minimal (with respect to inclusion) 
nonempty intersections of maximal faces of /Ci, and similarly for [m2]. Since <P 
is an isomorphism of posets, the two systems of equivalence classes are in natural 
bijective correspondence, and the corresponding equivalence classes have the same 
numbers of elements. This gives rise to the bijective map Lp: [m2] — > [mi] which 
satisfies the condition that z G / if and only if ip{i) £ "^{I), where i G [m2] and 
/ G /C2 is a maximal face. Since any face of a simplicial complex is contained in a 
maximal face, we obtain that Tp = (p^^ : [mi] — > [m2] is the required map. □ 

Exercises. 

3.1.14. Show that the Stanley-Reisner ideally; is generated by quadratic mono- 
mials if and only if AI! is a flag complex. 
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3.1.15 (see |1831 (4.7)]). Let CAt(/C) be the face category of JC (objects are 
simplices, morphisms are inclusions), CAT°p(/C) the opposite category (in which the 
morphisins are reverted), and CGA the category of commutative graded algebras. 
Consider the diagram 

k[-]K:: CAT°p(A:) — > CGA, 

/ I — > k[wi : i e /] 

whose value on a morphism / C J is the surjection k[Dj : j G J] — >■ k[Di : i e /] 
sending each Vj with j ^ I to zero. Show that 

k[/C] =limk[-];c 

where the limit is taken in the category CGA. (See Appendix [C] for the details on 
categorical constructions.) 

3.1.16. If k[/Ci] and k[/C2] are isomorphic as k-algebras, then there is also 
a graded isomorphism k[/Ci] — > k[/C2]. (Hint: Show first that k[/Ci] and k[/C2] 
are isomorphic as augmented k-algebras, and then pass to the associated graded 
algebras with respect to the augmentation ideals.) 

3.2. Tor-algebras and Betti numbers 

The algebraic Betti numbers of the face ring k[/C] are the dimensions of the 
Tor-groups of k[/C] viewed as a module over the polynomial ring. These basic 
homological invariants of a simplicial complex K. appear to be of great importance 
both for combinatorial commutative algebra and toric topology. 

The face ring k[/C] acquires a canonical k[m]-module structure via the quotient 
projection \i[m\ — >■ k[/C]. We therefore may consider the corresponding Tor-modules 
(see Appendix, Section |A.2|) : 

Tork[,,,...,„,„](k[/C],k) = Tor-^^f ^„^,(k[/C],k). 

From Lemma lA.2.101 we obtain that Torj.[„] (k[/C], k) is a bigraded algebra in a 
natural way, and there is the following isomorphism of bigraded algebras: 

Tork[„,,...,„„] (k[/C] , k) = [A[ui , . . . , u„] (g) k[/C] , d] , 

where the bigrading and differential on the right hand side are given by 

bidegu, - (-1,2), bidegi;, = (0,2), 

dui = Vi, dvi — 0. 

Definition 3.2.1. We refer to Torkj^,^ ^,^^](k[/C],k) as the Tor-algebra of a 
simplicial complex /C. 

The bigraded Betti numbers of k[/C] are defined by 

(3.2) /3-'-2j"(k[/C]) = dimkTor^j^^, ^^^^^(i^j^j^j^^^ ^ q 

We also set 

r^(k[/C]) =dimkTor-[;^^^„^j(k[/C],k) =^/3-"'^"(k[^])- 

j 

The Tor-algebra has the following functorial property: 
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Proposition 3.2.2. A simplicial map ip: K. ^ C between simplicial complexes 
on the sets [m] and [I] respectively induces a homomorphism 

(^Tor^ Tork[^,j^...^^,](k[/:],k) Tork[i,i,. ..,„„] (k[/C],k) 

of the corresponding Tor-algebras. 



Proof. This follows from Proposition 13. 1.51 and Theorem IA.2.51 (b). □ 

Consider the minimal resolution [-Rmin,rf] of the k[m]-module k[/C] (see Con- 
struction IA.2.2p . Then R'^^^ ^ 1 • k[m] is a free module with one generator 
of degree 0. The basis of R^l^^ is a minimal generator set for X/c, and these 
minimal generators correspond to the missing faces of /C. Given a missing face 
{ii, . . . , ik} C [to], denote by ri^^,,,^i^ the corresponding generator of i?"^^^. Then the 
mapd: ^ R°^.^ takes r,,,...,,, tow,, . By PropositionEM /^'^'^^ (k[/C]) 
is equal to the number of missing faces with j elements. 

Example 3.2.3. Let /C = I2 ^ the boundary of a 4-gon. Then 

k[/C] = k[vi,. . . , V4]/{viV3,V2V4:). 

Let us construct a minimal resolution of k[/C]. The module has one generator 
1 (of degree 0). The module i?"?,, has two generators and r24 of degree 4, 
and the differential d: R^,^ — ^min t^-kes ri3 to V1V3 and r24 to V2V4. The kernel 
-^min ~^ ^min generated by one element f2i'4fi3 — viV3r24:- Hence, has 
one generator of degree 8, which we denote by a, and the map d: — > -^mL 
injective and takes a to f2i'4fi3 — viV3r2i. Thus, the minimal resolution is 

> R^l > R^l > <i„ > M > 0, 

where ranki?|J,i„ = /30'0(k[/C]) = 1, ranki^^J,, = /3-i'4(k[/C]) = 2. ranki?-f„ = 
/3-2^«(k[/C]) = 1. 

The following fundamental result of Hochster reduces the calculation of the 
Betti numbers /3~*'^-' (k[/C]) to the calculation of reduced simplicial cohomology of 
full subcomplexes in /C. 

Theorem 3.2.4 (Hochster [1245). We have 

Tork[:;^f:..,.„](k[/C],k) = i?^— i(/C,;;k), 

JC[m] : |J|=j 

where ICj is the full subcomplex of IC obtained by restricting to J (Z [to]. We assume 
H~^{JCiz; k) = k above. 

We shall give a proof of Hochster's formula following |179j . The idea is to first 
reduce the Koszul algebra [A[ui, . . . , w„j] ^ k[/C], d] to a certain finite dimensional 
quotient i?*(/C), without changing the cohomology, and then identify i?*(/C) with 
the sum of simplicial cochain complexes of all full subcomplexes in IC. The alge- 
bra R*{JC) will be also used in the cohomological calculations for moment-angle 
complexes in Chapter 21 

We use simplified notation ujvj for a monomial uj (8) vj in the Koszul algebra 
A[ui, . . . ,Um] k[/C]. 
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Construction 3.2.5. We introduce the quotient algebra 

R*{JC) = A[ui, . . . (g) k[/C]/(uf = u^Vi = 0, 1 < z m). 

Since the ideal generated by vf and UiVi is homogeneous and invariant with respect 
to the differential (since d{uiVi) — and d{v1) — 0), we obtain that R*{JC) has 
differential and bigrading (|3.1D . We also have the quotient projection 

q: A[mi,...,u™] (g)k[/C] ^ i?*(/C). 

By definition, the algebra R*{JC) has a k- vector space basis consisting of monomials 
ujvj where J C [m], I £ IC and J n / = 0. Therefore, 

(3.3) dimki?-^'^^ = /,-p-i('"7+^), 

where (/o, /i, . . . , /n-i) is the /-vector of /C and /_i = 1. We have a k-linear map 

l: R*{JC) A[ui, ...,u^](S) k[/C] 

sending each ujvj identically. The map l commutes with the differentials, and 
therefore defines a homomorphism of bigraded differential k- vector spaces satisfying 
the relation g ■ l — id. Note that l is not a map of algebras. 

Lemma 3.2.6. The projection homomorphism g: A[mi, . . . , Um]'8)k[/C] — ;> R*{IC) 
induces an isomorphism in cohomology. 

Proof. The argument is similar to that used for the Koszul resolution (see 
Construction IA.2.4P . We shall construct a cochain homotopy between the maps id 
and L ■ g from A[ui, . . . , Um] (8) k[/C] to itself, that is, a map s satisfying the identity 

(3.4) ds + sd = id — L ■ g. 

We first consider the case K. = A"'~\ Then A[wi, . . . ,it„i] k[A™-i] is the 
Koszul resolution (jA.5|) . which will be denoted by 

(3.5) E = Em = A[mi, . . . (g) k[?;i, . . .,Vm], 
and the algebra R*{A™^^) is isomorphic to 

(3.6) {A[u](g,-k[v]/iv^,uv))^"". 

For m = 1, we define the map si : E'l* = k[w] ^ E^'-* by the formula 

Si(ao + o.i'^ + ■ • • + ajV^) — u{a2V + a^v^ + ■ • • + ajV^"^). 

We need to check identity p.4p for x = + aiv -I- • • • -f ajv'-' G E^'* and for 
ux G Ei^'* ^ as each element of Ei is the sum of elements of these two types. In the 
first case we have dsix — x ~ ao~ aiv — x~ igx, and sidx = 0. In the second case, 
i.e. for ux e E^^'* ^ we have dsi(ux) — 0, and sid{ux) — ux ~ a^u ~ ux — Lg{ux). 
In both cases p.4p holds. 

Now we may assume by induction that a cochain homotopy s„i : E„i — > Em has 
been already constructed for m = k — 1. Since Ek = Ek-i ® Ei, gk — gk-i ® gi 
and Lk = ifc-i (gi ti, a direct calculation shows that the map 

(3.7) Sfe = Sfe„i (g) id + t/c-ipfe-i ® si 

is a cochain homotopy between id and LkQk, which finishes the proof for /C = A™~^. 

In the case of arbitrary K, the algebras A[ui, . . . , Um] ® k[/C] and R*{JC) are ob- 
tained by factorising p.5p and p.6p respectively by the ideal I)q in A[ui, . . . , Um] ® 
k[m]. Observe that Tx, is generated by vi with / ^ /C as an ideal, and it has 
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a k- vector space basis of monomials ujv°'^^ ■ ■ ■ v°'^ with / — {ii, . . . ,ik} ^ K. and 
tti > 0. We need to check that 

dilfc) c Ik, igil^K) c I/c, s[Tk.) c Ik.- 

The first inclusion is obvious: since d is a derivation, we only need to check that 
dvi G Tk for / ^ /C, but dvi = 0. The second inclusion is also clear, since 



MjWii • • -Wjfc, if at = 1 and J n {n, . . . ,ife} = 0; 
0, otherwise. 



It remains to check the third inclusion. By expanding the inductive formula p.7p 
we obtain 

Sm = si (X) id (g) • • • (g) id + LiQi (8) Si (g id (g) • • • (g) id + tigi (g • • • (g liQi (g si. 
It follows that 



oik 



p: Qp>l 



Therefore, s{Xic) C Xjc, and identity p.4p holds in A[ui, . . . , u„i] g) 'k[JC]. □ 

As an immediate consequence of Lemma 13.2.61 we obtain 

Corollary 3.2.7. We have that /S^^^'^i {k[IC]) ^ if i > m, or J > m. 

Proof. Indeed, R^^'^^{JC) = if either i or j is greater than m. □ 

Now, in order to prove Theorem l3.2.4i we need to show that the cohomology of 
i?*(/C) is isomorphic to the direct sum of the reduced cohomology of the full subcom- 
plexes on the right hand side of Hochster's formula. We shall see that this is true 
even without passing to cohomology, i.e. i?*(/C) is isomorphic to 0/^„C*(/C7), 
with the appropriate shift in dimensions, where C* denotes the simplicial cochain 
groups. To do this, it is convenient to refine the grading in k[/C] as follows. 

Construction 3.2.8 (multigraded structure in face rings and Tor-algebras). A 
multigrading (more precisely, an N™-grading) is defined in k[wi, . . . ,w„i] by setting 

mdegvY ■■•Wm = (2?i, . . . , 2i™). 

Since k[/C] is the quotient of the polynomial ring by a monomial ideal, it inherits 
the multigrading. We may assume that all free modules in the resolution (|A.2p 
are multigraded and the differentials preserve the multidegree. Then the algebra 
Tork[m](k[/C], k) acquires the canonical Z N™-grading, i.e. 

Tork[„„...,.„](k[/C],k) = ToT^^f^l^^Jk[JClk). 

The differential algebra R*{IC) also acquires a Z N^-grading, and Lemma [3.2.61 
implies that 

(3.8) Tor-[^^" _„^,(k[/C],k) - iJ-^2"[i?*(/C),d]. 

We may view a subset J C [m] as a (0, l)-vector in N™ whose jth coordinate 
is 1 if j G J and is otherwise. Then there is the following multigraded version of 
Hochster's formula: 
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Theorem 3.2.9. For any subset J C [m] we have 

To'-£'..^.„„](k[/C],k)-i/l^l — i(/C,), 

and Torj^*^"(k[/C], k) = if a is not a (0, \)-vector. 

Proof of Theorem 13.2.41 and Theorem 13.2.91 Let C"?(/Cj) denote the qth 
simphcial cochain group with coefficients in k. Denote by aL G Cp^^(/Cj) the basis 
cochain corresponding to an oriented simplex L — {li, . . . ,lp) G /Cj; it takes value 1 
on L and vanishes on all other simplices. Now we define a k-linear map 

aL I — > e{L,J) uj\lVl, 
where e{L, J) is the sign defined by 

e{L,J)^\{e[j, J), 

and e{j, J) — (—1)''^^ if j is the rth element of the set J C [m], written in increasing 
order. Obviously, / is an isomorphism of k-vector spaces, and a direct check shows 
that it commutes with the differentials. Indeed, we have 

/(dai) = /(^ ^ e{j,j U L) ajui) 
jeALjuLeiCj 

= ^(iUi, J)e(j,jUi)iij\Q-u£)WjuL 

3£J\L 

(note that vjul G k[/C], and hence it is zero unless jUL G JCj). On the other hand, 

dfiah)^ Y e{L,J)e{j,J\L)uj\(jyjL)VjuL- 
ieJ\L 

By the definition of e{L,J), 

e{j U L, J)e(j,j UL)^ e{L, J)e{j, J)e{j,j U L) = e{L, J)e{j,J\L), 

which implies that f(daL) = df^a^). Therefore, / together with the map k — > 
jj-l J|,2,7^^-j^ 1 defines an isomorphism of cochain complexes 

0^ k ^ c°iiCj) A ••• A c'p-HiCj) 

0^ i?-|J|.2,7(^) ^1-1.71,2,7 A ... A RP'\J\^^J (IC) A--- 

Then it follows from that 

i/^-i(X,)-Tor^-^:^;^^^j(k[/C],k), 

which is equivalent to the first isomorphism of Theorem 13. 2. 91 Since i?^*'^''(/C) = 
if a is not a (0, l)-vector, Torj^j*^^"(k[/C], k) vanishes for such a. □ 

Since Torj.[„] (k[/C], k) is an algebra, the isomorphisms of Theorem 13.2.41 turn 
the direct sum 

(3.10) HP-'ilCj) 

JC[m] 
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into a (multigraded) k-algebra. Consider the product in the simplicial cochains of 
full subcomplexes given by 

(3-11) „ f aLuM, if/nJ = 0; 



0, otherwise. 



Here Ulum S C'p~^'^~^{JCiuj) denotes the basis simplicial cochain corresponding to 
L U M if the latter is a simplex of /C/uj and zero otherwise. If / n J = 0, then 
/C/uj is a subcomplex in the join /C/ * /Cj, and the above product is the restriction 
to /C/u,7 of the standard exterior product 

CP-^JCi) (g) C«-i(/Cj) CP+«-i(/C/ * JCj). 

Proposition 3.2.10. The product in the direct sum 0p^o Jc[m] H^j) 
induced by the isomorphisms from Hochster's theorem coincides up to a sign with 
the product given by (|3.1ip . 

Proof. This is a direct calculation. We use the isomorphism / given by (|3.9p : 

aL ■ au = /"^(/(^l) • f{aM)) = f^'^ {e{L, I) uj\lVl s{M, J)uj\mvm) 

If /n J ^ 0, then the product uj\i^vlUj\m'^m is zero in R*{IC). Otherwise we have 
that Ui\lVlUj\mVm = C W(/uj)\(lum)^'lua/, where C = Y{kei\L kUJ\M), and 
we can continue the above identity as 

aL ■ otM e{L, I) e{M, J) ( e{L DM, ID J) ulum- 

Note that this calculation also gives the explicit value for the correcting sign, but 
we shall not need this. □ 

Let P be a simple polytope. The multigraded components of Tork[„j](k[P], k) 
can be expressed directly in terms of P as follows. Let {Fi, . . . , Fm] be the set of 
facets of P. Given / C [m], we define the following subset of the boundary of P: 

iei 

Proposition 3.2.11. For any subset J C [to] we have 

and Torj^j*^"(k[P], k) = i/ a is not a (0, l)-vector. 

Proof. Let JC = K.p be the nerve complex of P. Then the statement follows 
from Theorem 13.2.91 and the fact that Kj is a deformation retract of Pj. The 
latter is because P is simple, and therefore, Pj = Fj = Uie/^^K;'!*} (by 

Proposition 12 .3 . 8)1 . which is the combinatorial neighbourhood of (/Cj)' in JC' . □ 

For a description of the multiplication in Tori(.[m] (k[P], k) in terms of P, see 
Exercise [HXTil 



Example 3.2.12. 
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1. Let P be a 4-gon, so that Kp = 12 , as in Example 13.2.31 This time we 

calculate the Betti numbers /J"*'^-' (k[P]) using Hochster's formula. We have that 

/3°'''(k[P]) = dim^-i(0) = 1 1, 

/3-i'4(k[F]) =dimi?°(F{i,3}) ®i?°(F{2,4}) =2 mi1'3,"2«4 

/3-2,8(k[F]) ^ dimi?l(F{i,2^3,4}) - 1 UxU2V3Vi, 

where in the right column we include cocycles in the Koszul algebra A[mi, . . . , Um] ® 
k[P] representing generators of the corresponding cohomology groups. All other 
Betti numbers are zero. We have a nontrivial product [M1W3] • [U2W4] = [W1U2W3W4]; 
all other products of positive-dimensional classes are zero. Note that in this example 
all Tor-groups have bases represented by monomials in the Koszul algebra. This is 
not the case in general, as is shown by the next example. 

2. Now let K. = 1* — »2 3* — '4 be the union of two segments. Then the 
generator of 

Toik[tf,...,.,](k[^],k) = H"(^{i.2,3,4};k) - k 

is represented by the cocycle U1U2U3W4 — uiM2U4i'3 in the Koszul algebra, and it 
cannot be represented by a monomial. 

3. Let us calculate the Betti numbers (both bigraded and multigraded) of k[/C] 
for the complex shown in Fig. 13.11 using Hochster's formula. We have 

=dimi/°(0) = 1, 

r''' = /3-l,(2,0,0,0.2) ^ ^-1,(0,0,2,2,0) ^ dim (^{1,5}) ® i?°(^{3,4}) = 2, 
^-1,6 ^ ^-1,(2,2,2,0,0) ^ ^-1,(0,2,0,2,2) ^ dim ^ (/C{i,2,3}) © H\K.{2Am) = 2> 
^-2,8 _ ^-2,(0,2,2,2,2) ^-2,(2,0,2,2,2) ^ . . . ^ ^-2,(2,2,2,2,0) 

= dim5l(/C{2,3,4,5}) © • • • © ^^(/C{i,2,3,4}) = 5, 
^-3,10 ^ ^-3,(2,2,2,2,2) ^ dim ^ (/C{ 1,2,3,4,5}) = 2. 

All other Betti numbers are zero. 

4. Let /C be a triangulation of the real projective plane RP^ with m vertices (the 
minimal example has m = 6, see Fig. 13.21 where the vertices with the same labels 
are identified, and the boundary edges are identified according to the orientation 
shown). Then, by Hochster's formula, 



5 




5 

Figure 3.2. 6- vertex triangulation of MP^ . 
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To^F^":'"™] (kW, k) = i?2(/CH; k) = H\RP'; k) = 

if the characteristic of k is not 2. On the other hand, 

To4:["'!".„](^2[/C],Z2) - H\lCi„,y,Z2) - H\UP^;Z2) = Z2. 

This example shows that the Tor-groups of k[/C], and even the algebraic Betti 
numbers, depend on k. A similar example shows that Torz[m] (Z[^]j Z) may have 
an arbitrary amount of additive torsion. (This is a well-known fact for the usual 
cohomology of spaces, and so we may take /C to be a triangulation of a space with 
the appropriate torsion in cohomology.) 

Exercises. 

3.2.13. Let P be a pentagon. Calculate the bigraded Betti numbers of k[P] 
and the multiplication in Tori(.[m] (k[P], k) 

(a) using algebra R*{K.p) and Lemma [3.2.61 

(b) using Hochster's theorem and Proposition 13. 2.1^ 
and compare the results. 

3.2.14. Use Proposition 13.2. iTl and the isomorphism 

to show that the multiplication induced from Torkjm] (k[P], k) in the direct sum 

JC[m] 

comes from the standard exterior multiplication 

HP{P, Pi) (g) iJ«(P, Pj) — > HP+'i{P, Pi U Pj) 
when I n J = and is zero otherwise. 

3.2.15. Complete the details in the following algebraic proof of the Alexan- 
der duality (Theorem I2.4.5P : this argument ascends to the original work of 
Hochster [124] : 

1. Choose J ^ JC, that is, J = [m] \ J e /C, and show that for any L = 
{h, . . . ,lq} C J, 

J\L(^JC ^ Lelkj^J. 

2. Consider the Koszul algebra 

S{IC) = [A[ui,...,Um\(E>lK.,d] 

of the Stanley-Reisner ideal I/c (see Lemma IA.2.101 and the remark after it) , and 
show that its multigraded component S'~'''^'^(/C) has a k-basis consisting of mono- 
mials ulVj\i^ where L G Ik^ J. 

3. Consider the k- vector space isomorphism 

g: C,_i(lk^J)^5-«^2'^(/C), 

[L] I > ULVj\L, 

where [L] G Cq-i{l]<ij^ J) is the basis simplicial chain corresponding to L. Show that 
g commutes with the differentials, and therefore defines an isomorphism of chain 
complexes (in analogy with (|3.9p . but with no correction sign). 
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4. Deduce that 

where the first isomorphism is obtained by passing to homology in step 3, the 
second follows from the long exact sequence of Theorem IA.2.51 (e) , and the third is 
Theorem 13.2.41 It remains to note that the resulting isomorphism is equivalent to 
that of Corollary [2X61 

3.3. Cohen Macaulay complexes 

It is usually quite difficult to determine whether a given ring is Cohen-Macaulay 
(see Appendix, Section IA.3[) . One of the key results of combinatorial commu- 
tative algebra, the Reisner Theorem, gives an effective criterion for the Cohen- 
Macaulayness of face rings, in terms of simplicial cohomology of /C. A reformula- 
tion of Reisner's criterion, due to Munkres and Stanley, tells us that the Cohen- 
Macaulayness of k[/C] is a topological property of K,, i.e. it depends only on the 
topology of the realisation |/C|. These results have many important applications in 
both combinatorial commutative algebra and toric topology. 

Here we assume that k is a field, unless otherwise stated. If K, is of dimension 
71—1, then the Krull dimension of k[/C] is n (an exercise). We start with the 
following combinatorial description of homogeneous systems of parameters (hsop's) 
in k[/C] in terms of the restriction homomorphisms s/ : k[/C] — >■ \i[vi : i € I] (see 
Proposition I3.1.8P . 

Lemma 3.3.1. Let K. he a simplicial complex of dimension n — 1. A sequence 
of homogeneous elements t= (ii,...,f„) o/k[/C] is a homogeneous system of pa- 
rameters if and only if 

dimk(k[vi : i E /]/s/(t)) < oo 

for each simplex / G /C, where si{t) is the image of the sequence t under the 
restriction map sj. 

Proof. Assume that t is an hsop. By applying the right exact functor (8)k[t] to 
the epimorphism s/ : k[/C] — k[ui : i e /] we obtain that k[/C]/f — !■ k[wi : i e I]/si(t) 
is also an epimorphism. Hence, 

dimk(k[i;i: i G I]/si{t)) < dimk(k[/C]/t) < cxi. 

For the opposite statement, assume that 

dinik ^ li[vi : i E I]/sj{t) < oo. 

leic 

Consider the short exact sequence of k[t]-modules 

k[/c] ^ kK : z e /] ^ g ^ 0, 

where Q is the quotient module, and the following fragment of the corresponding 
long exact sequence for Tor (Theorem IA.2.51 fe)): 

> Tor^[t](Q''') ^t-*^]/* 0kK: * e I]lsi{t) ^ • •• . 

/e/c 
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Since ^j^ic^[vi'. i S /] is a finitely generated k[f]-module, its quotient Q is also 
finitely generated. Hence dinik Tor^j^j (Q, k) < oo (see Proposition IA.2.6|) . and, by 
the exact sequence above, dinik(k[/C]/<) < oo. Therefore, t is an hsop in k[/C]. □ 

Recall that we refer to a sequence t — {ti,. . . ,tn) e k[/C] as linear if dcgi^ = 2 
for all i. We may write a linear sequence as 

(3.12) U = Xavi H h Xi„iV„i, for 1 < « < n. 

Lemma 3.3.2. A linear sequence t ~ (ti, . . . ,tn) C k[/C], dim/C = n ~ 1, is 
an hop if and only if the restriction si{t) to each simplex o/ / G /C generates the 
polynomial algebra k[wi : i G /] (i.e. the rank of the n x |/| matrix A/ = (Xij), 
l^i^n, is equal to \I\). 

Proof. Indeed, if t is linear, then the conditions dimkk[ui : i G I]/si{t) < oo 
and k[vi : i G I]/si{t) = k are equivalent. The latter means that si{t) generates 
k[ui : i G /] as a k- algebra. □ 

Note that it is enough to verify the condition of Lemmata 13.3.11 and 13.3.21 only 
for maximal simplices / G /C. 

Definition 3.3.3. A linear sequence t = (ti,...,t„) C Z[/C] is referred to 
as a integral Isop if its reduction modulo p is an Isop in Zp[/C] for any prime p. 
Equivalently, t is an integral Isop if n = dim/C + 1 and the restriction si{t) to each 
simplex / G /C generates the polynomial ring Z[f ^ : i € I] (the equivalence of these 
two conditions is an exercise). 

Although the rational face ring Q[/C] always admit an Isop by Theorem lA.3.10| 
an Isop in Zp[/C] for a prime p (or an integral Isop in Z[/C]) may fail to exist, as is 
shown by the next example. 

Example 3.3.4. 

1. Let /C be a simplicial complex of dimension n — 1 on m ^ 2" vertices whose 
1-skeleton is a complete graph. Then the face ring Z2 [K] does not admit an Isop. 
Indeed, assume that p.l2|) is an Isop. Then, by Corollarv l3.3.2( each column vector 
of the n X m- matrix (Xij) is nonzero, and all column vectors are pairwise different 
(since each pair of vertices of IC spans an edge). This is a contradiction, since the 
number of different nonzero vectors in is 2" — 1. By considering the reduction 
modulo 2 we obtain that Z[/C] also does not admit an integral Isop. 

2. There are also simple polytopes P whose face rings k[P] do not admit 
an Isop over Z2 or Z. Indeed, let P be the dual of a 2-neighbourly simplicial n- 
polytope (e.g., a cyclic polytope of dimension n ^ 4, see Example ll.l.lSp with 
m ^ 2" vertices. Then the 1-skeleton of /Cp is a complete graph, and therefore 
Z[P] = Z[/Cp] does not admit an Isop. This example is taken from [70]. 

By considering the reduction modulo 2 we observe that the ring Z[/C] for IC from 
the previous example also does not admit an integral Isop. Existence of integral 
Isop's in the face rings Z[/C] is a very subtle question of great importance for toric 
topology; it will be discussed in more detail in Section iLTl 

Definition 3.3.5. /C is a Cohen-Macaulay complex over a field k if k[/C] is a 
Cohen-Macaulay algebra. We say that /C is a Cohen-Macaulay complex over Z. or 
simply a Cohen-Macaulay complex, if k[/C] is a Cohen-Macaulay algebra for k = Q 
and any finite field. 
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Remark. We shall often consider k[/C] as a k[m]-module rather than a k- 
algebra. However, this does not affect regular sequences and the Cohen-Macaulay 
property: it is an easy exercise to show that a sequence t C k[TO] is k[TO]-regular 
for k[/C] as a k[TO]-module if and only the image of t in k[/C] is k[/C] -regular. In 
particular, k[/C] is a Cohen-Macaulay algebra if and only if it is a Cohen-Macaulay 
k[m]-module. We shall therefore not distinguish between these two notions. 

Example 3.3.6. Let K. = ^A^. Then k[/C] = k[wi, ^2, W3]/(wiW2W3) and 
the KruU dimension is dimk[/C] = 2. The elements vi,V2 G k[/C] are alge- 
braically independent, but do not form an Isop, since ]i[JC]/{vi,V2) = k['i;3] and 
dim(k[/C]/(ui, ^2))= 1- On the other hand, the elements ti = vi — U3, t2 = V2 — V3 
form an Isop, since k[/C]/(ti, ^2) = k[i]/t'^. It is easy to see that k[/C] is a free 
k[ii, i2]-inodule on the basis {l,vi,Vi}. Therefore, k[/C] is a Cohen-Macaulay ring 
and (ii,t2) is a regular sequence. 

Cohen-Macaulay complexes can be characterised homologically as follows: 

Proposition 3.3.7. The following conditions are equivalent for a simplicial 
complex JC of dimension 71 — 1 with m vertices: 

(a) /C is Cohen-Macaulay over a field k; 

(b) l3-'(k[K:]) =0 fori >m-n and (k[/C]) ^ 0. 

Proof. By definition, condition (a) is that depth k[/C] = n. Condition (b) 
is equivalent to the equality pdimk[/C] = m — n, by Corollary IA.2.71 Since 
depth k[r7i] = m, the two conditions are equivalent by Theorem IA.3. 81 □ 

Example 3.3.8. Let K be the 6-vertex triangulation of MP^, see Exam- 
ple l3.2.12l 4 and Figure[321 Then to - 71 = 3, and, by Theorem[3231 

r4(Z2[/C])=dimz,i?i(Mp2;Z2) = 1, 

so JC is not Cohen-Macaulay over Z2. On the other hand, a similar calculation 
shows that if the characteristic of k is not 2, then /3"*(k[/C]) = for i > 3 and 
/?~'^(k[/C]) = 6, i.e. JC is Cohen-Macaulay over such fields. 

Proposition 3.3.9 (Stanley). IfJC is a Cohen-Macaulay complex of dimension 
71 — 1, then h{IC) = [ho, . . . , hn) is an M-vector (see Definition \1.4-.13^ . 

Proof. Let JC be Cohen-Macaulay, and let t — {ti, . . . , t„) be an Isop in k[/C], 
where k is a field of zero characteristic. Then, by Proposition IA.3. Ml 

On the other hand, the Poincare series of k[/C] is given by Theorem 13.1.101 which 
implies that 

F(k[/C]/*; X)=ho + hiX" + ■■■ + hnX^". 
Now, A — k[JC]/t is a graded algebra generated by its degree-two elements and 
dimk A^' = hi, so {hg, . . . , hn) is an Af-vector by definition. □ 

Remark. According to a result of Stanley |2081 Theorem II.3.3], if (/iq, • ■ • , ^n) 
is an M-vector, then there exists an {n — l)-dimensional Cohen-Macaulay complex 
JC such that hi{JC) = hi. Together with Proposition 13.3.91 this gives a complete 
characterisation of face vectors of Cohen-Macaulay complexes. 
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The following fundamental result gives a combinatorial characterisation of 
Cohen-Macaulay complexes: 

Theorem 3.3.10 (Reisner |196| ). Let h = Z or a field. A simplicial complex K, 
is Cohen-Macaulay over k if and only if for any simplex I £ IC ( including 1 — 0) 
and i < dim(lk/), we have i?i(lk/;k) — 0. 

The proof can be found in many texts on combinatorial commutative algebra, 
see e.g. [208, §11.4] or |160i Chapter 13]. It is not very hard, but uses the notion 
of local cohomology, which is beyond the scope of this book. 

The following reformulation of Reisner's Theorem shows that the Cohen- 
Macaulayness is a topological property of a simplicial complex. 

PROPOSITION 3.3.11 (Munkres, Stanley). A simplicial complex JC is Cohen- 
Macaulay over k if and only if for any point a; G |/C|, we have 

Hi{\lC\, |/C|\ a;;k) = H,{IC;k) =0 for i < dim/C. 

Proof. Let I e IC. If / = 0, then i/,(/C;k) = Hi{\kl:k). U I ^0, then 

(3.13) i7,(|/C|,|/C|\x;k) = i?,_|,|(lk/;k) 

for any x in the interior of /, by Proposition 12.2.1^ 

If /C is Cohen-Macaulay, then it is pure (Exercise 13.3. 20p and therefore Ik / is 
pure of dimension dim/C — |/| f Exercise 12.2. 19| ). Hence, i < dim/C implies that 
i-\I\< dimlk/ and iJi(|/C|, |/C|\ a;;k) = by ((3T3| and Theorem [S^pOl 

On the other hand, if i7,(|/C|, |/C| \ a;; k) = for i < dim /C, then Hj{\kl;k) = 
i/j+|/|(|/C|, |/C|\ a;;k) = for j < dimlk/, since j + \I\ < dimlk/ + |/| ^ dim/C. 
Thus, K, is Cohen-Macaulay by Theorem 13.3. 101 □ 

Corollary 3.3.12. // a triangulation of a space X is a Cohen-Macaulay com- 
plex, then any other triangulation of X is Cohen-Macaulay as well. 

Corollary 3.3.13. Any triangulated sphere is a Cohen-Macaulay complex. 

In particular, the /i-vector of a triangulated sphere is an A/-vector. This fact 
was used by Stanley in his generalisation of the UBT (Theorem 11.4.411 to arbitrary 
sphere triangulations; 

Theorem 3.3.14 (UBT for spheres). For any triangulated (n— 1)- dimensional 
sphere K. with m vertices, the h-vector (ho, hi, ... , hn) satisfies the inequalities 

h,{lC) ^ 

Therefore, the UBT holds for triangulated spheres, that is, 

fm^f,{C^{m)) fori = l,...,n~l. 

Proof. Let A = k[K]/ 1 be the algebra from the proof of Proposition 13.3.91 so 
that dimk = hi. In particular, dinik — hi = m — n. Since A is generated 
by A^ , the number hi cannot exceed the number of monomials of degree i in to — n 
generators, i.e. h^ < ^m-n+i-iy rpj^^ ^.^^^ follows from Lemma [TX6l □ 
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Exercises. 

3.3.15. If /C is a simplicial complex of dimension n — 1, then dinik[/C] — n. 

3.3.16. Let t be an Isop in k[/C]. Then the k- vector space k[/C]/t is generated 
by monomials vi for / G /C. (Hint: prove that ViVj = in k[/C]/f for any i G [to] 
and for any maximal simplex / G /C, and then use Proposition 13.1.5)) . 

3.3.17. A sequence t C k[TO] is k[m]-regular for k[A^] as a k[TO]-module if and 
only the image of t in k[/C] is k[/C] -regular. 

3.3.18. Let t — {ti, . . . ,tn) C Z[/C] be a linear sequence, dim/C = n — 1. The 
following conditions are equivalent: 

(a) the reduction of t modulo p is an Isop in Zj, [/C] for any prime p: 

(b) the restriction si{t) to each simplex I £ K, generates the polynomial ring 
Z[t;,:iG/]; 

(c) for each / G /C the columns of the n x |/| matrix (A^), 1 ^ i ^ n, j £ I, 
generate the integer lattice Z'^L 

3.3.19. A finitely generated commutative k-algebra is called a complete inter- 
section algebra if it is the quotient of a polynomial algebra by a regular sequence. 
Observe that a complete intersection algebra is Cohen-Macaulay. Show that a face 
ring k[/C] is a complete intersection algebra if and only if it is isomorphic to the 
quotient of the form 

This is equivalent to /C being decomposable into a join of the form 

where s = fci + • • • + fcp and the join factor A™^"^^ is void if s = to. 

3.3.20. A Cohen-Macaulay complex is pure. (Hint: given a maximal simplex 
J G /C, consider the ideal Xj — {vi : i ^ J) in k[TO], and show that 

depthk[/C] s$ dim(k[TO]/Ij) = dimk[t;j : j e J] ^ \ J\.) 

3.4. Gorenstein complexes and Dehn Sommerville relations 

Gorenstein rings are a class Cohen-Macaulay rings with a special duality prop- 
erty. As in the case of Cohen-Macaulayness, simplicial complexes whose face rings 
are Gorenstein play an important role in combinatorial commutative algebra. In a 
sense, non-acyclic Gorenstein complexes provide a 'best possible algebraic approx- 
imation' to sphere triangulations. We review here the most important aspects of 
Gorenstein complexes. The proofs of the main results of this section, in particular 
Theorems 13.4.21 and 13.4.41 require considerably more commutative algebraic tech- 
niques than those from the previous sections. We refer the reader to |35[ Chapter 3] 
for the general theory of Gorenstein rings and the missing proofs. 

We recall from Proposition 13.3.71 that nonzero Betti numbers of a Cohen- 
Macaulay complex /C of dimension n — 1 with m vertices appear up to homological 
degree -(m - n), and (k[/C]) 7^ 0. 

Definition 3.4.1. A Cohen-Macaulay complex /C of dimension n — 1 with 
TO vertices is called Gorenstein (over a field k) if /3-(™-")(k[/C]) = 1, that is, if 
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Torj,jj^J "''(k[/C], k) = k. Furthermore, K, is Gorenstein* if K. is Gorenstein and 
K, = core/C (see Definition 12 . 2 . 15() . 

Since JC = core(/C) * A*^^ for some s, we have k[/C] — k[core(/C)] (E) k[s]. Then 
Lemma lA.3. 51 imphes that 

Tor-„,(k[/C],k) = Tor-„_,j(k[core/C],k). 

Therefore, JC is Gorenstein if and only if core/C is Gorenstein*. 

As in the case of Cohen-Macaulay complexes, Gorenstein* complexes can be 
characterised topologically as follows. 

Theorem 3.4.2 ( [2081 §11.5] or [35, Theorem 5.6.1]). The following conditions 
are equivalent: 

(a) JC is a Gorenstein* complex over k; 

(b) for any simplex I € )C ( including 1 = 0) the subcomplex Ik / has homology 
of a sphere of dimension dim(lk/); 

(c) for any x £ \JC\, 



W{\JCl\JC\\x-\^)=W{JC-\^) 



if i = dim/C; 
otherwise. 



In topology, polyhedra |/C| satisfying the conditions of the previous theorem are 
sometimes called generalised homology spheres ('generalised' because a homology 
sphere is usually assumed to be a manifold). In particular, triangulated spheres 
are Gorenstein* complexes. Triangulated manifolds are not Gorenstein* or even 
Cohen-Macaulay in general [Buchsbaum complexes provide a proper algebraic ap- 
proximation to triangulated manifolds, see |208( § II.8]). Nevertheless, the Tor- 
algebra of a Gorenstein* complex behaves like the cohomology algebra of a mani- 
fold: it satisfies Poincare duality. This fundamental result was proved by Avramov 
and Golod for Noetherian local rings; here we state the graded version of their 
theorem in the case of face rings. 

Definition 3.4.3. A graded commutative connected k-algebra A is called a 
Poincare algebra if it is finite dimensional over k, i.e. A = ®iLo^*' 
k-linear maps 

->Homk(^''^\A''), 
a M- (y9a, where (faib) = ab 

are isomorphisms for ^ i ^ rf. The classical example of a Poincare algebra is the 
cohomology algebra of a manifold. 

Theorem 3.4.4 (Avramov-Golod, |35| Theorem 3.4.5]). A simplicial com- 
plex JC is Gorenstein* if and only if the algebra T = ®f=o-^*' where = 
Torj^j'^j^j (k[/C], k) and d = max{j : Tor|^jJ^^j (k[/C], k) ^ 0}, is a Poincare algebra. 

Corollary 3.4.5. Let JC be a Gorensten* complex of dimension n ~ 1 on the 
set [to] . Then the Betti numbers and the Poincare series of the Tor groups satisfy 

r"-' (k[/C]) = /3-(™-")+^ 2(m-j) 2 s$ m - n, s$ j ^ m, 

^(Tor^M(k[/C],k); A) = A2™f^(Tor,(:r")+^(k[/C], k); i). 
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Proof. Theorems [3T4l and [3X2l imply that 

^-(™-«)(k[/C]) =/3-("-")'2'»(k[/C]) = 1. 

We therefore have d = m — n and T"^ = Torj^j^^~"''^'"(k[/C],k) = k in the nota- 
tion of Theorem 13.4.41 Since the multiphcation in the Tor-algebra preserves the 
bigrading, the isomorphisms T* Homk(T'"^"^*, T™^") from the definition of a 
Poincare algebra can be refined to isomorphisms 

where y"-".2m ^ This implies the first identity, and the second is a direct 
corollary. □ 

As a further corollary we obtain the following symmetry property for the 
Poincare series of the face ring: 

Corollary 3.4.6. If IC is Gorenstein* of dimension n — 1, then 

F(k[/C],A) =(-l)"F(k[/C],i). 

Proof. We apply Proposition IA.2.11 to the minimal resolution of the k[m]- 
module k[/C]. Note that F(k[m]; A) = (1 - A^)-". It follows from the formula for 
the Poincare series from Proposition IA.2.11 and Proposition IA.2.61 that 

F(k[/C];A) = (l-A^)-™ ^(-l)'^^(Tor-„j(k[/C],k);A 

i=0 

Using Corollarv l3.4.51 we calculate 
F(k[/C];A) = (1- A^)-™ 5](-irA^™F(Tor,[5-"'+Xk[/C],k);i 

ni — n 

- (1 - (iry"\-^r E (-i)""""''^(Tor,[;,j(k[/c],k); i) = 

= (-irF(k[/C];i). □ 

Corollary 3.4.7. The Dehn-Sommerville relations hi = h„-i hold for any 
Gorenstein* complex of dimension n — 1 (in particular, for any triangulation of an 
(n — 1) -sphere). 

Proof. This follows from the explicit form of the Poincare series for k[/C] 
(Theorem 13. l.lOp and the previous corollary. □ 

The Dehn-Sommerville relations may be further generalised to wider classes of 
complexes and posets; we give some of these generalisations in Section below. 

Unlike the situation with Cohen-Macaulay complexes, a characterisation of 
/i-vectors (or, equivalently, /-vectors) of Gorenstein complexes is not known: 

Problem 3.4.8 (Stanley). Characterise the /i- vectors of Gorenstein complexes. 

If the g-conjecture (i.e. the inequalities of Theorem 11.4.141 (b) and (c)) holds 
for Gorenstein complexes, then this would imply a solution to the above problem. 
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Exercises. 

3.4.9. A Gorenstein complex K, is Gorenstein* if and only if it is non-acyclic 
(i.e. ^*(/C;k) 7^0). 

3.4.10. Let /C be a Gorenstein* complex of dimension n — 1 on [m]. Show that 

for any J C [m], where J — [to] \ J. This is known as Alexander duality for 
non-acyclic Gorenstein complexes. 

3.5. Face rings of simplicial posets 

The whole theory of face rings may be extended to simplicial posets (defined 
in Section l2.8p . thereby leading to new important classes of rings in combinatorial 
commutative algebra and applications in toric topology. 

The face ring k[5] of a simplicial poset S was introduced by Stanley |207| as a 
quotient of certain graded polynomial ring by a homogeneous ideal determined by 
the poset relation in S. The rings k[iS] have remarkable algebraic and homological 
properties, albeit they are much more complicated than the Stanley-Reisner face 
rings k[/C]. Unlike k[/C], the ring k[5] is not generated in the lowest positive degree. 
Face rings of simplicial posets were further studied by Duval [80j and Maeda- 
Masuda-Panov |150j . |146j . among others. Cohen-Macaulay and Gorenstein* face 
rings are particularly important; both properties are topological, that is, depend 
only on the topological type of the geometric realisation \S\. 

As usual, we shall not distinguish between simplicial posets S and their geo- 
metric realisations (simplicial cell complexes) \S\. Given two elements cr, t g 5, we 
denote by cr V r the set of their joins, and denote by tr A t the set of their meets. 
Whenever either of these sets consists of a single element, we use the same notation 
for this particular element of S. 

To make clear the idea behind the definition of the face ring of a simplicial 
poset, we first consider the case when 5 is a simplicial complex /C. Then ct A r 
consists of a single element (possibly 0), and u V r is either empty or consists 
of a single element. We consider the graded polynomial ring \<i[v„ : a ^ K] with 
one generator Va of degree degv„ — 2\<j\ for each simplex cr e /C. The following 
proposition provides an alternative presentation of the face ring k[/C], with a larger 
set of generators: 

Proposition 3.5.1. There is a canonical isomorphism of graded rings 
k[/C]^k[tv:ae/C]/X;^, 
where X'^ is the ideal generated by the element V0 — 1 and all elements of the form 

Here we set Wo-vr = whenever a M t is empty. 

Proof. The isomorphism is established by the map taking Va to Hiecr '"i- "^^^ 
rest is left as an exercise. □ 

Now let S be an arbitrary simplicial poset with the vertex set V{S) = [to]. In 
this case both cr V r and a At may consist of more than one element, but a A t 
consists of a single element whenever cr V r is nonempty. 
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(a) r = 2 (b) r = 3 

Figure 3.3. Simplicial cell complexes. 

We consider the graded polynomial ring \i[va- : a d S] with one generator v^- of 
degree degVa = 2|cr| for every element e 5. 

Definition 3.5.2 ( [207) V The face ring of a simphcial poset S is the quotient 

k[5] =k[v,: aeS] / Is, 

where Is is the ideal generated by the elements — 1 and 

(3.14) VcrVr - VaAT ' ^ Wr,- 

The sum over the empty set is zero, so we have v^v-r =0 in k[5] if cr V r is empty. 

The grading may be refined to an N'"-grading by setting mdegWo- — 2V{a). 
Here V{a) C [m] is the vertex set of cr, and we identify subsets of [m] with (0, 1)- 
vectors in {0, 1}™ C N™ as usual. In particular, mdegw^ = 2e,;. 

Example 3.5.3. 

1. The simplicial cell complex shown in Fig. 13.31 (a) is obtained by gluing two 
segments along their boundaries and has rank 2. The vertices are 1, 2 and we denote 
the 1-dimensional simplices by cr and r. Then the face ring k[iS] is the quotient of 
the graded polynomial ring 

k[vi,V2,v„,Vr], degui = degU2 = 2, deg w,^ = deg = 4 

by the two relations 

V1V2 = Wff + Vr, V^Vr = 0. 

2. The simplicial cell complex in Fig. 13.31 (b) is obtained by gluing two triangles 
along their boundaries and has rank 3. The vertices are 1,2,3 and we denote the 
1-dimensional simplices (edges) by e, / and g, and the 2-dimensional simplices by 
cr and T. The face ring k[5] is isomorphic to the quotient of the polynomial ring 

k[vi,V2,V3,v^,Vr], degwi = degW2 = degW3 = 2, deg Wg- = deg w.^ = 6 

by the two relations 

V1V2V3 =Vcr+Vr, VaVr = 0. 

The generators corresponding to the edges can be excluded because of the relations 
Ve = viV2, Vf = and Vg — V1V3. 

Remark. The ideal Is is generated by straightening relations (j3.14p ; these 
relations allow us to express the product of any pair of generators via products 
of generators corresponding to pairs of ordered elements of the poset. This can 
be restated by saying that k[5] is an example of an algebra with straightening law 
(ASL for short, also known as a Hodge algebra). Lemma [3.5.41 and Theorem 13.5.71 
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below reflect algebraic properties of ASL's, and may be restated in this generality. 
For more on the theory of ASL's see [2081 § 111.6] and [Ml Chapter 7]. 

A monomial v^J-_^v^^^ ■ ■ ■ v]^^ £ \i[va : cr G 5] is standard if di < (72 < ■ ■ ■ < f fc. 

Lemma 3.5.4. Any element of k[5] can be written as a linear combination of 
standard monomials. 

Proof. It is enough to prove the statement for elements of k[5] represented 
by monomials in generators Va ■ We write such a monomial as a = • ■ ■ Vr,. 

where some of the may coincide. We need to show that any such monomial can 
be expressed as a sum of monomials ^ v^-^ ' ' ' with ui • • • ^ ct; . We may 
assume by induction that T2 ^ • • • ^ . Using relation (|3.14p we can replace a by 

pGri Vr2 

Now the first two factors in each summand above correspond to ordered elements 
of S. We proceed by replacing the products VpVr^ by ^^pAra (X^ttgpvts ^^r)- Since 
Ti At2 ^ p/\Ts, now the first three factors in each monomial are in order. Continuing 
this process, we obtain in the end a sum of monomials corresponding to totally 
ordered sets of elements of 5. □ 

We refer to the presentation from Lemma 13.5.41 as a standard representation of 
an element a e k[iS]. 

Given a € S, we define the corresponding restriction homomorphism as 

s,:k[5]^k[5]/K:T^a). 

The following result is straightforward. 

Proposition 3.5.5. Let \a\ — k with V{a) ~ {ii, . . . , ik}- Then the image of 
the homomorphism s„ is the polynomial ring k[i;ij , . . . , Uj^] . 

The next result generalises Proposition 13.1.81 to simplicial posets. 

Theorem 3.5.6. The direct sum 

s = ®.es-^. ■■ HS] k[v, : z e V{a)] 

creS 

of all restriction maps is a monomorphism. 

Proof. Take a nonzero element a e k[5] and write its standard representation. 
Fix a standard monomial w^'^ • • • v]p^ which enters into this decomposition with a 
nonzero coefficient. Allowing some of the exponents ij to be zero, we may assume 
that (Tfe is a maximal element in S and |crj| = j for 1 ^ j ^ k. We shall prove 
that Scrfc(a) 7^ 0. Identify Scrfc(k[iS]) with the polynomial ring k[ti, . . . ,tk\ (so that 
tj = Vi- in the notation of ProDOsition l3 . 5 . 51) . Then s„^ (va-^. ) = ti ■ • • t/c , and we may 
assume without loss of generality that Sg.^ {va. )= ti ■■■ tj ior 1 ^ j ^ k. Hence, 

•••<,) = tr(tii2r---(ii---4:r'=. 

If we prove that no other monomial v^^^ ■ ■ ■ v^'^ is mapped by Sa-^ to the same element 
of k[ii, . . . ,tk], then this would imply that s^^ (a) 0. Note that 

So-fc (w^i • • • vi^) = if Ti ^ (Tfc for some i with ^ 0, 
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SO that we may assume that m — k. Now suppose that 
(3.15) •••<';) •••<). 

We shall prove that v^J_^ ■ ■ ■ v"^^^ — vi\ . . . . We may assume by induction that the 
'tails' of these monomial coincide, that is, there is some q, 1 ^ q ^ k, such that 
ip = jp and ap = Tp for ip ^ whenever p > q. We shall prove that iq — jq and 
(jq = Tq if iq ^ 0. Wc obtaiu from p.lSp that 



= s,, «•••<^)(^l•••t,+l^+l•••(^l•••^fey^ 

hence, Sa^.{v]}_^ ■ ■ ■ Vaq) = Sa^ivl'^ ■ ■ -vil). Let ji be the last nonzero exponent in 
^ri ' ' '"'^tI (i.e. ji+i — ■ ■ ■ ^ jq = 0). Then we also have ij+i ~ ■ ■ ■ = iq = 0, 
as otherwise 5^.^ • • • v^tr^ ) is divisible by ti ■ ■ -ti^i, while Scr^, (w^J ' ' ' vil) is not. 
We also have ii = ji and ct; = t/, since ii is the maximal power of the monomial 
ti ■ ■ -ti which divides s^^, (f ' ' ' Va'^ ) . We conclude by induction that w^^^ • • • v'^J'^ = 
vl\ - ■■ v^l , and s^^ (a) =^0. □ 

Remark. The proof above also shows that the map s — So- in Theo- 
rem 13.5.61 can be defined as the sum over the maximal elements cr e 5 only. 

Theorem 3.5.7. The standard representation of an element a G k[5] is unique. 
In other words, the standard monomials w^^^ • • • w^*^ form a \i-basis o/k[5]. 

Proof. This follows directly from Lemma [XOl and Theorem [5". 5 .61 □ 

Lemma 13.3.11 which describes hsop's in the face rings of simplicial complexes, 
can be readily extended to simplicial posets (the same proof based on the properties 
of the restriction map s works): 

Lemma 3.5.8. Let S be a simplicial poset of rank n. A sequence of homogeneous 
elements t = {ti, . . . ,t„) o/k[5] is a homogeneous system of parameters if and only 

dimk(k[vi: i e V{cr)]/ Scr{t)) < oo 

for each element cr G 5. 

The f -vector of a simplicial poset S is f{S) = (/o, . . . , /n-i), where n — 1 = 
dim 5 and ft is the number of elements of rank i + 1 (i.e. number of faces of 
dimension i in the simplicial cell complex). We also set /_i = 1. The h-vector 
h{S) — {ho, . . . , hn) is then defined by (|2.3p . 

The Poincare series of the face ring k[iS] has exactly the same form as in the 
case of simplicial complexes: 

Theorem 3.5.9. We have 

F(k[iS]-A)— ^ /fc-i'^^'^ ho + hiX^ + ■ ■ ■ + hn\^^ 



fo (1 - ^')' (1 - ^')" 

Proof. By Theorem 13.5.71 we need to calculate the Poincare series of the k- 
vector space generated by the monomials w^^^ • • • u^*-^ with ai < ■ ■ ■ < ak- For every 
a € S denote by Ada the set of such monomials with at = c and ik > 0. Let \a\ = k; 
consider the restriction homomorphism Scr to the polynomial ring k[ti, . . . ,tk]- Then 
Sai-Ma) is the set of monomials in \i[ti, . . . ,tk] which are divisible by ti---tk. 
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Therefore, the Poincare series of the subspace generated by the set Mcr is jj^-j^- 

Now, to finish tlic proof of tlic first identity we note that S is the union Uue^ 

of the nonintersecting subsets A4a- The second identity fohows from ()2.3|) . □ 

As we have seen in Exercise 13.1.151 the face ring k[/C] of a simphcial complex 
can be reahsed as the hmit of a diagram of polynomial algebras over CAT°p(/C). A 
similar description exists for the face ring k[5]: 

Construction 3.5.10 (k[5] as a hmit). We consider the diagram k[ • ]s similar 
to that of Exercise 13.1.151 

k[-]s: CAT°P{S) CGA, 

a I — > k[v,: i € V{a)], 
whose value on a morphism cr ^ r is the surjection 

k[v, : i e V{t)] k[v., : i G V{a)] 
sending each u,; with i ^ V{(7) to zero. 
Lemma 3.5.11. We have 

k[5] = limk[-]5 
where the limit is taken in the category CGA. 

Proof. We set up a total order on the elements of S so that the rank func- 
tion does not decrease, and proceed by induction. We therefore may assume the 
statement is proved for a simplicial poset T, and need to prove it for S which is 
obtained from T by adding one element a. Then iS<cr = {t £ S: t < a} is the face 
poset of the boundary of the simplex A'^. Geometrically, we may think of \S\ as 
obtained from \T\ by attaching one simplex A'^ along its boundary (if |cr| = 1, then 
A'^ is a single point, so \S\ is a disjoint union of \T\ and a point). We therefore 
need to prove that the following is a pullback diagram: 

k[5] > k[5^,] 

(3.16) I 

k[r] > k[5<,]. 

Here the vertical arrows map v^- to 0, while the horizontal ones map to for 
T ^ (J. Denote by A the pullback of (I3.16P with k[S] dropped. We need to show 
that the natural map k[S] — > A is an isomorphism. 

Since the limits in CGA are created in the underlying category of graded k- 
vector spaces, the space of A is the direct sum of k[T] and k[iS^CT] with the pieces 
k[iS<o-] identified in both spaces. In other words, 

(3.17) A^T(Sk[S<^]® S, 

where T is the complement to k[5<CT] in k[T], and S is the complement to k[iS<o-] 
in k[iS^(j]. By Theorem 13.5.71 the space k[iS<CT] has basis of standard monomials 
• • • with Tfe < a. Similarly, S has basis of those monomials with Tk — a and 
jk > 0, while T has basis of those monomials with Tk ^ a and jk > 0. Yet another 
application of Theorem 13.5.71 gives a decomposition of k[iS] identical to p.l7p : a 
standard basis monomial v^^v^^^ ■ ■ ■ with jk > has either Tk ^ cr, or Tk < cr, or 
Tk — a. These three possibilities map to T, k[iS<o-] and S respectively. It follows 
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that k[5] — > A is an isomorphism of k-vector spaces. Since it is an algebra map, it 
is also an isomorphism of algebras, thus finishing the proof. □ 

The description of k[iS] as a limit has the following important corollary, describ- 
ing the fmictorial properties of the face rings and generalising Proposition 13. 1 .51 

Proposition 3.5.12. Let f:S^Tbea rank-preserving map of simplicial 
posets. Define a homomorphism 

/* : k[wr : T e T] ^ k[t;cr : o- e 5], f*{wr)= ^ w<t. 

Then f* descends to a ring homomorphism k[7^ — > which we continue to 

denote by f*. 

Proof. The poset map / gives rise to a functor /: CAT°p{S) — >■ CAT°p(T) and 
therefore to a natural transformation 

/*: [CAT°P(r),CGA] ^ [CAT°P(5),CGA], 

where [cat°p(5), CGA] denotes the functors from CAT°p(5) to CGA. It is easy to 
see that /*k[-]7- = k[-]5 in the notation of Construction 13.5.101 so we have the 
induced map of limits /* : k[T] — > k[5]. We also have that f*{wr) — X^o-e/^H^) 
by the construction of lim in CGA. □ 

Example 3.5.13. The folding map (|2.9p induces a monomorphism k[/C5] — > 
k[5], which embeds k[/C5] in k[5] as the subring generated by the elements Vi. 

Remark. An attempt to prove Proposition 13 . 5 . 1 2l directlv from the definition, 
by showing that f*{T^) C Tg, runs into a complicated combinatorial analysis of 
the poset structure. This is an example of a situation where the use of an abstract 
categorical description of k[iS] proves to be beneficial. 

Let k[m] = k[wi , . . . , be the polynomial algebra on m generators of degree 2 
corresponding to the vertices of iS. The face ring k[iS] acquires a k[m]-algebra 
structure via the map k[TO] — >■ k[iS] sending each Vi identically. (Unlike the case 
of simplicial complexes, this map is generally not surjective.) We thereby obtain a 
Z ® N^-graded Tor-algebra of k[5]: 

Tork[.„...,.,„](k[5],k) = Tor-;^-^ ^^,(k[5],k), 

by analogy with Construction [3?2T8l for simplicial complexes. 

We finish this section by stating a generalisation of Hochster's theorem to 
simplicial posets, and deriving some of its corollaries. 

Theorem 3.5.14 (Duval [8^, see also |142| ). For any subset J C [m] we have 

Tork[^'l,.,„](k[5],k)-i?l-'l--i(|5,|;k), 

where Sj the subposet of S consisting of those a for which V{<7) C J. Also, 
Tor]^j'^j"(k[iS], k) = i/ a is not a (0, l)-vector. 

Proof. The argument follows the lines of the proof of Theorem 13.2.91 We 
define the quotient differential graded algebra 

i?*(5) = A[wi,...,u™]0k[5]/Ifl 
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where Ir is the ideal generated by the elements 

UiV„ with i G V{ij)^ and v^Vr with cr A r 7^ 0. 

Note that the latter condition is equivalent to V{a) n V{t) ^ 0. 

Then we need to prove the analogue of Lemma [3.2.61 that is, to show that the 
quotient projection 

g: k[ui, . . . ,M,„] (g) k[5] R*{S) 
induces an isomorphism in cohomology. This can be done by providing the appro- 
priate chain homotopy, as in the proof of Lemma I3.2.6[ but the formulae will be 
more complicated. Alternatively, we can use a topological argument, see the proof 
of Theorem 14.9.61 below . 

Let C^^^(|5j|) denote the {p — l)th cellular cochain group of \Sj\ with coeffi- 
cients in k. It has a basis of cochains corresponding to elements a ^ Sj with 
\a\ ~ p. Wc define a k-linear map 

where e{V{a),J) is the sign from the proof of Theorem 13.2.91 This map is an 
isomorphism of cochain complexes; the details are left to the reader. Therefore, 

i/''-i(|5^|)-Tor^-i^i;;;;^,(k[5],k), 

which is equivalent to the first required isomorphism. Since = if a is 

not a (0, l)-vector, Tor~*^j"(k[/C], k) vanishes for such a. □ 

We define the multigraded algebraic Betti numbers of k[5] as 
/3-^'2"(k[5]) = dimkTor-[t;f" _„^,(k[5],k), 
for < i ^ m, a G N™. We also set 

r^(k[5])=dimkTor-^_ ,,^,(k[5],k)= ^ r^^2"(k[5]). 

aGN™ 

Example 3.5.15. Let S be the simphcial poset of Example [3.5.31 1. By The- 
orem [SXH /30'(0'0)(k[5]) = /3°'(2,2)(]^[5]) ^ I g^^^ i-i^g Q^i^gj. Bgi-i-j numbers are 

zero. This implies that k[iS] is a free k[ui, W2]-module with two generators, 1 and Vcr, 
of degree and 4 respectively. 

Note that unlike the case of simplicial complexes, /3°(k[5]) may be larger than 1. 
In fact, the following proposition follows easily from Theorem 13.5. 141 

Proposition 3.5.16. The number of generators o/k[5] as a k.[m\-module equals 

^°(k[5])- ^ dim7jl^l-i(|5j|). 

JC[m] 

Exercises. 

3.5.17. Finish the proof of Proposition 13.5.1] 

3.5.18. Fill in the details in the proof of Theorem 13. 5. 141 

3.5.19. Calculate the multigraded Betti numbers for the simplicial poset of 
Example EX31 2. 



Face rings: additional topics 



3.6. Cohen Macaulay simplicial posets 

Assume given a property A of simplicial complexes. Then we can extend this 
property to posets by postulating that a poset V has the property A if the order 
complex ord(7^) (see Definition I2.3.6P has the property A. In particular, Cohen- 
Macaulay and Gorenstein posets can be defined in this way. Simplicial posets S 
are of particular interest to us; in this case the order complex is identified with 
the barycentric subdivision S' (to be precise, with the cone over the barycentric 
subdivision, as we include the empty simplex, but this difference is inessential for 
the definitions to follow). 

Definition 3.6.1. A simplicial poset S is Cohen-Macaulay (over k) if its 
barycentric subdivision S' is a Cohen-Macaulay simplicial complex. 

By definition, 5 is a Cohen-Macaulay simplicial poset if and only if the face ring 
k[iS'] is Cohen-Macaulay. Since the face ring is also defined for the face poset S itself 
(and not only for its barycentric subdivision), it is perfectly natural to ask whether 
the class of Cohen-Macaulay simplicial posets admits an intrinsic description in 
terms of their face rings k[5] . One would achieve such a description by proving that 
the ring k[5'] is Cohen-Macaulay if and only if the ring k[5] is Cohen-Macaulay. 
The 'if part follows from the general theory of ASL's, see [2071 Corollary 3.7]. 
The 'only if part was proved in |146j : the proof uses the decomposition of the 
barycentric subdivision into a sequence of stellar subdivisions and then goes on to 
show that the Cohen-Macaulay property is preserved under stellar subdivisions. 
We include this characterisation of Cohen-Macaulay simplicial posets in terms of 
their face rings in Theorem 13.6.71 below. 

Since many of the constructions in this section are geometric, we often talk 
about simplicial cell complexes rather than simplicial posets. We say that a simpli- 
cial subdivision of a simplicial cell complex S is regular if it is a simplicial complex. 
For instance, the barycentric subdivision is regular. Since the Cohen-Macaulayness 
of a simplicial complex is a topological property (see Proposition 13. 3. lip , we have 
the following statement. 

Proposition 3.6.2. The following conditions are equivalent: 

(a) the barycentric subdivision of a simplicial cell complex S is a Cohen- 
Macaulay complex; 

(b) any regular subdivision of S is a Cohen-Macaulay complex; 

(c) a regular subdivision of S is a Cohen-Macaulay complex. 

As a further corollary we obtain that Proposition 13.3.111 itself extends to sim- 
plicial cell complexes, i.e. the property of a simplicial cell complex to be Cohen- 
Macaulay is also topological. 
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By analogy with Definition 12.2.131 we define the star and the link of cr G 5 as 
the following subcomplexes: 

stg a = {t Cz S : (tVt is nonempty}; 

Ik^ a = {t Cz S : crVr is nonempty, and t A cr = 0}. 

Remark. If 5 is a simplicial complex, then the poset Ikg a is isomorphic to 
the open semi-interval 

S>a = {p e S: p> a}, 
and Ist^crj = A"^ * llkgcrj, where * denotes the join. However, none of these 
isomorphisms holds for general S, see Example 13.6.51 below. 

Because of this remark, we cannot simply extend the definition of stellar subdi- 
visions fDefinition l2.7.ip to simplicial cell complexes. Instead, we define the stellar 
subdivision ss^ 5 of 5 at cr as the simplicial cell complex obtained by stellarly 
subdividing each face containing cr in a compatible way. 

Proposition 3.6.3. The barycentric subdivision S' can be obtained as a se- 
quence of stellar subdivisions, one at each face a d S, starting from the maximal 
faces. Moreover, each stellar subdivision in the sequence is applied to a face whose 
star is a simplicial complex. 

Proof. Assume dim5 — n — l. We start by applying to S stellar subdivisions 
at all (n — l)-dimensional faces. Denote the resulting complex by Si. The (n — 2)- 
faces of Si are of two types: the 'old' ones, remaining from S, and the 'new' ones, 
appearing as the result of the stellar subdivisions. Then we take stellar subdivisions 
of Si at all 'old' {n — 2)-faces, and denote the result by S2. Next we apply to S2 
stellar subdivisions at all (n — 3)-faces remaining from S. Proceeding in this way, at 
the end we get Sn-i = S' . To prove the second statement, consider two subsequent 
complexes TZ and TZ in the sequence, so that TZ is obtained from 72. by a single 
stellar subdivision at some a E S. Then st-jia is isomorphic to A*^ * {'S>crY and 
therefore it is a simplicial complex. □ 

We proceed with two lemmata necessary to prove our main result. 

Lemma 3.6.4. Let S be a simplicial poset of rank n with vertex set V{S) ~ [m], 
and assume that the first k vertices span a face a. Assume further that sts a is a 
simplicial complex, and let S be the stellar subdivision of S at a. Let v denote the 
degree-two generator of k[5] corresponding to the added vertex. Then there exists 
a unique homomorphism (3 : k[5] — >■ k[iS] such that 

Vr 1—^ Vr for T ^ stg ct; 

Vt^v-\-Vi, for 

Vi 1-^ Vi, for i = k + 1 . . . ,m. 

Moreover, jS is injective, and if t is an hsop in k[5], then j3{t) is an hsop in k[iS]. 

Proof. In order to define the map (3 we first need to specify the images of Vt 
for all T G st5 cr. Choose such a Vr and let V{t) — {ii, . . . , i^} be its vertex set. 
Then we have the following identity in the ring k[5] ~ 'k[vr ■ t £ S]/Is. 

(3.18) Wii • • • = + ^ Vjj. 

v{n)=v{T),^^T 
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For any in the latter sum we have t] ^ st^ ct, since st^ ct is a simphcial complex, 
in which any set of vertices spans at most one face. Since /3 is already defined on 
the product on the left hand side and on the sum on the right hand side above, this 
determines /3(ur) uniquely. 

We therefore obtain a map of polynomial algebras k[vr : t e 5] — > k[wT- : t E S] 
(which we denote by the same letter /3 for a moment), and need to check that it 
descends to a map of face rings, k[5] k[iS]. In other words, we need to verify 
that 13 (Is) dig. 

It is clear from the definition of j3 that we have the commutative diagram 
k[„, : r e 5] k[5] 0,^^ k^ : i e V{t)] 



Hvr : T e 5] k[5] e,e5 kK : * e V{t)], 



Y 



in which the middle vertical map is not yet defined. Here by s and J we denote 
the restriction maps from Theorem l3.5.61 and s(/3) is the map induced by (3 on the 
direct sum of polynomial algebras. Now let x Cz Is, i-e. p{x) = 0. Then, by the 
commutativity of the diagram, 'spf3(x) — 0. Since s is injective, we have p(3{x) = 0. 
Hence, /3(x) G Ig, which implies that the middle vertical map is well defined. 

The last statement also follows from the commutative diagram above. The 
map s{j3) sends each direct summand of its domain isomorphically to at least one 
summand of its range, and therefore it is injective. Thus, (3: k[5] — ^ k[iS'] is also 
injective. The statement about hsop's then follows Lemma [3.5.81 □ 

Remark . If we defined the map j3 by sending each Vi identically, then it would 
still give rise to a ring homomorphism k[5] — )■ k[5], but the latter would not be 
injective (for example, it would map Va e k[5] to zero). 

Example 3.6.5. The assumption on st^c in Lemma [3.6.41 is not always sat- 
isfied. For example, if S is obtained by identifying two 2-simplices along their 
boundaries, and a is any edge, then st^ a = S, which is not a simplicial complex. 

Note also that if st^ a is not a simplicial complex, then the map (3: k[5] k[5'] 
is not determined uniquely by the conditions specified in Lemma 13.6.41 (we cannot 
determine the images of Vr with r e stgcr). Nevertheless, it is still possible to 
define the map (3: k[5] — > k[5'] for an arbitrary simplicial poset 5, see Section [7771 

Lemma 3.6.6. Assume that k[5] is a Cohen-Macaulay ring, and let S be a 
stellar subdivision of S at a such that sts a is a simplicial complex. Then k[5] is a 
Cohen-Macaulay ring. 

Proof. We first prove that sts cr is a Cohen-Macaulay complex. Since st^ a = 
A'^ * Ik^ cr, it is enough to verify that Ik^ a is Cohen-Macaulay. This follows from 
Reisner's Theorem (Theorem 13.3. lOp and the fact that simplicial cohomology of 
Iks cr is a direct summand in local cohomology of k[5] (see |2081 Theorem II. 4.1] 
or [Ml Theorem 5.3.8]). 

Choose an hsop t — {ti, . . . , t„) in k[5] and set t = /3{t). Let 
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be the quotient projection. Set R = kerp. Similarly, set 

R = ker(p: k[S] k[st^v]), 

where v is the new vertex added in the process of stellar subdivision. Since the 
simplicial cell complexes S and S do not differ on the complements of st^ a and 
stgV respectively, the map /3 restricts to the identity isomorphism R ^ R. We 
therefore have the following commutative diagram with exact rows: 

> R > k[S] — ^ k[st5 cr] > 

1 

> R > k[S] — ^ k[st^z;] > 0, 

Applying the functors (8)k[t]k and S^kitjk to the diagram above, we get a map 
between the long exact sequences for Tor. Consider the following fragment: 

Tor-[2^j (k[st a] , k) 4 Tor^ (R, k) -> Tor^ k[S] , k) ^ Tor^ (k[st a] , k) 

Tor^ j| (k[st vik)4 Tor^ {R, k) ^ Toi-l^ {k[S] , k) ^ Tor^ (k[st v],k). 

Since k[S] is Cohen-Macaulay, Torj^j^j (k[5], k) — and the map / is surjective. 

Then / is also surjective. Since st^ cr is a Cohen-Macaulay simplicial complex and 
I sts cr| = I st^w|, Proposition 13 . 3 . Ill implies that k[st v] is Cohen-Macaulay. There- 
fore, Torj^ij(k[stu],k) — 0. Since / is surjective, we also have Tor~~ (k[iS], k) = 0. 

Hence k[S] is free as a k[i]-module (see |145[ Lemma VH.6.2]) and thereby is 
Cohen-Macaulay. □ 

Now we can prove the main result of this section: 

Theorem 3.6.7. A simplicial poset S is Cohen-Macaulay if and only if the 
face ring k[S] is Cohen-Macaulay. 

Proof. The fact that the face ring of a Cohen-Macaulay simplicial poset S is 
Cohen-Macaulay is proved in [2071 Corollary 3.7] (see also [208, § HL6]) using the 
theory of ASL's. 

Assume now that k[S] is a Cohen-Macaulay ring. Since the barycentric subdi- 
vision S' is obtained by a sequence of stellar subdivisions, subsequent application 
of Lemma [3.6.61 shows that k[S'] is also Cohen-Macaulay. Thus, S' is a Cohen- 
Macaulay poset. □ 

We end this section by giving Stanley's characterisation of /i-vectors of Cohen- 
Macaulay simplicial posets. 

Theorem 3.6.8 (Stanley). The integer vector h ~ (/ig, /ii, . . . , /i„) is the h- 
vector of a Cohen-Macaulay simplicial poset if and only if Hq — 1 and hi ^ 0. 

Proof. Let h = h{S) for a Cohen-Macaulay simplicial poset S. The condition 
ho — 1 follows from the definition of the ft,- vector, see p.3p . Let k be a field of zero 
characteristic, and t = (ti, . . . ,i„) an Isop in k[S] (since k[iS] is not generated by 
linear elements, the existence of an Isop is not automatic and is left as an exercise; 
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alternatively, see |2071 Lemma 3.9]). Comparing the formula for the Poincare series 
from Proposition I A . 3 . 14l with that of Theorem l3.5.9| we obtain 

F{k[S]/t; X)=ho + h^X^ + ■■■ + KX^"" . 

Hence, hi ^0, as needed. 

Now we construct a Cohen-Macaulay simplicial cell complex S with any 
given /i- vector such that = \ and hi ^ 0. First note that /i(A"~^) = 
(1,0,..., 0) and A"^-'^ is a Cohen-Macaulay simplicial (cell) complex. Now, given 
an (n— l)-dimensional Cohen-Macaulay simplicial cell complex S with the /i- vector 
{ho, ■ ■ ■ ,hn)^ it suffices to construct, for any k = 1, . . . , n, a new Cohen-Macaulay 
simplicial cell complex Sk with the /i- vector given by 

(3.19) h{Sk) = {ho, hk-i, hk + 1, hk+i, . . . , hn). 

To do this, we choose an [n — l)-face of 5, and in this face choose some k faces of 
dimension n — 2. Then add to 5 a new (n — l)-simplex by attaching it along some 
k faces of dimension n — 2 to the chosen k faces of S. A direct check shows that 
the /i- vector of the resulting simplicial cell complex Sk is given by (|3.19ll . The fact 
that Sk is Cohen-Macaulay follows directly from Proposition 13. 3. iTl □ 

Note that this characterisation is substantially simpler than that for simplicial 
complexes (see Propositions 13.3.^ and the remark after it). 

Exercises. 

3.6.9. The map of face rings k[5] k[5] of Lemma l3.6.4l is not induced by any 
poset map S ^ S. 

3.6.10. Let 5 be a stellar subdivision of 5 at ct such that st^ ct is a simplicial 
complex. Show that the ring k[iS] is Cohen-Macaulay if and only if k[iS] is Cohen- 
Macaulay, i.e. the converse of Lemma [3.6.61 holds. 

3.6.11. If k is of characteristic zero, then k[5] admits an Isop. 

3.7. Gorenstein simplicial posets 

Gorenstein simplicial posets arise in toric topology as the combinatorial struc- 
tures associated to the orbit quotients of torus manifolds, which are the subject of 
Chapter [T] It was exactly this particular feature of Gorenstein simplicial posets 
which allowed Masuda |149| to complete the characterisation of their /i-vectors, 
conjectured by Stanley in |207| . We include Masuda's result here as Theorem l3.7.4l 

Definition 3.7.1. A simplicial poset S is Gorenstein (respectively, Goren- 
stein*) if its barycentric subdivision S' is a Gorenstein (respectively, Gorenstein*) 
simplicial complex. 

Like Cohen-Macaulayness, the property of a simplicial poset S being Goren- 
stein* depends only on the topology of the realisation \S\ (this follows from Theo- 
rem In particular, simplicial cell subdivisions of spheres are Gorenstein*. 

The problem of characterisation of /i-vectors of Gorenstein* simplicial posets 
is more subtle than the corresponding question in the Cohen-Macaulay case. (Al- 
though this problem is much easier for simplicial posets than for simplicial com- 
plexes, see the discussion of the g-conjecture in Sect ions |2 . 5 1 and l3^ ) 
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Theorem 3.7.2. Let h{S) ~ {ho, hi,. . . , hn) he the h-vector of a Gorenstein* 
simplicial poset of rank n. Then ho — I, hi ^ and hi — hn-i for any i. 

Proof. The inequalities hi ^ follow from the fact that S is Cohen-Macaulay 
(Theorem I3.6.8p . The identities hi = /i„_i will follow from the expression of the 
/i- vector of the barycentric subdivision S' via h{S) and from the Dehn-Sommerville 
relations for the Gorenstein* simplicial complex S' . Indeed, repeating the argument 
from Lemmata l2.3.4l aiid l2.3.5l we obtain the identity h{S') = Dh{S), in which the 
vector h{S') is symmetric, i.e. satisfies the Dehn-Sommerville relations. It can be 
checked directly using some identities for binomial coefficients that the operator D 
(and its inverse) takes symmetric vectors to symmetric ones (which is equivalent 
to the identity dpq = dn+i-p,n+i-q)- This calculation can be avoided by using 
the following argument. The Dehn-Sommerville relations specify a linear subspace 
W of dimension k = [^] + 1 in the space M"+-'^ with coordinates /iq, . . . , We 
need to check that this subspace is _D-invariant. To do this it suffices to choose 
a basis ei, . . . , Sk in W and check that Dsi e W for all i. There is a basis in 
W consisting of /i-vectors of simplicial spheres (and even simplicial polytopes, see 
the proof of Proposition ll.4.ip . Since the barycentric subdivision of a simplicial 
sphere is a simplicial sphere, the vectors Dei, 1 ^ i ^ k, are also symmetric, 
and is a D-invariant subspace. Thus, the vector h{S) = D^^h{S') satisfies the 
Dehn-Sommerville relations. □ 

Theorem 3.7.3 f |207[ Theorem 4.3]). Let h = {ho, hi,. . . , hn) be an integer 
vector with ho — 1, hi ^ and hi = hn-i. Any of the following (mutually exclusive) 
conditions are sufficient for the existence of a Gorenstein* simplicial poset of rank 
n and h-vector h{S) = h: 

(a) n is odd; 

(b) n is even and /i„/2 even; 

(c) n is even, /i„/2 odd, and hi > for all i. 

Proof. We start with the following two basic examples of {n— l)-dimensional 
simplicial cell complexes of dimension: dA" , with /i-vector /i(9A") = (1,1,..., 1); 
and Sn, the simplicial cell complex obtained by identifying two {n — l)-simplices 
along their boundaries, with h{Sn) = (1, 0, . . . , 0, 1). By applying the standard 
operations of join and connected sum ( Constructions [2". 2 . 81 and [2 . 2 . 1 1 p to these two 
complexes we can obtain a simplicial cell complex with any prescribed h-vector 
satisfying the conditions of the theorem. Indeed, for k ^ n ~ k we have 

h{Sk*Sn-k) = (1,0,..., 0,1,0,..., 0,1,0,..., 0,1), 

where hk = hn-k — 1; and the other entries are zero. Also, for n = 2k we have 

h{Sk*Sk) = (1,0,. ..,0,2,0,. ..,0,1), 

where hk = 2. Now, by taking connected sum of the appropriate number of com- 
plexes 9A", Sn and Sk * Sn-k and using the identity 

h,{S if S) = h,{S) + h,{S) forl«;i^n-l, 

(see Example 11.3.81 which is valid for any two pure {n — l)-dimensional simplicial 
cell complexes), we obtain any required /i- vector. □ 

The subtlest part of the characterisation of /i- vectors of Gorenstein* simplicial 
posets is the following result, which was proved by Masuda [149] , 



3.8. GENERALISED DEHN-SOMMERVILLE RELATIONS 



123 



Theorem 3.7.4 (Masuda). Let h{S) = {ho,hi, . . . ,hn) be the h-vector of a 
Gorenstein* simplicial poset S of even rank n, and let hi — for some i. Then the 
number /i„/2 is even. 

Note that the evenness of h„/2 is equivalent to the evenness of the number 
of facets /n-i = Y^^=o "^^^ ^^^^ behmd Masuda's proof of Theorem 13.7.41 hes 
within the topological theory of torus manifolds, see Section PT. 2. 31 

We combine the results of Theorems 13.7.21 13.7.31 and 13.7.41 in the following 
characterisation result for the /i-vectors of Gorenstein* simplicial posets. 

Theorem 3.7.5. An integer vector h — (/iq, /ii, . . . , /in) is the h-vector of a 
Gorenstein* simplicial poset of rank n (or a simplicial cell subdivision of an (n — 1)- 
sphere ) if and only if the following conditions are satisfied: 

(a) /iQ = 1 and h^ ^ 0; 

(b) hi = hn-i for all i; 

(c) either hi > for all i or X]"=o ^« even. 

3.8. Generalised Dehn Sommerville relations 

In this section we obtain some further generalisations of the Dehn-Sommerville 
relations, in particular, to arbitrary triangulated manifolds. 

Let iS be a simplicial poset of rank n. Given a € S, consider the closed upper 
semi-interval S^^ = {t S : t ^ a} with the induced rank function, and set 

(3.20) x(5^.) = E(-l)'''"'- 

A simplicial poset S of rank n satisfying xi'S^a) = (^1)"^^ for all cr G 5 
is called Eulerian. According to a result of [205, (3.40)], the Dehn-Sommerville 
relations hi = hn-i hold for Eulerian posets. This can be generalised as follows. 

Theorem 3.8.1 (see |146[ Theorem 9.1]). The following identity holds for the 
h-vector h{S) = {ho, . . . , /i„) of a simplicial poset S of rank n: 

n 

J2{hn-^ - = E (i + (-i)"x(5^.)) {t - i)"-i''i. 

In particular, if S is Eulerian, then hi — h^-i- 
Proof. We have 

n n n 

Y^h^t^ = t'^Y.^.{ir'^^t-Y^f,_,{i^Y-^ 

n 

(3.21) ^=0 res 

= E Y.^t-it\-\^\{i-tr-\^\ = E E(-i)""'^'(*- 1)""'"' 

T^S (T^T r^S a^T 

a^S T^cr a^S 

where the fifth identity follows from the binomial expansion of the right hand side 
of the identity ^1^1 = {{t - 1) + l)'^' and the fact that [6,t] = {cr e 5: ct ^ t} is a 
Boolean lattice of rank |t|. 
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On the other hand, we have 

n n n 

(3.22) = E = E - 1)""' = E - 1)""'"' ■ 

1=0 1=0 1=0 a-es 

Subtracting p.2ip from (|3.22p we obtain the required identity. □ 

As a corollary we obtain a generalisation of the Dehn-Sommerville relations to 
triangulated manifolds (which first appeared in |44[ Corollary 4.5.4] as a corollary 
of bigraded Poincare duality for moment-angle complexes) : 

Theorem 3.8.2. LetJC be a triangulation of a closed (n—l)- dimensional mani- 
fold. Then the h-vector h[K.) — {ho, . . . , /i„) satisfies the identities 

K-^ -h, = i-iy (x(/C) - x(5"-i)), 0^1 ^n. 

fferex(/C) = /o — /i + - ■ • + (— l)"^^/,i-i = l + (— l)"~^/i„ is the Euler characteristic 
ofK and x(5'"-i) = 1 + (-1)""^ 

Proof. Viewing /C as a simplicial poset, we calculate 

r>(7 r>cr 

= (-l)'^'( E (-l)l''l-'-l)=(-l)l'^l(x(lkc^)-l)- 

0#pelk/c a 

Here we have used the fact that the poset of nonempty faces of Ik^; u is isomorphic 
to iS>(j, with the rank function shifted by Now since /C is a triangulated (n — 1)- 
dimensional manifold, the link of a nonempty face a ^ K, has the homology of a 
sphere of dimension {n-'\a\ — l). Hence, x(lkjc cr) = 1 + (— l)""'"^'"^, and therefore 
Xi^^cr) = (-1)""^ for a ^ 0. Also, Ikx; = /C. Now using the identity of 
Theorem 13 . 8 . II we calculate 

n 

Y,{h^-.-h,)f = (l + (-l)"(x(/C)-l))(i-l)" = (-l)"(x(^)-x(5"-'))(i-l)". 

1=0 

The required identity follows by comparing the coefficients of t*. □ 
Exercises. 

3.8.3. The identity of Theorem 13.8.21 holds for simplicial posets. 



CHAPTER 4 



Moment-angle complexes 

This is the first genuinely 'toric' chapter of this book; it links the combinatorial 
and algebraic constructions of the previous chapters to the world of toric spaces. 

The term 'moment-angle complex' refers to a decomposition of a certain toric 
space Zx, into products of polydiscs and tori parametrised by simplices in a given 
simplicial complex /C. The underlying space Z]q features in several important al- 
gebraic, symplectic and topological constructions of torus actions, which are the 
subject of the next three chapters. The decomposition of 2,^^ as the 'moment- 
angle complex', which first appeared in |42j . |43| . provided an effective topological 
instrument for studying these spaces. 

The basic building block in the 'moment-angle' decomposition of Z]q is the 
pair [D"^ 1 5^) of a unit disc and circle, and the whole construction can be extended 
naturally to arbitrary pairs of spaces (X, A). The resulting complex {X^A)^ is 
now known as the 'polyhedral product space' over a simplicial complex /C; this 
terminology was suggested by William Browder, cf. Many spaces important 

for toric topology admit polyhedral product decompositions. 

It has soon become clear that the construction of the moment-angle complex 
Zx, and its generalisation (X, Af^ is of truly universal nature, and has remarkable 
functorial properties. The most basic of these is that the construction of Z/c es- 
tablishes a functor from simplicial complexes and simplicial maps to spaces with 
torus actions and equivariant maps. If /C is a simplicial subdivision of a sphere (a 
triangulated sphere), then Zyz^ is a manifold, and most important geometric exam- 
ples of Z]Q arise in this way. In the case when A is a point, the polyhedral product 
{X^ptY" interpolates between the m-fold wedge, or bouquet, of X (corresponding 
to m discrete points as /C) and the m-fold product of X (corresponding to the full 
simplex as /C). Parallel to the topological and geometric study of moment-angle 
complexes Z]q and related toric spaces, a homotopy-theoretic study of polyhedral 
products (X, A)^ has now gained its own momentum. Basic homotopy properties of 
moment-angle complexes are given in Section 14.21 while more advanced homotopy- 
theoretic aspects of toric topology are the subject of Chapter [H 

The key result of this chapter is the calculation of the integral cohomology ring 
of Zyc, carried out in Section IT^ The ring H*{Zic) is shown to be isomorphic to the 
Tor-algebra Toi^y^_ y^^]{Z[JC],Z), where Z[/C] is the face ring of /C. The canonical 
bigraded structure in the Tor groups thereby acquires a geometric interpretation 
in terms of the bigraded cell decomposition of Zjc- The calculation of H*{Zic) 
builds upon a construction of a ring model for cellular cochains of Z]c and the 
corresponding cellular diagonal approximation, which is functorial with respect to 
maps of moment- angle complexes induced by simplicial maps of K.. This functorial 
property of the cellular diagonal approximation for Z/c is quite special, due to the 
lack of such a construction for general cell complexes. 
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The construction of the moment-angle complex therefore brings the methods of 
equivariant topology to bear on the study of combinatorics of simplicial complexes, 
and gives a new geometric dimension to combinatorial commutative algebra. In 
particular, homological invariants of face rings, such as Tor-algebras or algebraic 
Betti numbers, can be now interpreted geometrically in terms of cohomology of 
moment-angle complexes. This link is explored further in Sections 14.51 and 14.91 

Another important aspect of the theory of moment-angle complexes is their 
connection to coordinate subspace arrangements and their complements. As we 
have already seen in Proposition 13.1.121 coordinate subspace arrangements arise 
as affine varieties corresponding to face rings. Their complements have played an 
important role in toric geometry and singularity theory, and, more recently, in the 
theory of linkages and robotic motion planning. Arrangements of coordinate sub- 
spaces in C™ correspond bijectively to simplicial complexes JC on the set [to], and 
the complement of such an arrangement deformation retracts onto the correspond- 
ing moment-angle complex Zf^. In particular, the moment-angle complex and the 
complement of the arrangement have the same honiotopy type. We therefore may 
use the results on moment-angle complexes to obtain a description of the coho- 
mology groups and cup product structure of a coordinate subspace arrangement 
complement. The formula obtained for the cohomology groups is related to the 
general formula of Goresky-MacPherson |102| by means of Alexander duality. 

The material of this chapter, with the exception of 'Additional topics', is mainly 
a freshened and modernised exposition of the results obtained by the authors and 
their collaborators in [43], @5], (2^, [179] . 

Spaces with torus actions, or toric spaces, will be the main players throughout 
the rest of this book. (See Appendix IB. 31 for the key concepts of the theory of 
group actions on topological spaces.) The most basic example of a toric space is 
the complex TO-dimensional space C™, on which the standard torus 

T" = {i = (ii,...,t„OeC'": |t,| = l forz=l,...,TO} 

acts coordinatewise. That is, the action is given by 

T" X C™ — > C", 

. . . ^tfo) ' (-2^1 ; • ■ • 7 ■^m) — (^1 ■^^l 1 • • ■ 7 ^m^m)- 

The quotient C^YT"^ of this action is the positive orthant 

M^' - { (yi, . . . , Vrn) e : y, > for z - 1, ... , to}, 
with the quotient projection given by 

^Ji■. C™ — 
{zi,...,z^) I — > (|zip, . . . , |z,„p) 

(or by (zi, . . . , Zm) i — > (kili ■ • ■ i km|)i but the former is usually more preferable). 

We shall use the blackboard bold capital T in the notation for the standard torus 
T'" only, and use italic T™ to denote an abstract TO-torus, i.e. a compact abelian 
Lie group isomorphic to a product of to circles. We shall also denote the standard 
unit circle by § or T occasionally, to distinguish it from an abstract circle . 

All homology and cohomology groups in this chapter are with integer coeffi- 
cients, unless another coefficient group is explicitly specified. 
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4.1. Definitions and functorial properties 

Moment-angle complex Ztz- We consider the unit poly disc in the m- 
dimensional complex space C": 

B" = {(zi,...,z„)€C": |z,|2<^l fori = l,...,m}. 

The polydisc D™ is a T™-invariant subspace of C™, and the quotient D^/T™ is 
identified with the standard unit cube I™ C K.™ . 

Construction 4.1.1 (moment-angle complex). Let /C be a simplicial com- 
plex on the set [m]. We recall the cubical subcomplex cc(/C) in I'" from Construc- 
tion l2.9.TTl which subdivides cone/C. The moment-angle complex Zjq corresponding 
to /C is defined from the pullback square 



cc(/C)C ^ I™ 

Explicitly, Zjc — /i^^(cc(/C)). By construction, Zk: is a T™-invariant subspace in 
the polydisc D™, and the quotient Z^c/T™ is homeomorphic to | cone/C|. 

Using the decomposition cc(/C) ~ U/ec '-^■f ^'^^^ faces, see p.lOp . it follows that 

(4.1) 2k = U Bi, 
where 

= ^i-\Ci) = {(zi, . . . ,z„) G D": |2,f - 1 for j ^ /}, 

and the union in ()4.ip is understood as the union of subsets inside the polydisc D™. 
Note that Bj is a product of |/| discs and m — \I\ circles. Following our notational 
tradition, we denote a topological 2-disc (the underlying space of D) by . Then 
we may rewrite (|4.ip as the following decomposition of Zfc into products of discs 
and circles: 

(4.2) 2^^= Udl^'xIT^O' 

leic iei 40/ 

From now on we shall denote the space Bj by {D^,S^y. Obviously, the union 
in ()4.ip or (|4.2p can be taken over the maximal simplices I G JC only. 

Using the abstract categorical language, we may consider the face category 
CAt(/C) (faces and inclusions), and define the functor (or diagram) 

Vk:{D'^,S^): cat(A:) — > top, 

I^Bi^{D\sy, 

which maps the morphism I C J of CAt(/C) to the inclusion of spaces {D^, S^)^ C 
{D^,S^y. Then we have 



Zk. = colimX'K;(£'^S'^) = co\im{D^,S^) 
Example 4.1.2. 

1. Let JC = A™^i be the full simplex. Then cc(/C) = I" and Zk. 
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2. Let /C be a simplicial complex on [m], and let /C° be the complex on [m + 1] 
obtained by adding one ghost vertex o = {m + 1} to /C. Then the cubical complex 
cc(/C°) is contained in the facet {t/m+i ~ 1} of the cube 1™+^, and 

Zk,° — Zx, X . 

In particular, if /C is the 'empty' simplicial complex on [m], consisting of the empty 
simplex only, then cc(/C) is the vertex (1, . . . , 1) G I™ and Zyc = ...,!) = 

T™ is the standard m-torus. 

For arbitrary /C on [to], the moment-angle complex Zk: contains the m-torus 
T™ (corresponding to /C = 0) and is contained in the polydisc D™ (corresponding 
to /C = A"-i). 

3. Let /C be the complex consisting of two disjoint points. Then 

= {D^ X S^) U (S-i X D^) = 9(1)2 ^ ^2-) 5-3^ 

the standard decomposition of a 3-sphere into the union of two solid tori. 

4. More generally, \i JC — 9A™^^ (the boundary of a simplex), then 

Zk = {D^ ■><■■■ y-D^ xS^)\J{D^ x---y. xD^)\J-- -[J [S^ X ■■■■>< xD^) 

'PI' 

5. Let /C = j^l I3 , the boundary of a 4-gon. Then we have four maximal 

simplices {1,3}, {2,3}, {1,4} and {2,4}, and 

Z,c = (D^ X X X S^) U {S^ X X X 5^) 

U (D^ X X X D^) U {S^ xD^ xS^ X D^) 

= {{D^ X S^) U {S^ X D^)) xD^ xS^U {{D^ x S^) U {S^ x D^)) x x 

= ((i?2 X S^) U [S^ X D^)) X {{D^ X U {S' X D^)) = 5^ x 5^ 

In the last example, JC is the join of {1, 2} and {3,4}. More generally. 
Proposition 4.1.3. Let K = Ki* JC2; then 

Z/c = ZfCi X Z/Ca- 

Proof. By the definition of join (Construction [2?Z!8|) . we have 
Zk,*k.^ U (D^Sy^^^^^ U {D^Sy^x{D^Sy^ 

= ( U (D^Sy^) X ( U {D',Sy^)=Zx,xZx^. □ 

/iG/Ci I2<£K.2 

The topological structure of Z/c is quite complicated even for simplicial com- 
plexes /C with few vertices. Several different techniques will be developed to describe 
the topology of Z/c; this is one of the main subjects of the book. To get an idea 
on how Z]c may look like we included Exercises 14.1.171 and 14.1.181 in which the 
topological structure of Z/c is more complicated than in the examples above, but 
which are still accessible by relatively elementary topological methods. As we shall 
see below, the cohomology of Zjc may have an arbitrary torsion fCorollarv l4.4.9p . 
as well as Massey products (Section 14. 8p . 

Moment-angle complexes corresponding to triangulated spheres and manifolds 
are of particular interest: 
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Theorem 4.1.4. LetJC be a triangulation of an (n — l)- dimensional sphere with 
m vertices. Then Z/c is a (closed) topological manifold of dimension m + n. 

If JC is a triangulated manifold, then Zjc \ . . . , 1) is an (open) non- 

compact manifold. Here (1, . . . , 1) S I™ is the cone vertex, and . . . , 1) = T™. 

Proof. We first construct a decomposition of the polylredron | cone(/C')| into 
'faces' similar to the faces of a simple polytope (in fact, in the case of the nerve 
complex JC = ICp, our faces will be exactly the faces of P). The vertices i £ JC are 
also vertices of the barycentric subdivision JC' , and we set 



(i.e. Fi is the star of the ith vertex of JC in the barycentric subdivision JC'). We 
refer to Fi as facets of our face decomposition, and define a face of codimension k 
as a nonempty intersection of a set of It facets. In particular, the vertices of our face 
decomposition are the barycentres of (n — l)-dimensional simplices of JC. Such a 
barycentre b corresponds to a maximal simplex / = {ii, . . . , i„} of JC, and we denote 
by Ui the open subset in | cone(/C')| obtained by removing all faces not containing b. 
We observe that any point of | cone/C'| is contained in Uj for some I £ JC. 

Under the map cone(zc): |cone(/C')| F" of Construction 12.9.111 the facet 
Fi is mapped to the intersection of cc(/C) with the ith coordinate plane yi — 0. 
Therefore, the image of Uj under the map cone(zc) is given by 



Assume now that /C is a triangulated sphere. Then | cone/C'| is homeomorphic 
to an n-dimensional disc D", and each Uj is homeomorphic to an open subset in 
K" preserving the dimension of faces. (This means that |cone/C'| is a manifold 
with corners, see Section iD.ip . By identifying |cone/C'| with cc(/C) and further 
identifying cc(/C) with the quotient Zjc/T™, we obtain that each point of Zjc has 
a neighbourhood of the form ^~^(T4^/). It follows from ()4.4p that the latter is 
homeomorphic to an open subset in ^^^(M") x 7"'"-" = C" x T™-"^ where is 
the coordinate n-plane corresponding to ii, . . . , i„, the map /i„ : C" — > K" is the 
restriction of /x: C™ — ^ to the corresponding coordinate plane in C™, and the 
torus T"*"" sits in the complementary coordinate (m — n)-plane in C". An open 
subset in C" x T™"" with n ^ 1 can be regarded as an open subset in R™+", and 
therefore Zk: is an (to + n)-dimensional manifold. 

If /C is a triangulated manifold, then | cone/C'| is not a manifold because of the 
singularity at the cone vertex v. However, by removing this vertex we obtain a (non- 
compact) manifold whose boundary is \JC\. Using the face decomposition defined 
by (|4.3p we obtain that | cone JC'\ \ v is locally homeomorphic to R'^ preserving 
the dimension of faces (i.e. | cone JC'\\v is a, non-compact manifold with corners) . 
Under the identification of | cone/C'| with cc(/C) the vertex of the cone is mapped 
to the vertex (1, . . . , 1) e I", and ^"^1. ■ ■ • , 1) = T™. Therefore, 



(4.3) 



Fi = stjc'ii}, 1 i s$ TO, 



(4.4) 



Wi = cone{ic){Ui) = {{yi, ...,ym)& cc(/C): y, ^0 for i ^ /}. 




□ 



Remark. A pair of spaces {X,A) where A is a compact subset in X is called 
a Lefschetz pair if A" \ A is an open (non-compact) manifold. We therefore obtain 
that {Zjc, /x^^(1, . . . , 1)) is a Lefschetz pair whenever /C is a triangulated manifold. 
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We therefore refer to moment-angle complexes Z^; corresponding to triangu- 
lated spheres as moment- angle manifolds. Polytopal moment-angle manifolds Z/Cp, 
corresponding to the nerve complexes )Cp of simple polytopes (see Example 12.2.41) , 
are particularly important. As we shall see in Chapter [51 polytopal moment- angle 
manifolds are smooth. A smooth structure also exists on moment-angle manifolds 
2ic corresponding to star-shaped spheres /C (i.e. underlying complexes of complete 
simplicial fans, see Section [2. 5p . In general, the smoothness of Z/c is open. 

The geometry of moment-angle manifolds is nice and rich; it is the subject of 
Chapter [SI 

Real moment-angle complex TZjc- The construction of the moment- angle 
complex Zic has a real analogue, in which the complex space C™ is replaced by the 
real space R™, the complex polydisc B™ is replaced by the 'big' cube 

[-1, 1]'" = { (ui, . . . , u,n) e M™ : \u.,f ^1 for ^ 1, . . . , m}, 

the standard torus T™ is replaced by the 'real torus' Z™ (the product of m copies 
of the group Z2 = { — 1,1}), and the pair (£>^,5^) is replaced by {D^,S°), where 
S° (a pair of points) is the boundary of the segment D^. The group (Z2)"' acts on 
the big cube [—1,1]'" coordinatewise, with quotient the standard 'small' cube I™. 
The quotient projection [— 1, 1]™ — I™ may be described by the map 

p: (ui, . . . 1-^ {ul, . . .,ulJ. 

Construction 4.1.5 (real moment-angle complex). Given a simplicial com- 
plex JC on [m], define the real moment-angle complex TZk: from the pullback square 

Hk.^ [-1,1]™ 

p 

cc{lCf ^ F" 

Explicitly, Tl]^ — p~^(cc(/C)). By construction, 7?.j<: is a Z™-invariant subspace in 
the 'big' cube [—1, 1]™, and the quotient TZjcfZ^ is homeomorphic to | cone/C|. 

7?.^: is a cubical subcomplex in [—1,1]™ obtained by reflecting the subcomplex 
cc(/C) C I™ = [0, 1]"* at aU m coordinate hyperplanes of R"". If /C = /Cp is the 
nerve complex of a simple polytope P, then cc(/Cp) can be viewed as a cubical 
subdivision of P embedded piecewise linearly into R™ (see Construction I2.9.7P . In 
this case TZjCp is obtained by reflecting the image of P at all coordinate planes. 

By analogy with (|4.2I1 , we have 

Example 4.1.6. 

1. Let /C = 9A™~^ be the boundary of the standard simplex. Then TZ/c = 5™"^ 
is the boundary of the cube [—1,1]™. For m = 3 this complex is obtained by 
reflecting the complex shown in Fig. 12.141 (b) at all 3 coordinate planes of R'^. 

2. Let /C consist of m disjoint points. Then TZjc is the 1-dimensional skeleton 
(graph) of the cube [—1, 1]™. For m = 3 this complex is obtained by reflecting the 
complex shown in Fig. 12.141 (a) at all 3 coordinate planes of R'^ . 
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3. More generally, let JC ~ sk*A™^^ be the i- dimensional skeleton of A™^^ (i.e. 
the set of all faces of A™^^ of dimension ^ i). Then TZjc is the {i + l)-dimensional 
skeleton of the cube [—1, 1]™. 

The following analogue of Theorem 14.1.41 holds . and is proved similarly: 

Theorem 4.1.7. LetK, he a triangulation of an (n—l)- dimensional sphere with 
m vertices. Then TZjc is a (closed) topological manifold of dimension n. 

If K. is a triangulated manifold, then TZjc \ p~^(l, . . . , 1) is an (open) non- 
compact manifold, where p~^(l, . . . , 1) = {—1, 1}™. 

The real moment-angle complexes corresponding to polygons can be identified 
easily (compare Exercise 14.1.18^ : 

Proposition 4.1.8. Let K. be the boundary of an m-gon. Then TZjc is homeo- 
morphic to an oriented surface Sg of genus g ^ 1 + [m — 4)2™^'^. 

Proof. We observe that the manifold TZ)c is orientable (an exercise). Since 
it is 2-dimensional, its topological type is determined by the Euler characteristic. 
Now TZ)c is obtained by reflecting the m-gon embedded into R™ at m coordinate 
hyperplanes, so that Ti)c is patched from 2™ polygons, meeting by 4 at each vertex. 
Therefore, the number of vertices is to2™~^, the number of edges is m2'"^^, and 
the Euler characteristic is 

x(7^K) = 2"-2(4-m) = 2-2g. 

The result follows. □ 

Polyhedral products {X,A)'^. Decomposition (|4.2[) of Z^c which uses the 
disc and circle (Z)^, S^) is readily generalised to arbitrary pairs of spaces: 

Construction 4.1.9 (polyhedral product). Let /C be a simplicial complex 
on [to] and 

(X,A)-{(Xi,yli),...,(X„,A™)} 
be a set of m pairs of spaces, Ai (Z Xi. For each simplex I € JC we set 

m 

(X, AY ^ {{xi,...,Xm) &YI ^1 ■ ^ ^1 i 
and define the polyhedral product of (X, A) corresponding to /C by 

Vfcix,A)= \j{x,Ay = u(n^'><n^' 

leK leic iei i0 

Using the categorical language, we can define the diagram 
Vk.{X, A) : CAt(/C) — > TOP, 

I^{X,Ay, 

which maps the morphism I C J of CAt(/C) to the inclusion of spaces {X , AY C 
iX,A)-'. Then we have 

(X, A)'^ = colim2?K(X, A) = colim(X, AY . 

In the case when all the pairs {Xi, Ai) are the same, i.e. Xi — X and Ai~ A for 
i = 1, . . . , TO, we use the notation (X, A)^ for (X, AY^ . Also, if each Xi is a pointed 
space and Ai = pt, then we use the abbreviated notation (X)'^ for {X,pt)'^, and 
X'^ for {X,pt)'^. 
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Remark. The decomposition of Zk_ into a union of products of discs and 
circles first appeared in [42J (in the polytopal case) and in |44) (in general). The 
term 'moment-angle complex' for Z^: = {D^,S^)'^ was also introduced in [44], 
where several other examples of polyhedral products {X, A)^ were considered. The 
definition of {X, A)'^ for an arbitrary pair of spaces {X, A) was suggested to the 
authors by N. Strickland (in a private communication, and also in an unpublished 
note) as a general framework for the constructions of ^44J ; it was also included in 
the final version of [44j and in [45\. Further generalisations of {X,A)'^ to a set 
of pairs of spaces (X, A) were studied in the work of Grbic and Theriault [104j, 
as well as Bahri, Bendersky, Cohen and Gitler [llj, where the term 'polyhedral 
product' was introduced (following a suggestion of W. Browder). Since 2000, the 
terms 'generalised moment-angle complex', '/C-product' and 'partial product space' 
have been also used to refer to the spaces {X, A)'^. 

Recall that a map of pairs (X,A) — > {X',A') is a commutative diagram 

A X 

(4.5) i i 

A' ^ X'. 

We refer to {X, A) as a monoid pair if X is a topological monoid (a space with a 
continuous associative multiplication and unit), and A is a submonoid. A map of 
monoid pairs is a map of pairs in which all maps in (j4.5l) are homomorphisms. 
If {X,A) is a monoid pair, then a set map (p: [I] ~> [m\ induces a map 

/ Tfl 

(4.6) V:n^^n^' (a;i,.-.,a;;) ^ (yi,.-.,2/m), 

i=l 1=1 

where 

Vj = n for j = 1, . . . ,m, 

and we set yj = 1 if (p^^{j) = 0. 

Proposition 4.1.10. If{X,A) is a monoid pair, then {X,A)'^ is an invariant 
subspace o/J^™ X with respect to the coordinatewise action ofY["^i A on YV^i ■ 

Proof. Indeed, {X, A)^ c J]™ i ^ 

is an invariant subset for each / e /C. □ 

The following proposition describes the functorial properties of the polyhedral 
product in its K. and (X, A) arguments. 

Proposition 4.1.11. 

(a) A set of maps of pairs {X, A) — )■ {X',A') induces a map of polyhedral 
products (X, A)'^ {X' , A')'^. If two sets of maps (X, A) (X, A') are 
componentwise homotopic, then the induced maps {X, A)^ — > (X',^')''" 
are also homotopic. 

(b) An inclusion of a simplicial subcomplex C ^ IC induces an inclusion of 
polyhedral products (X, A)^ ^ (X, A)'^ . 

(c) // (X, A) is a monoid pair, then for any simplicial map Lp: C K, of 
simplicial complexes on the sets [I] and [m] respectively, the map (|4.6p 
restricts to a map of polyhedral products Lpz'- {X,A)''' — > (X, A)'^. 
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(d) // {X, A) is a commutative monoid pair, then the restriction 

I m 

i=l i=l 

of (|4.6p is a homomorphism, and the induced map ipz- i^i^)^ ^ 
{X,A)'^ is tfj\A-equivariant, i.e. 

(pz{a- X) = ?AU(a) • 'Pz{x) 

for all a = (ai, . . . , a;) G Jl'^i ^ '^'^'^ ^ = (^i: ■■■7X1) G {X, A)^ . 

Proof. For (a), we observe that a set of maps {X , A) {X',A') induces a 
map {X , A)^ — )■ (X', A')^ for each I £ IC, and these maps correspondmg to differ- 
ent /, J G /C are compatible on the intersection (X, AY n (X, A)'' = (X, ^4)^'"''^. 
We therefore obtain a map (X,^)'^ — (X',A')'^. A componentwise homotopy 
between two maps (X,^) — >■ {X',A') can be thought of as a map of pairs 
{X X 1, A X 1) ^ (X', A'), where X x I consists of spaces Xi x I. It therefore 
induces a map of polyhedral products 

(X X I,^ X I)'^ ^ {X',A')'^ 

where (X x I, A x I)'^ = (X,^)'^ x (1,1)'^ ^ {X , A)'^ x I™. By restricting the 
resulting map (X, A)'^ x I™ — > (X', A')'^ to the diagonal of the cube I™ we obtain 
a homotopy between the two induced maps {X , A)'^ — )■ {X' , A')'^. 

To prove (b) we just observe that if £ is a subcomplex of JC, then for each I E C 
we have (X, AY C Z/c. 

To prove (c) we observe that for any subset / C [m] we have 'i/;((X, A)-^) C 
(X,A)'^(^). Let / G £, so that {X,AY C {X,AY. Since is a simplicial map, we 
have (p{I) G /C and (X,yl)'^(^) C {X,A)'^. Therefore, the map ip restricts to a map 
of polyhedral products {X, A)^ ^ {X, A)'^. 

Statement (d) is proved by a direct calculation: 

ipzia ■ x) ^ ipziaixi, . . . ,aixi) J| OiX,,..., Y[ ^'.^i) 

=( n n n ^i^---^ n ^0 

iGv2-i{l) i^ip-'^(m) iG'p-i(l) iG:p-i(m) 

= i/'U(a) • (pz{x). 

Note that we have used the commutativity of X in the third identity. □ 
We state the most important particular case of Proposition 14.1.111 separately: 

Proposition 4.1.12. A simplicial map £ — > /C of simplicial complexes on the 
sets [I] and [m] gives rise to a map of moment-angle complexes Zc — > Z/c which is 
equivariant with respect to the induced homomorphism of tori T' — > T™ . 

The polyhedral product construction behaves nicely with respect to the join 
operation (the proof is exactly the same as that of Proposition I4.1.3P : 
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Proposition 4.1.13. We have that 

(X, = (X, X {X,A)^\ 

Example 4.1.14. 

1. The moment-angle complex is the polyhedral product {D^, S^)'^ (when 
considered abstractly) or (D, S)'^ (when viewed as a subcomplex in D'"). 

2. For the cubical complex of (I2.13P we have 

cc(/C) = (/\l)'=, 

where = [0, 1] is the unit segment and 1 is its edge. The quotient map Z/c — 
I cone/C| is the map of polyhedral products {D^, S^)'^ — (/^, 1)'^ induced by the 
map of pairs {D^, S^) — ?> (/^, 1), which is the quotient map by the S'^-action. 

3. For the real moment-angle complex we have 

Where — [—1, 1] is a 1-disc, and 5° = {—1, 1} is its boundary. 

4. If /C consists of m disjoint points and Ai ~ pt, then 

{X,ptf = = Xi V ^2 V • • • V X„ 

is the wedge (or bouquet) of the X^'s. 

5. More generally, consider the sequence of inclusions of skeleta 

sk°A"-i C • • • C sk^-^A™-! c sk™-iA™-i = A™-\ 
It gives rise to a filtration in the product Xi x X2 x • • • x X„i: 

II II ^ II 

Xi V X2 V • • • V X„ X^"^" ' Xi X X2 X • • • X X„ 

Its second-to-last term, X'^^ is known to topologists as the fat wedge of the 
Xj's. Explicitly, the fat wedge of a sequence of pointed spaces Xi, . . . , X„j is 

(Xi X • • • X Xrn-l X pt)(J (Xi X ■ ■ ■ X pt X X^) U • • • U (pt X • • • X X,„_i X Xjn), 

where the union is taken inside the product Xi x X2 x • • • x X„j . 

The filtration above was considered by G. Porter |186j . who obtained a decom- 
position of its loop spaces in the case when each X^ is a suspension, generalising 
the Hilton- Milnor Theorem. We shall consider this decomposition in more detail 
in Chapter [5] 

Exercises. 

4.1.15. Show that if /C is a triangulated sphere, then the manifold TZk. is ori- 
entable. (Hint: use the fact that TZk is obtained by reflecting the n-ball |cone/C| 
at all m coordinate hyperplanes of R™ to extend the orientation from | cone/C| to 
the whole of TZjc-) 

4.1.16. Show that UK. — sk*A™~^, then TZjc is homotopy equivalent to a wedge 
of (i + l)-dimensional spheres (see Example l4. 1.61 3). The number of spheres is given 

by Ek=^+2 ( J(.+l)- 
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4.1.17. Let K be the complex consisting of three disjoint points. Show that Z)c 
is homotopy equivalent to the following wedge (bouquet) of spheres: 

Zk. = s^y s^y s^y s'^y S"*. 

(Hint: compare the case to = 3,i = of the previous exercise; it may also help to 
look at the realisation of Zx. as the complement of a coordinate subspace arrange- 
ment (up to homotopy), see Section 221) 

4.1.18. Let JC be the boundary of a 5-gon. Show that the manifold Ziq is 
homeomorphic to {S'^ x S'*)#^, a connected sum of 5 copies of x 5*. (This may 
be a difficult one; see Theorem 14 . 5 . 1 21 for the general statement.) 

4.1.19. If /C is a triangulation of an {n — l)-sphere with to vertices, then for any 
A: > the polyhedral product {D^ , S*'~^)'^ is a manifold of dimension m(k — 1) + n. 

4.1.20. Let ICi be the full subcomplex corresponding to / C [to]. Then Z/Cj is 
a retract of Zjc- 

4.2. Basic homotopical properties 

Two key observations of this section constitute the basis for the subsequent 
applications of the commutative algebra apparatus of Chapter [3] to toric topology. 
First, the cohomology of the polyhedral product space of the form (CP°°)'^ — 
(£.P°°^pt)'^ is isomorphic to the face ring Z[/C] fProposition I4.2.T|) . Second, the 
moment-angle complex Zyc = (i)^,5^)^ is the homotopy fibre of the canonical 
inclusion (CP°°)'= ^ {CP°° ,CP°°)'^ = (CP°°)™ (Theorem 11221) • 

The classifying space BS^ of the circle is the infinite-dimensional complex 
projective space CP°° . The classifying space i3T™ of the TO-torus T™ is the product 
(CP°°)™ of m copies of CP°°. The universal principal S'^-bundle is the infinite Hopf 
bundle 5"°° -> CP°° (the direct hmit of Hopf bundles S'^'^+i CP*^), so the total 
space ET"^ of the universal principal r'"-bundle over BT™ can be identified with 
the m-fold product of the infinite-dimensional sphere S°°. 

The integral cohomology ring of BT^" is isomorphic to the polynomial ring 
Zlvi, . . . , v„i], degVi = 2 (this explains our choice of grading). The space PT™ has 
the canonical cell decomposition, in which each factor CP°° has one cell in every 
even dimension. The polyhedral product 

{cp°°f = U {cp°°,ptY 

is a cellular subcomplex in BT"' = (CP°°)". 

Proposition 4.2.1. The cohomology ring of {CP°°)^ is isomorphic to the face 
ring Z[/C]. The inclusion of a cellular subcomplex 

i: (CP°°)'= ^ (CP"")"* 

induces the quotient projection in cohomology: 

i* : Z[ui, . . .,V,n] ^ . . .,V,n]/^K = Z[/C]. 

Proof. Since (CP°°)™ has only even-dimensional cehs and (CP°°)'^ is a cel- 
lular subcomplex, the cohomology of both spaces coincides with their cellular 
cochains. Let D'j'' denote the 2fc-dimensional cell in the jth factor of (CP°°)™. 
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The cellular cocham group C*((CP°°)™) has basis of cochains {D^j'^' ■ ■ ■ of")* 

dual to the products of cells D- ^ x ■ ■ ■ x D- ^ . The cochain map 

ji jp 

C*((CF°°)"') C* {{CP°°)'^) 

induced by the inclusion (CP°°)'^ ^ (CP"")™ is an epimorphism with kernel 
generated by those cochains (D'^'^^ ' ' ' '')* which {ji, . . . , jp} ^ /C. Under 
the identification of C*((CP°°)™) with Z[t>i, a cochain [Of^ ■ ■ ■ of^")* is 

mapped to the monomial v'^'^ ■ ■ ■ v^-'' . Therefore, C*((CP°°)'^) is identified with the 

quotient of Z[tii, . . . by the subgroup generated by all monomials v^^ ■ ■ ■ v^'' 
with {ji, ■ ■ ■ ,jp} ^ /C. By Proposition 13. 1 .91 this quotient is exactly Z[/C]. □ 

We consider the Borel construction ET"^ Xt"^ Z)q for the T™-space Zyz (see 
Appendix IB. 31) . 

Theorem 4.2.2. The inclusion i: (CP°°)'^ ^ (CP°°)™ is decomposed into a 
composition of a homotopy equivalence 

h: (CP°°)'^ ^ PP'" XT- Zfc 

and the fibration p: ET"" Xy- Zyc ^ PT" = (CP°°)" with fibre Z^.. 

In particular, the moment-angle complex Zjc is the homotopy fibre of the canon- 
ical inclusion i: (CP°°)'^ (CP"")". 

Proof. We use functoriality and homotopy invariance of the polyhedral prod- 
uct construction (Proposition l4.1.1"T|l . We have Z]q — lJjg^(P^, S*^)-^, see (|4.ip . 
and each subset {D^,S^)^ is P^-invariant. We therefore obtain the following de- 
composition of the Borel construction as a polyhedral product: 

PP'" XT- 2ic= [j {ET"" XT- (P^S'^)0 = U D^,S°° xgi S^Y 

leic leK. 

where 5"°° = PP^ = ES^. 

Now consider the commutative diagram 

pt > xgi > pt 

(4.7) 



CP°° ^ S°° X cl P2 £p' 



'OO 



where j is the inclusion of the zero section in a disc bundle (note that CP°° = 
S°°/S^), and / is the projection map from the bundle to its Thom space, 

/: S°° X51 p2 ^ (5-00 D^)/{S°° X51 S^) ^ CP°°. 

Since 5*°° x 51 S*^ = S°° and are contractible, the composite maps f oj and j o f 
are homotopic to the identity. It follows that we have a homotopy equivalence of 
pairs {CP°°,pt) — {S°° x 51 D^, S°° Xgi S^) which induces a homotopy equivalence 
of polyhedral products 



h: (CP°°)'^ {S°° xsi P^S'°° xsi S^)'^ = ET"' Xt- Z, 
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In order to establish the factorisation i ~ p o h we consider the diagram 
pt > S°° Xsi S"! > CP°° 

1 1 II 

CP°° — ^ S'°° X51 D"^ — ^ CP°°, 

where g is the projection of the disc bundle onto its base (note that his map is 
different from the map / above). By passing to the induced maps of polyhedral 
products we obtain the factorisation of 

i: {<CP°°)'^ A {S°° xgi D'^,S°° X51 S^)'^ (CP°°,CP°°)'= 
into the composition of h and p. □ 

The following statement is originally due to Davis and Januszkiewicz [70, Theo- 
rem 4.8] (they used a different model for Zj^, which will be discussed in Sectioning]). 

Corollary 4.2.3. The equivariant cohomology ring of the moment- angle com- 
plex Z/c is isomorphic to the face ring of K,: 

H^^{Zk.)^Z[]C]. 

In equivariant cohomology, the projection p: ET™ Xym Zjc — > BT"^ induces the 
quotient projection 

P* : Z[vi, ...,Vm]^ Z[/C] = Z[vi, . . .,Vm]/lK- 

Proof. This follows from Theorem 14.2.21 and Proposition 14.2.11 □ 

We have the following basic information about the homotopy groups of Z/c: 

Proposition 4.2.4. 

(a) If JC is a simplicial complex on the vertex set [m] (i.e. there are no 
ghost vertices), then the moment-angle complex Z]c is 2-connected (i.e. 
t^i{Zk) = '^2{Ztc) = 0), and 

^,(Zk) =7r,((CP°°)'=) fortes. 

(b) If K, is a q-neighbourly simplicial complex, then TnlZjc) = for i < 2q-\-l. 
Furthermore, ■n2q+i{Z}c) is a free ahelian group of rank equal to the number 
of {q + l)-element missing faces of JC. 

Proof. We observe that (CP"")" is the Eilenberg-Mac Lane space X(Z™, 2), 
and the 3-dimensional skeleton of {CP°°)'^ coincides with the 3-skeleton of 
(CP°°)™. If /C is g-neighbourly, then the (2g+l)-skeletons of (CP°°)'^ and (CP°°)™ 
agree. Now both statements follow from the exact homotopy sequence of the map 
(CP°°)'^ ^ (CP°°)™ with homotopy fibre Zk. □ 

Example 4.2.5. Let IC = skiA-^ (a complete graph on 4 vertices). Then K. is 
2-neighbourly and has 4 missing triangles, so Z/c is 4-connected and 715(2^^) = Z"'. 
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4.3. Cell decomposition 

We consider the following decomposition of the disc D into 3 cells: the point 1 e E) 
is the 0-cell; the complement to 1 in the boundary circle is the 1-cell, which we 
denote by T; and the interior of D is the 2-cell, which we denote by D. By taking 
product we obtain a cellular decomposition of D™ whose cells are parametrised by 
pairs of subsets J, / C [m] with J n / = 0: the set J parametrises the T-cells in 
the product and / parametrises the Z?-cells. We denote the cell of 
D™ corresponding to a pair J, / by >f(J, /); it is a product of |J| 
1 cells of T-type and |/| cells of 13- type (the positions in [m] \ / U J 
are filled by 0-cells). Then Z^: embeds as a cellular subcomplex 
in D™; we have k{J, I) C Zjc whenever / e /C. 
Let C*{Z]c) be the cellular cochains of Zjq. It has a basis of cochains >c{J,I)* 
dual to the corresponding cells. We introduce the bigrading by setting 

bidegx(J,/)* = (-|J|,2|/| + 2|J|), 

so that bidegD = (0,2), bidegT = (-1,2) and bidegl = (0,0). Since the cellular 
differential preserves the second grading, the complex C*{Zic) splits into the sum 
of its components with fixed second degree: 

m 

(4.8) C*(Z^) = 0C*'29(z^). 

The cohomology of the moment-angle complex therefore acquires an additional 
grading, and we define the higraded Betti numbers of Zfc by 

(4.9) b-P''^'>{Z,c) = TankH-P'^i{Z,c), for 1 «C p, g m. 
The ordinary Betti numbers of Zjc therefore satisfy 

(4.10) bHz,c)^ E b-P'^'iZfc)- 

-p+2q=k 

The map of the moment-angle complexes Z/c — > Zc induced by a simplicial 
map JC ^ C (see Proposition 14. 1 . l"2| is clearly a cellular map. We therefore obtain 

Proposition 4.3.1. The correspondence K, ^ Zx: gives rise to a functor from 
the category of simplicial complexes and simplicial maps to the category of cell 
complexes with torus actions and equivariant maps. It also induces a natural trans- 
formation between the functor of simplicial cochains of K. and the functor of cellular 
cochains of Zfc ■ 

The map Zjc — Zc induced by a simplicial map /C — > £ preserves the cellular 
bigrading, so that the bigraded cohomology groups are also functorial. 

4.4. Cohomology ring 

The main result of this section. Theorem 14.4. 4[ establishes an isomorphism 
between the integral cohomology ring of the moment-angle complex Zjc and the 
Tor-algebra of the simplicial complex /C. This result was first proved in |43| 
for field coefficients using the Eilenberg-Moore spectral sequence of the fibration 
Zk. -)■ (CP°°)'^ (CP°°)'". The proof given here is taken from [20j and [47j; it 
establishes the isomorphism over the integers and works with the cellular cochains. 
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One of the key steps in the proof is the construction of a cellular approxima- 
tion of the diagonal map A : Zk: — > Z/c x Z/c which is functorial with respect to 
maps of moment-angle complexes induced by simplicial maps. The resulting cel- 
lular cochain algebra is isomorphic to the algebra R*{IC) from Construction 13.231 
(obtained by factorising the Koszul algebra of the face ring Z[JC] by an acyclic ideal); 
its cohomology is isomorphic to the Tor-algebra of /C. 

Another proof of Theorem 14.4.41 was given by Franz |93| . 

Algebraic model for cellular cochains. We recall the algebra i?*(/C) from 
Construction 13.2.51 

R*{IC) ^ A[ui, . . .,u„,] (g> Z[IC]/ivf = u,v, =0, 1 s; i ^ m), 

with the bigrading and differential given by 

bidegUi — (—1,2), bidegu^ — (0,2), dui = w,;, dvi = 0. 

The algebra R*{IC) has finite rank as an abelian group, with a basis of monomials 
ujvi where J C [m], I £ K. and J n / = 0. 

Comparing the differential graded module structures in R*{JC) and C*{Zic) we 
observe that they coincide, as described in the following statement: 

Lemma 4.4.1. The map 

g: R*{1C)-^C*{Zk.), ujVi^kIJ,!)*, 
is an isomorphism of cochain complexes. Hence, there is an additive isomorphism 

H[R*{IC)]^H*{Z^). 

Proof. Since g arises from a bijective correspondence between bases of R*{IC) 
and C*{Zjc), it is an isomorphism of bigraded modules (or groups). It also clearly 
commutes with the differentials: 

Sgiu,) - S{Tn - D* = g{v,) = g{du,), Sg{v,) = 5{D*) = = g{dv,), 

where Ti denotes the cell 0), and Di — >f(0, {«})■ '-' 

Having identified the algebra R*{JC) with the cellular cochains of the moment- 
angle complex, we can give a topological interpretation to the quasi-isomorphism of 
Lemma [3. 2. 61 To do this we shall identify the Koszul algebra A[ui, . . . , Um\ ® I^IC] 
with the cellular cochains of a space homotopy equivalent to . 

The infinite-dimensional sphere is the direct limit (union) of standardly 
embedded odd-dimensional spheres. Each odd sphere S"^*-'"*"^ can be obtained from 
^2fc-i j-jy attaching two cells of dimensions 2k and 2fc -I- 1: 

Here the map /: dD^*' S"^^^^ is the identity (and has degree 1), and the map 
g : dD^^'^^ = S'^*' D^^ is the projection of the standard sphere onto its equatorial 
plane (and has degree 0). This implies that is contractible and has a cell 
decomposition with one cell in each dimension; the boundary of an even cell is the 
closure of an odd cell, and the boundary of an odd cell is zero. The 2-dimensional 
skeleton of this cell decomposition is the disc Z?^ decomposed into three cells as 
described in Section l4?3l The cellular cochain complex of S°° can be identified with 
the Koszul algebra 

A[u] (8) degu = 1, degw — 2, du — v, dv — 0. 
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The functoriality of the polyhedral product (Proposition 14.1.111 (a)) implies 
that there is the following deformation retraction onto a cellular subcomplex: 

Zk. = iD^,S^ f ^ iS°°,S^ f {D^,S^ f. 

Furthermore, the cellular cochains of the polyhedral product {S°°,S^)'^ are iden- 
tified with the Koszul algebra A[ui, . . . ,Um] ^ Z[/C], in the same way as C*{Zic) 
is identified with R*{IC). Since Z/c C {S°°,S'^)'^ is a deformation retract, the 
corresponding cellular cochain map 

A[ui,...,Um]®Z[IC]=C*{{S°",SY) ~^C*{Zk.) = R*{JC) 

induces an isomorphism in cohomology. The above map is a homomorphism of alge- 
bras, so it is a quasi-isomorphism. In fact, the cochain homotopy map constructed 
in the proof of Lemma l3.2.6l is nothing but the cellular cochain map induced by the 
homotopy above. 

Cellular diagonal approximation. Here we establish the cohomology ring 
isomorphism in Lemma 14.4.11 The difficulty of working with cellular cochains is 
that they do not admit a functorial associative multiplication. The diagonal map 
used in the definition of the cohomology product is not cellular, and a cellular 
approximation cannot be made functorial with respect to arbitrary cellular maps. 
Here we construct a canonical cellular diagonal approximation A : Zyz — > -Eye x Z^. 
which is functorial with respect to maps of Z}q induced by simplicial maps of A^, 
and show that the resulting product in the cellular cochains of Zx. coincides with 
the product in R*{JC). 

The product in the cohomology of a cell complex X is defined as follows 
(see [ 172| . |115j ). Consider the composite map of cellular cochain complexes 

(4-11) C*iX)<g)C*iX) — ^ C*{XxX) ) C*{X). 

Here the map x sends a cellular cochain ci (g) C2 G C^^ {X) (E) C^^ {X) to the cochain 
C1XC2 e C«;^+«2(XxX), whose value on a cell 61X62 G XxXis (-l)''^'^^ 61(61)62(62). 
The map A* is induced by a cellular map A (a cellular diagonal approximation) 
homotopic to the diagonal A: X ^ X x X . In cohomology, map (|4.1ip induces a 
multiplication H*{X) (g) H*{X) — > H*{X) which does not depend on a choice of 
cellular approximation and is functorial. However, map (|4.1ip itself is not functorial 
because the choice of a cellular approximation is not canonical. 

Nevertheless, in the case X = Zjq we can use the following construction. 

Construction 4.4.2 (cellular approximation for A: Zk: ^ Z^, x Z/c). Con- 
sider the map A: D -> D x D given in the polar coordinates z = p6"^ G D, ^ p ^ 1, 
^ (fi < 27r, by the formula 

{1- p + pe^"f,l) for0s^(^^7r, 
{1,1- p + pe^'"^) for TT < 27r. 

It is easy to see that this is a cellular map homotopic to the diagonal A: D — > D x D, 
and its restriction to the boundary circle § is a diagonal approximation for §, as 
described by the following diagram: 

§ > B 



(4.12) pe"f ^ 



(4.13) a[ [a 

§ X § > D X D 
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(explicit formulae for the homotopies involved can be found in Exercise 14. 4. lip . 
Taking the m-fold product we obtain a cellular approximation A : D™ — > D'" x D™. 
Applying Proposition l4. 1.111 (a) to the map of pairs A: (ID, S) ^ (D x D, S x S) and 
observing that (B x ©,§ x S)'^ = Zjc x Z/c, we obtain that A: D™ -J> ID'" x D"* 
restricts to a cellular approximation of the diagonal map of Zjc, as described in the 
following diagram: 

Zk: > D™ 



Zr X Zk 



Finally, applying Proposition 14.1.111 (c) to diagram (|4.13p we obtain that the ap- 
proximation A is functorial with respect to the maps of moment-angle-complexes 
Zic — > Zc induced by simplicial maps /C — > £. 

Lemma 4.4.3. The cellular cochain algebra C*{Zic) with the product defined via 
the diagonal approximation A : Zjc — >■ Zic x Z/c and map (|4.1ip is isomorphic to 
the algebra i?*(/C). We therefore have an isomorphism of cohomology rings 

H[R*{K.)]^H*{Zk.). 

Proof. We first consider the case JC = A*^, i.e. Z]c = B. The cellular cochain 
complex has basis of cochains 1 e C°(D), T* € C^{B)) and D* e C'^{B) dual to the 
cells introduced in Section l473l The multiplication defined by (|4.11l) in C*(D) is 
trivial, so we have a ring isomorphism 

R*{A°) = A[u] (g) 1[v]/{v^ =uv = 0)^ C*(ID). 

Taking an m-fold tensor product we obtain a ring isomorphism for K. = 

/: i?*(A'"-i) = A[ui, . . .,u,n] <E> ZK, . . . , v^]/{vf = u,v, = 0) ^ C*(D"). 

Now for arbitrary /C we have an inclusion Z/c C D™ — Z^m-i of a cellu- 
lar subcomplex and the corresponding ring homomorphism q: C*(D'") — >■ C*{Zic). 
Consider the commutative diagram 

i?*(A™-i) — C*(©") 



R*ilC) C*{Zjc). 
Here the maps p, / and q are ring homomorphisms, and g is an isomorphism of 
groups by Lemma [4.4. II We claim that g is also a ring isomorphism. Indeed, take 
a, /3 G R*{JC). Since p is onto, we have a — p{a') and (3 ~ p{f3'). Then 

g{al3) = gp{a'p') = qf{a'p') = qf{a')qf{P') = gp{a')gp{l3') = g{a)g{p), 
as claimed. Thus, g is a ring isomorphism. □ 

Main result. By combining the results of Lemmata IA.2.101 13.2.61 and 14.4.31 

we obtain the main result of this section: 

Theorem 4.4.4. There are isomorphisms, functorial in K., of bigraded algebras 
i/*'*(ZK)-Torz[.„....„„](Z[/C],Z) 

= H[A[ui, u„i] (8) Z[/C], d] , 
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where the bigrading and the differential on the right hand side are defined by 

bidegUi — (—1,2), bidegWi = (0,2), dui = w^, dvi = 0. 

The algebraic Betti numbers p.2|) of the face ring Z[/C] therefore acquire a 
topological interpretation as the bigraded Betti numbers (|4.9p of the moment-angle 
complex 2^j<;. 

Now we combine results of Propositions 13.1.51 13.2.21 and I4.3.1[ Corollary 14.2.31 
and Theorem 14.4.41 in the following statement describing the functorial properties 
of the correspondence JC H> Ziq. 

Proposition 4.4.5. Consider the following functors: 

(a) Z, the covariant functor K. M> Zx. from the category of finite simplicial 
complexes and simplicial maps to the category of spaces with torus actions 
and equivariant maps (the moment-angle complex functor); 

(b) k[-], the contravariant functor K, i— )■ k;[/C] from simplicial complexes to 
graded ]<i- algebras (the face ring functor); 

(c) Tor-alg, the contravariant functor 

/C^Tork[,^,...,,^](k[/C],k) 

from simplicial complexes to bigraded \i-algebras (the Tot -algebra functor; 
it is the composition o/k[-] and ToT^y^ y^-^{- ^k.)); 

(d) H^, the contravariant functor X i~> i?^(X;k) from spaces with torus 
actions to h-algebras (the equivariant cohomology functor); 

(e) H* , the contravariant functor X i— > iJ*(X;k) from spaces to \i-algebras 
(the ordinary cohomology functor). 

Then we have the following identities: 

H^oZ^k[-], H* o Z = ToT-aAg. 

The second identity implies that for any simplicial map : /C — > £ the corresponding 
cohomology map 

H*{Zc)^ H*{Zk.) 

coincides with the induced homomorphism of Tor-algebras (^Sxor f'^om Proposi- 
tion \3.2^ In particular, the map ip gives rise to a map 

H-t^^^PiZc) ^ H-^-^p{Zk.) 

of bigraded cohomology. 

In the case of Cohen-Macaulay complexes K (see Section 13. 3|) we have the 
following version of Theorem 14.4.41 

Proposition 4.4.6. LetK. be an -dimensional Cohen-Macaulay complex, 

and let t be an hsop in k[/C] . Then we have the following isomorphism of algebras: 

H*iZ^;k) = Tork[,„...,,„]/t(k[/C]/*, k). 

Proof. This follows from Theorem [4.4.41 and Lemma FA. 3. 51 □ 

Note that the algebra k[/C]/i is finite-dimensional as a k-vector space, unlike 
k[/C]. In some circumstances this observation allows us to calculate the cohomology 
of Zjc more effectively. 
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Description of the product in terms of full subcomplexes. The 

Hochster formula (Theorem 13.2. 4|) for the components of the Tor-algebra can be 
used to obtam an alternative description of the product structure in H*(Zic). 

We recall from Section 13.21 that the bigraded structure in the Tor-algebra is 
refined to a multigrading, and the multigraded components of Tor can be calculated 
in terms of the full subcomplexes of /C: 

where J C [m], see Theorem 13.2.91 Furthermore, the product in the Tor-algebra 
defines a product in the direct sum 0p^o Jc[m] HP~^(1C,j) given by p. lip . 

The bigraded structure in the cellular cochain complex of defined in Sec- 
tion |43] can be also refined to a multigrading (a Z Z™-grading): 

JC[m] 

where C*' ^'^ (Zjc) is the subcomplex spanned by the cochains x{J\I, I)* with / C J 
and I G IC. The bigraded cohomology groups are decomposed as follows: 

JC[m]: \ J\=j 

where H-''"^-^ (Zic) = H-'[C*'^-^ {Zk:)]. 

Theorem 4.4.7 (Baskakov |18|V There are isomorphisms 

HP-\lCj)^HP-\-'\^^-'{Zic), 
which are functorial with respect to simplicial maps and induce a ring isomorphism 
h: HP-\lCj)^H*{Z^). 

JC[m] 

Proof. The statement about the additive isomorphisms follows from Theo- 
rems [X^Hl a-nd In explicit terms, the cohomology isomorphisms are induced 
by the cochain isomorphisms given by 

cp-HiCj)^cp-\'^^^'{z^), 

aL< — > e{L,J)x{J\L,L)* 

similar to p.9p . where E Cp^^{ICj) is the cochain dual to a simplex L G ICj. 
The ring isomorphism follows from Proposition 13.2.1^ and Theorem 14.4.41 □ 

For the bigraded and ordinary cohomology of Zjc we obtain the following for- 
mulae in terms of full subcomplexes of /C: 

Theorem 4.4.8. There are isomorphisms 

H-^^^={Z,c)= H=-'-\K.j), 

,7C[m]: \,J\=j 

H^Z^)^ i/^-l''l-i(/Cj). 

JC[m] 

It follows that the cohomology of Z^^ may have arbitrary torsion: 
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Corollary 4.4.9. Any finite abelian group can appear as a summand in a 
cohomology group of H* (Zjc) for some K.. 

Proof. It follows from the previous theorem that H*{IC) is a direct summand 
in H*{Zk^) (with appropriate shifts in dimension). Therefore, we can take JC whose 
simplicial cohomology contains the appropriate torsion. □ 

Exercises. 

4.4.10. Let § be the standard unit circle decomposed into two cells, where the 
0-cell is the unit. The map 

^:§^Sx§, e-^lff^;!) forO^^^., 
' [ (1, e^^'^) for TT ^ < 27r 

is a cellular diagonal approximation. It is obtained by restricting map (|4.12p to 
the boundary circle {p — 1). A homotopy Ft between the diagonal Z\: S — >■ S x § 
{t = 0) and its cellular approximation A (t = 1) is given by 

r (•g»(i+t)y^g»(i-t)¥.-) forO«:(^^7r, 

Ft : S ^ § X S, e j ^^^il^tW+2.^t ^ ^^il+t)v-2.^t^^ fo^. ^ ^ ^ < 2^. 

4.4.11. Show that the formula 

((l-p)< + pe'(i+*)'^,(l-p)< + pe*(i-*)'^) iorO^ifi^TT, 
((1 - p)t + pe^{i-t)v+27^^t ^ _ ^g»(i+t)y-2x«t^ for vr < (y5 < 2tt. 

defines a homotopy Gf : B ^ B x © between the diagonal A: O ^ B x O It ^ Q) 
and its approximation A ()4.13p {t — 1). For p = 1 the homotopy Gt restricts to 
the homotopy Ft of the previous exercise. 

4.5. Bigraded Betti numbers 

Here we describe the main properties of the bigraded Betti numbers of moment- 
angle complexes and give some examples of explicit calculations. 

Lemma 4.5.1. Let K, he a simplicial complex of dimension n — 1 with fa = m 
vertices and fi edges, so that dimZ^c ~ m + Ji. We have 

(a) 60'0(Zk) = &0(Zk) = 1 and b'^'^'^iZ^) ^ for q ^ 0; 

(b) b~P' — for q > m or p > q; 

(c) b\Z,c)^b^{ZK)^0; 

(d) b^{Z^)=b-^^\Z^)^{^^)-f,; 

(e) b~P' '^'^{Zic) ^ for p ^ q > or q - p > n; 

(f) 6™+"(Zk;) = 2m(_2^) ^ rank^"-i(/C). 

Proof. We consider the algebra i?*(/C) whose cohomology is H*{Zic). Recall 
that R*{JC) has additive basis of monomials ujvi with I G K. and / n J = 0. Since 
bidegWi = (0,2), bidegUj = (—1,2), the bigraded component i?~^''^'(/C) has basis 
of monomials ujvj with |/| — q — p and \ J\ — p. In particular, R~P'^'^{IC) = for 
q > m or p > q, which implies (b). To prove (a) we observe that i?'^'*'(/C) = k and 
each VI e i?°'^'(/C) with g > is a coboundary, hence, iJ°'^'^(Z;c) = for q > 0. 

Now we prove (e). Let ujvi G i?~P'^'(/C); then |/| = q — p and I £ IC. Since 
a simplex of JC has at most n vertices, R''P'^'^{IC) — foi q — p > n. We have 
&-P'29(^^) = for p > g by (b) so we need only to check that fo^^'^qj-^^) ^ q foj. 
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q > 0. The group R^'^'^'^{IC) has basis of monomials uj with | J| = q. Since d{ui) = 
Vi, there are no nonzero cocycles in R^'^-^'^{IC) for q > 0, hence, H^''-'^'^{Zjc) — 0. 
Statement (c) follows from (e) and (|4.10p . 

We also have H^{Zk,) = H-^^^{Zk.), by (e). There is a basis in i?-i'4(/C) 
consisting of monomials UjVi with i ^ j. We have d(ujVi) = ViVj and d(uiUj) = 
UjVi — UiVj. Hence, UjVi is a cocycle if and only if ^ /C; in this case the two 

cocycles UjVi and UiVj represent the same cohomology class. This proves (d). 

It remains to prove (f). The total degree of a monomial ujvj E R*{IC) is 
2|/| + |J|, and there are constraints |/| + \J\ ^ m and |/| ^ n. Therefore, the 
maximum of the total degree is achieved for |/| = n and \ J\ = m ~ n. This proves 

□ 



the first identity of (f), and the second follows from Theorem 14.4.81 

Lemma [4.5. II shows that nonzero bigraded Betti numbers b^'''^'^{Zic) with r ^ 
appear only in the strip bounded by the lines r = — 1, q ~ m, r + q = \ and 
r + g = n in the second quadrant, see Fig. 14.11 (a). 



























* 


* 


* 


* 
















* 


* 


* 


* 
















* 


* 


* 


* 
















* 


* 


* 


* 
















* 


* 


* 


















* 


* 




















* 










































1 



2m 

































1 










































* 




















* 


* 


















* 


* 


* 


















* 


* 




















* 










































1 



2m 



(a) arbitrary /C 



(b) |/C| 5" 



Figure 4.1. Possible locations on nonzero h P''^'^{Zic) (marked by 

The next result allows us to express the numbers of faces of /C (i.e. its /- and 
/i-vectors) via the bigraded Betti numbers. We consider the Euler characteristics 
of the complexes C*''^'i{Z,c) (see (0^), 

m m 

(4.14) Xq{ZK) = Y^i-irmnkC-P^'^iZ^) = ^(-If ^^g^^^) 

p=0 p=0 

and define the generating series 

m 

x(ZK;i)=^Xe(2K)i"'- 

Theorem 4.5.2. The following identity holds for an (n — 1)- dimensional sim- 
plicial complex K, with m vertices: 

x{ZK-:t) = (1 - ^2)™-«(/^o + h^t^ + ■■■ + hnt^^). 

Here {Hq, hi, . . . , /i„) is the h-vector of JC. 
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Proof. The bigraded component C P''^'^{Zic) has basis of cellular cochains 
>r(J,/)* with / e /C, \I\ ^ q-p and |J| = p. Therefore, rankC-P'29(2^) ^ 
where (/o, /i, • ■ • , /„-i) is the /-vector of K. and /_i = 1. By 
substituting this into (|4.14p we obtain 

m 

x,(z^) = 5:(-ir^/,-i(7_7). 

Then 

m m 

(4.15) x(2K;i) = EE*''^'^'"'^(-i)''"'/^-i(7-7) 

m n 

= E /^-i^'^^i - ^')'"'-'' = (1 - E /^-i - 1)"' • 

J=0 J=0 

Set = /lo + /iii H h Then it follows from ([23]) that 

rMi-') = (i-irE/^-i(*-i)"'- 

By substituting for t in the identity above we finally rewrite (|4.15p as 

(1-^2)™ (i-2_l)n (l-t2)n' 

which is equivalent to the required identity. □ 
Corollary 4.5.3. ///C ^ A™^^, then the Euler characteristic of Zjc is zero. 
Proof. We have 

m m 
p,q—0 g— 

by Theorem [4.5.21 fnote that JC ^ A™"^ implies that m> n). □ 

We proceed by describing the properties of bigraded Betti numbers for partic- 
ular classes of simplicial complexes. 

Definition 4.5.4. A d-dimensional pseudomanifold is a finite simplicial com- 
plex /C such that 

(a) all maximal simplices of /C have dimension d (i.e. /C is pure d-dimensional); 

(b) each {d — l)-simplex of K, is the face of exactly two d-simplices of JC. 

(c) if / and /' are d-simplices of /C, then there is a sequence I = Ii, I2, . . . , Ik = 
I' of d-simplices of K- such that Ij and Ij+i have a common [d — l)-face 
for 1 < i ^ fc - 1. 

If /C is a d-dimensional pseudomanifold, then either Hd{IC) = Z or (an exer- 
cise). In the former case the pseudomanifold /C is called orientable. 

Lemma 4.5.5. Let K. he an orientable pseudomanifold of dimension n — 1 with 
m vertices. Then 

iJ™+"(ZK;) = if""^(/C) ?^Z. 
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Under the isomorphism H*{Zic) = H[R*{JC)], the group above is generated by the 
class of any monomial ujvi G R*{K.) of bidegree {—{m — n), 2m) such that / G /C 
and J [m] \ I . 

Proof. The isomorphism of groups follows from Theorem 14.4.81 and the fact 
that IC is orientable. We have iJ™+"(ZK;) = i?^('"^")^2m(2^) rpj^g ^^^^^ 
j^-{m-n),2m^j(^'^ has basis of monomials ujvj with I £ K., \I\ = n and J = [to] \ /. 
Each of these monomials is a cocycle. Let be two {n — l)-simplices of IC hav- 
ing a common {n — 2)-face. Consider the corresponding cocycles ujvj and ujivji 
(where J = [to] \ /, J' = [to] \ /'): 

UjVl = Uj^Uj^ ■ ■ ■ Uj^_^Vi, ■ ■ • Wi„_iWi„, 
Uj'Vji = Ui^Uj^ ■ ■ ■ Uj^_^Vi, ■ ■ ■ Wi„_iWji. 

Since /C is a pseudomanifold, the (n — 2)-face {ii, . . . , i„_i} is contained in ex- 
actly two (n — l)-faces, namely / = {ii, . . . ,i„_i,i„} and /' — {ii, . . . 
Therefore we have the following identity in R*{IC) 

d{ui^Uj,Uj^ ■ ■ ■ Wj„._„Wii • • • Vi^_,) = 

Hence, [m,/?;/] = [ujivi'] (as cohomology classes). Property (c) from the definition 
of a pseudomanifold implies that all monomials ujvi G 

^-(m-n).2m(-^-) ^present 

the same cohomology class up to sign. The isomorphism p.9p takes ujvi to zta/ G 
C"~^(/C), which represents a generator of i?"^^(/C) = Z (see Exercise 14. 5. 17p . □ 

Remark. If /C is a non-orientable pseudomanifold, then the same argument 
shows that any monomial ujvi G R*{1C) as above represents the generator of 

Proposition 4.5.6. Let IC be a triangulated sphere of dimension n — 1. Then 
Poincare duality for the moment-angle manifold Zjc respects the bigrading in coho- 
mology. In particular, 

^'(Zk) - 2(m-9) /or s; p TO - n, s; g TO. 

Proof. The Poincare duality maps (see Definition 13.4.31) are defined via the 
cohomology multiplication in H*{Zic), which respects the bigrading. We have 
dim Z]c = m -\r n, and 

7J™+"(Z;c) - Tor^(™-"^J™(Z[/C],Z) - Z, 

by Lemma 14.5.51 This implies the required identity for the Betti numbers. □ 

Corollary 4.5.7. Let K, be a triangulated (n — l)-sphere and Z/c the corre- 
sponding moment-angle manifold, dim Z/c = m -\- n. Then 

(a) &~^''2*(Z/c) = forp ^ m — n, with the only exception 5-(™-"),2m _ i- 

(b) b-P^^'J{ZK:) =Oforq-p^n, with the only exception 5-(™-«)^2m ^ ^ 

It follows that if |/C| = 5"^^, then nonzero bigraded Betti numbers b^''^'^{Zic), 
except &°'°(Zk:) and 6-(™-"),2m(2 IC ) , appear only in the strip bounded by the lines 
r = — (m — n — 1), r = —1, r -\- q — 1 and r -\- q = n — 1 in the second quadrant, 
see Fig. mi] (b). 
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A space X is called a Poincare duality space (over k) if H*{X; k) is a Poiiicare 
algebra (see Definition 13.4. 3p . We have the following characterisation of moment- 
angle complexes with Poincare duality, extending the result of CoroUarv 14.5.61 

Theorem 4.5.8. Z/c is a Poincare duality space over a field k if and only K. is 
a Gorenstein complex over k. 

Proof. Assume that /C is a Gorenstein complex. Consider the algebra T 
defined in Theorem EXl i.e. T = 0^=o^'' ^^^^^ = Tori;j^j(k[/C], k) and 
d = max{j: ToT~^^^{k[JC],k) ^ 0}. Since T is Poincare algebra, k ^ T" ^ 
Homk(r'',r''), which implies that T'^ ^ k. Since T has a bigrading, we obtain 
rpd _ rpd,2q Jqj. sQjj^g g ^ 0. Since the multiplication in T respects the bigrading, 

the isomorphisms T* ^ Homk(r''^*, T'') from the definition of a Poincare algebra 
split into isomorphisms 

rv2j ^ Homk(T'^"''^^«"^'\r'''^'). 

Let H'' = H^{Zk.\ k) and H = 0^^^ ^^'^ then = ®^+2J=k ^''"^^ and r = d+2q. 
Therefore, we have the isomorphisms 

^ @ T-^^ ^ Homk(T'^"''^^«~^\T'''2'?) ^Homk(i^''"^i^'■), 

i+2j=k i+2j=k 

which imply that is a Poincare algebra. 

Now assume that H — 0fe^o ^ Poincare algebra. Then 

k-^''=Tor,[t;!%„](k[/C],k)=r'''2« 

for some d,q ^ 0. Since the multiplication in the cohomology of Zjc respects the 
bigrading, the isomorphisms H'^ ^ Homk(i?'^~'^, -ff'^) split into isomorphisms 

H-'^^^ = ^ Homk(T''~''^(«"^\r'''^«), 

which in their turn define the isomorphisms 

T' = 0r^2j ^ 0Homk(T'^"''^'«"^\r'') =Homk(r'*"*,T'^). 

3 J 

Thus, T is a Poincare algebra. □ 

Remark. We do not assume that r — max{fc: H^{Z}c\k) ^ 0} is equal to 
dim ZjQ = m + n in Theorem 14.5.81 It follows from the proof above that Zic is a 
Poincare duality space with r = dim Z^^ if and only if /C is a Gorenstein* complex. 

Here are some explicit examples of calculations of H*{Zic) using Tlieorem l4.4.4l 

Example 4.5.9. Let /C = dA"'-\ Then 

Z[/C] = Z[vi, . . .,Vm]/{vi ■ ■■Vm). 

The cocycle U1V2V3 ■ ■ ■ Vm G A[ui, . . . , Um] ® Z[/C] of bidegree (—1, 2m) represents a 
generator of the top degree cohomology group of Z/c = 5^™^^. 

Example 4.5.10. Let K be the boundary of a 5-gon. We have dimZjc = 7. 
We enumerate the vertices of K. clockwise. The face ring of /C is given in Ex- 
ample 13.1.41 3. The group H^{Zic) has 5 generators corresponding to the diag- 
onals of the 5-gon; these generators are represented by the cocycles UiVi+2 G 
Z[/C] ® A[ui, . . . , W5], 1 < i ^ 5 (the summation of indices is modulo 5). A direct 
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calculation shows that H^{Zk:) also has 5 generators, represented by the cocycles 
UjUj+iVj+z, 1 ^ i ^ 5. The Betti vector of Z)c is therefore given by 

(6°(Zk), b\ZK), b\ZK)) = (1,0, 0, 5, 5, 0, 0, 1). 

By Lemma [4.5.51 the product of cocycles UiVi+2 and UjUj^iVj^^ represents a gen- 
erator of H''{Zic) if and only if all the indices i,i + 2, j,j + l,j + 3 are differ- 
ent. Hence, for each cohomology class G H^{Zfc) there is a unique class 
[ujUj+iVj-i-s] G H'^{Z]c) such that the product [^^1)^4.2] • [ujUj+iVj^^] is nonzero. 
These calculations are summarised by the cohomology ring isomorphism 

in accordance with Exercise 14. 1.181 

Example 4.5.11. Now we calculate the Betti numbers and the cohomology 
product for Zjc in the case when /C is a boundary of an m-gon with m ^ 4. 

It follows from Corollary 14.5.71 that the only nonzero bigraded Betti numbers 
of Zk: are 6-(p-i).2p for 2 < p to - 2 and = = 1. The 

ordinary Betti numbers are therefore given by 

b°iZ,c) - ^"'+'(2^) = 1, b'^iZ^) = &-('=-2),2(fc-i)(^^) for 3 fc TO - 1. 

To calculate 6-('=-2).2(fc-i) ^^^c) for 3 fc m - 1 we use the algebra i?*(/C) of 
Construction 13.231 We have 

(4.16) 6-(^--2),2(/c-i)(2^) ^ dimi/-('=-2)^2(fe-i)j^,^^^ ^ 

dimker[d: R-ik-2)Mk-i) ^ ^-(fc-3),2(fe-i)] _ dimdi?-('=-i)'2(fe-i)_ 

Since iJ-('''-i)^2(fc-i) (^^^ ^ g for fc > 1, the differential d from i?-(fc-i),2(fc-i) jg 
monomorphic, and 

dimdi?-('=-i)'2(fe-i) ^ dimi?-('=-i)'2(fc-i)^ 

Similarly, since _ff ^('^^■^)'2(fc-i) ^^^-j = for fc ^ to, the differential from 
jj-(fc-2),2(fc-i) jg epiniorphic, and 

dimkcr[d: i?-(fe-2),2(fc-i) ^ ^-(fc-3),2(fc-i)] 

= dimi?-(^-2)^2(fe-i) _ dimi?-(^--3),2(fc-i)_ 

Substituting the above two expressions into (I4.16P and using formula (j3.3p for the 
dimensions of R~P'^'^, we calculate 

b'^iz^) = b-(''-'^''(''-'Hz^) 

= dimi?-('=-2).2(fe-i) _ dimi?-(*-3).2(fc-i) _ ai^R-ik-i)Mk-i) 

"''Vfc-2/ '"-Vfe-S/ Vfe-1/ 

= (fc - 2) (-2) + (TO - fc) L™-^^) for 3 < fc ^ TO - 1. 

This additive calculation is valid for any field k, and therefore for k = Z as 
well, because the cohomology of Z/c does not have torsion in this example (this 
follows from Theorem 14. 4.8p . 

The product of any three classes of positive degree in H*{Zic) is zero (i.e. 
the cohomology product length of Z/c is 2). Indeed, if a.; G H^^p^^^'^'^P' (Z/c) for 
i = 1,2, 3, then 

aiazas G i7-(Pi+P2+P3-3),2(pi+p2+P3)(_2^)^ 
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which is zero by Lemma 14.5.11 (e) (note that n — 2 in this example) . Hence all 
nontrivial products in H*{Zic) arise from Poincare duality. 

The above calculations of the Betti numbers together with the observations 
about the cohomology product can be summarised by saying that Z^: cohomologi- 
cally looks like a connected sum of sphere products, namely, 

(4.17) H*{Zk.) = H*r# (5'= X 5™+2-fe-)#(fe-2)U.^jy 

as rings. 

The cohomology isomorphism of (|4.17p is induced by a homeomorphism of 
manifolds. This is true even in a more general situation, when K. is the boundary 
of a stacked polytope (see Definition I1.4.8P : 

Theorem 4.5.12 (McGavran, see [27l Theorem 6.3]). Let K. be the boundary 
of a stacked polytope of dimension n with m vertices. Then the corresponding 
moment-angle manifold is homeomorphic to a connected sum of sphere products, 

k=3 

For n — 2 we obtain a homeomorphism of manifolds underlying the isomor- 
phism (|4.17p (note that any 2-polytope is stacked). 

The bigraded Betti numbers for stacked polytopes can also be calculated: 

Theorem 4.5.13 ( [2T5] . [59] . [141] ). LetK. be as m Theorem\^JJ^and n ^ 3. 
Then the nonzero bigraded Betti numbers of Zx, are given by 

6"'°(Zk;) = fe-(™-")'2m^2K) = 1, 

= forl^i^m-n-l, 
b-^-^^'+^~'Hz,c) = {m-n~ *)(,„_"„+"_,) forl^i^m-n-l. 
Exercises. 

4.5.14. A triangulated manifold /C is a pseudomanifold. 

4.5.15. If /C is a d-dimensional pseudomanifold, then either Hd{IC) = Z 
or HdifC) = 0. What happens for homology and cohomology with coefficients 
in a field k? 

4.5.16. If K. is an orientable d-dimensional pseudomanifold (i.e. Hd{JC) = Z) 
then H'^{IC) ^ Z, and if /C is non-orientable then H'^{IC) = Z2. What happens for 
cohomology with coefficients in a field k? 

4.5.17. Let /C be an orientable d-dimensional pseudomanifold. The homology 
group Hd{IC) = Z is generated by the class of simplicial chain (/C) = X^/ga: dim i=d ^ 
where the d-simplices I £ K, are oriented properly (the fundamental homology class 
of JO). The cohomology group H'^{JC) = Z is generated by the class of any cochain ai 
taking value 1 on an oriented d-simplex I Cz JC and vanishing on all other simplices. 

4.5.18. Calculate H*{Zic) where JC is the boundary of a pentagon using Theo- 
rem l4.4.gl and the description of the cohomology product given in Proposition l3.2.lUl 
(or Exercise (Mm)- 
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4.6. Coordinate subspace arrangements 

Here we establish a liomotopy equivalence between the moment-angle complex 

and the complement of the arrangement of coordinate subspaces in C™ corre- 
sponding to a simplicial complex /C. As a corollary we obtain an explicit description 
of the cohomology ring of a coordinate subspace arrangement complement. In some 
cases, knowing the cohomology ring allows us to identify the homotopy type of ar- 
rangement complements. 

Coordinate subspace arrangements already appeared in Section 13.11 as affine 
algebraic varieties corresponding to face rings (see Proposition I3.1.12p . Here we 
consider these arrangements from the general point of view. 

A coordinate subspace in C™ can be given as 

(4.18) Lj = {(zi, . . . , z„) e C™ : z,, = • • • = z,, = 0}, 
where / = {ii, . . . , ik} is a subset of [m]. 

Construction 4.6.1. We assign to a simplicial complex K, the arrangement 
of complex coordinate subspaces (or coordinate subspace arrangement) given by 

A{JC) ={Li:HK,}. 

We denote by C/(/C) the complement to A{K,) in C™, that is, 

(4.19) L/(A:) =C"\ U i/. 

Observe that if /C' C /C is a subcomplex, then U{K.') C U{JC). 

Proposition 4.6.2. The assignment K. i— t- U{IC) defines a bijective inclusion- 
preserving correspondence between simplicial complexes on the set [m] and comple- 
ments of coordinate subspace arrangements in C™ . 

Proof. We need to reconstruct a simplicial complex from the complement 
and check that it indeed defines the inverse correspondence. Let ^ be a coordinate 
subspace arrangement in C", and let U be its complement. Set 

IC{U) = {I dim]: LiHU ^ 0}. 

It is easy to see that IC{U) is a simplicial complex satisfying U{K.{U)) = U and 
JC{U{JC))=1C. □ 

If {i} is a ghost vertex of /C, then the coordinate subspace arrangement A{JC) 
contains the hyperplane {zi = 0}. The arrangement A{JC) does not contain hyper- 
planes if and only the vertex set of K, is the whole [m] . 

The complement U (JC) is an example of a polyhedral product space (see Con- 
struction 21X2) i a-s is shown by the next proposition. 

Proposition 4.6.3. C/(/C) = (C, C^)'^. 

Proof. Given a point z = {zi, . . . , Zm) € C™, consider its zero set io{z) = 
{i e [m] : Zi — 0} C [m]. We have 

C/(/C)=C"\ y L, = C"\ |J{z:c^(2)D/} = C"\ \J {z : u;{z) = 1} 

= \J{z:^{z)^I}= \J{z:^{z)dI}^ |J (C, €>< )^ = (C, €>< )'C. □ 
leK leic i£K 
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Example 4.6.4. 

1. If /C = A™-\ then U{IC) = C™. 

2. If /C = 9A"-i, then C/(/C) = C™ \ {0}. 

3. Let K. be the discrete complex with m vertices. Then 

U{IC) = C™ \ y = = 0} 

is the complement to all coordinate subspaces of codimension two. 

4. More generally, if /C is the i-dimensional skeleton of A™^^, then U{IC) is the 
complement to all coordinate subspaces of codimension i + 2. 

Since each coordinate subspace is invariant under the standard action of T™ 
on C™, the complement U{IC) is also a T^-invariant subset in C™. 

A deformation retraction of a space X onto a subspace A is a homotopy 
Ft: X ^ X,t el, such that Fq = id (the identity map), Fi{X) = A and Ft|^ = id 
for all t. The term 'deformation retraction' is often used only for the last map 
f = Fi: X ^ A; this map is a homotopy equivalence. 

Theorem 4.6.5. The moment-angle complex Zjc is a T™-invariant subspace 
ofU{lC), and there is a T"^ -equivariant deformation retraction 

^ C/(/C) ^ z^. 

Proof. We have = (D, S)'^ C (C, C^)'^ = U{K.) by the functoriality of the 
polyhedral product, so the moment-angle complex Z/c is indeed contained in the 
complement U{IC) as a T^-invariant subset. 

The deformation retraction U{IC) — > Zjc will be constructed by induction. We 
remove simplices from A'"^^ until we obtain K,, in such a way that we get a sim- 
plicial complex at each intermediate step. 

The base of induction is clear: if /C = A"-i, then U{IC) ^ C", Zyc ^ D™, and 
the retraction C™ — )■ is evident. 

The orbit space Zyc/T"* is the cubical complex cc(/C) ~ (1, 1)'^ (see Construc- 
tion EMI]). The orbit space C/(/C)/T™ can be identified with 

U{IC)^ = U{IC)nW^ = (M^,R>)'= 

where is viewed as a subset in C"\ 

We shall first construct a deformation retraction r: U{JC)^ — ?► cc(/C) of orbit 
spaces, and then cover it by a deformation retraction r : C/(/C) — Z^;. 

Now assume that K, is obtained from a simplicial complex K,' by removing one 
maximal simplex J = i.e. /C U J = /C'. Then the cubical complex 

cc(/C') is obtained from cc(/C) by adding a single fc-dimensional face Cj — (1, 1)'^. 
We also have f/(/C) = ?7(/C') \ Lj, so that 

[/(/C)^ - U{K% \{y:y^^=...= y^^ ^ 0}. 

We may assume by induction that there is a deformation retraction r': U{JC')^ — 
cc(/C') such that Ld{r'{y)) = U!{y), where uj{y) is the set of zero coordinates of y. 
In particular, r' restricts to a deformation retraction 

r' : U{JC% \ {y :%,=••• = = 0} ^ cc(^')\ Vj 
where yj is the point with coordinates yj-^ = • • • = = and yj = 1 for j ^ J. 

Since J ^ /C, we have i/j ^ cc(/C). On the other hand, yj belongs to the extra 
face Cj — (1, 1)"^ of cc(/C'). We therefore may apply the deformation retraction rj 
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shown in Fig. l4.2l on the face Cj, with centre at j/j. In coordinates, a homotopy Ft 




Figure 4.2. Retraction r,j: cc(/C')\ V j cc(/C). 



between the identity map cc(/C')\ y j — > cc(/C')\ y j (for t = 0) and the retraction 
rj : cc(/C')\ y J — > cc(/C) (for t = 1) is given by 

Ft: cc(r)\ t/,, — > cc(/C')\ 
(yi, . . .,ym,t) I — > {yi +taiyi,.. .^y^+ta 

m Urn ) • 

where 



' lo, ifi^J, 



for 1 ^ i ^ 



We observe that uj{Ft{y)) — uj{y) for any t and y E cc(/C'). Now, the composition 

(4.20) r : C/(/C)^ = {/(/C')^\ {y : y^, = ■ ■ • = y,, = 0} ^ cc(/C')\ 2/j ^ cc(/C) 

is a deformation retraction, and it satisfies uj{r{y)) ~ ^{y) as this is true for rj 
and r. The inductive step is now complete. The required retraction r : U{IC) — !■ 
covers r as shown in the fohowing commutative diagram: 



U{JC) 



cc{Kf ^ U-^ (/C) cc(/C) 

ExpUcitly. r is decomposed inductively in a way similar to (j4.20l) , 

r: U{K.) = U{K.')\Lj ^ Z^,\pi-\yj) ^ Z^, 
where ^^^(y j) = Jlje/iO} ^ Ilj^/ ^^"^ given in coordinates (zi, . . . , z„i) 

iipi 



Vie 



by 



with ai as above. □ 

Since U{IC) and Zk: are homotopy equivalent, we can use the results on the 
cohomology of Zk: (such as Theorems 14.4.41 and 14.4. 8p to describe the cohomology 
rings of coordinate subspace arrangement complements. 
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Example 4.6.6. Let K be the set of m disjoint points. Then Zk, is homotopy 
equivalent to the complement U{JC) of Example 14.6.41 3. and 

The subspace of cocycles in R*{JC) has basis of monomials 

Ui^Ui^ ■ ■ ■ Ui^_^Vi^ with ip ^ ig for p ^ q. 

Since the total degree of Ui^Ui^ ■ ■ ■ Ui^_^Vi^. is fc + 1, the space of cocycles of degree 
k + 1 has dimension to(™~^^). The subspace of coboundaries of degree A; + 1 is 
spanned by the elements of the form 

and has dimension (™) . Therefore, 
dimijO(J7(/C)) = 1, 
dimiJi(J7(/C)) = H^{U{IC)) = 0, 

dimiJ'^-+i(C/(/C)) = m(™r^i) - {'^) ={k- 1)(7), for 2 ^ fc s; m, 

and the multiplication in the cohomology of U (/C) is trivial. 

The calculation of the previous example shows that if /C is the set of m points, 
then there is a cohomology ring isomorphism 

(4.21) H*{U{IC)) ^ H*(^\/ {S''+^y^'"^^^^>^, 

fc=2 

where X'^'^ denotes the fc-fold wedge of a space X. This cohomology isomorphism 
is induced by a homotopy equivalence, as is shown by the following result. 

Theorem 4.6.7 ( |103| . p,p4, Corollary 9.5]). Let K. be the i- dimensional skele- 
ton of the simplex A'""-'^, so that U{IC) is the complement to all coordinate planes of 
codimension i + 2 in C™. Then U(1C) is homotopy equivalent to a wedge of spheres: 

u{jc)o^ v (^^+'=+i)^(")(';^). 

The proof uses the interpretation of Zk: as the homotopy fibre of the inclusion 
i: {CP°°)'^ ^ (CP°°)™ (Theorem 11221), and wiU be given in Section [831 For 
i = we obtain the homotopy equivalence behind cohomology isomorphism (|4.2ip . 

Real coordinate subspace arrangements 

Ur{IC) = (R,M^)'= 

in are defined and treated similarly; there are real analogues of all results and 
constructions of this section. (The real version of Theorem 14.6.71 is much simpler: 
see Exercise 14. 1.16p . 

A coordinate subspace can be given either by setting some coordinates to zero, 
as in (|4.18p . or as the linear span of a subset of the standard basis ei, . . . , e„i. 
The latter approach leads to an alternative way of parametrising complements of 
coordinate subspace arrangements by simplicial complexes, which is related to the 
former one by Alexander duality. 

Given a subset / C [m] we set Si — C(ei : i E I) (the C-span of the basis vectors 
corresponding to /), and use the notation / = [m] \ I and IC ~ {I d [m] : I ^ /C} 
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from Construction [2AT1 Then the coordinate subspace arrangement corresponding 
to a simpHcial complex /C can be written in the following two ways: 

A{1C) ^{Li:IilC} = {Sf. / e £}. 

Using Alexander duality we can reformulate the description of the cohomology 
of U{IC) in terms of full subcomplexes of JC (Theorem 14.4. 8p as follows. 

Proposition 4.6.8. There are isomorphisms 

i^'(C/(/C))^0i?2„-2|/|-,-2ak£/). 

Teic 

Proof. By Theorems 14.6.51 and 14.4. Si 

IC[m] 

Nonempty simplices I G K, do not contribute to the sum above, since the corre- 
sponding subcomplexes /C/ are contractible. Since H^^{0) — Z, the empty simplex 
contributes Z to H^{U{JC)). Therefore, we can rewrite the isomorphism above as 

i79(t/(/C))=0i7«-l^l-i(/C/). 
Using Alexander duality fProposition 12.4.5)1 we calculate 

^,-|/|-l(/C,) - 5|,|_3_,+ |,| + i(lkg/) ^ 52™-2|7|-,-2ak£/), 

where / = is a simplex of /C. □ 

Proposition 14.6.81 is a particular case of the well-known Goresky-MacPherson 
formula [102, Chapter III], which calculates the (co)homology groups of the com- 
plement of an arrangement of affine subspaces in terms of its intersection poset. In 
the case of coordinate subspace arrangements A{IC) the intersection poset is the 
face poset of the dual complex IC. For more on the relationships between general 
afhne subspace arrangements and moment-angle complexes see [45 , Chapter 8]. 

Exercises. 

4.6.9. The affine algebraic variety X{IC) corresponding to the face ring C[JC] (see 
Proposition I3.1.12p and the coordinate subspace arrangement A{IC) of Construc- 
tion mHUl are related by the identity X{IC) = A{IC), where K. = {I C [m] : [m] \ I ^ 
K,} is the Alexander dual complex. 

4.6.10. Show directly that the complement to the 3 coordinate lines in C"^ is 
homotopy equivalent to the wedge of spheres S^V S^V S^V S'^V S'^; this corresponds 
to m = 3 in (|42T|) . 

4.6.11. Show directly (without referring to Theorem 14.6.51 and Proposi- 
tion I4.2.4[) that the complement U{IC) is 2-connected if K, does not have ghost 
vertices, and that U{IC) is 2(7-connected if K, is g-neighbourly. 
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4.7. Free and almost free torus actions on Z}q 

Here consider free and almost free actions of toric subgroups C T™ on Zx. ■ 
As usual, /C is an (n — l)-dimensional siinplicial complex on [m], and Zjc is the 
corresponding moment-angle complex. 

We start with a simple characterisation of the isotropy subgroups of the stan- 
dard T™-action on Zic- For each / C [m] we consider the coordinate subtorus 

T-^ = {(ti, . . .,trn) e T" : tj = 1 for j ^ /} = C T" 

(note that = (T, 1)-^ in the notation of Construction 14. 1 ."Q]) . 

Proposition 4.7.1. Let z e Zjc, and set w{z) = {« e [m] : Zi = 0} e JC. Then 
the isotropy subgroup of z with respect to the T"^ -action is T"^'-^). Furthermore, each 
coordinate subtorus for I G IC is the isotropy subgroup for a point z G Zjc ■ 

Proof. An element t = {ti, . . . , tm) G T™ fixes z if and only if ti — 1 whenever 
Zi ^ 0, which is equivalent to that t € T'^^^^. The last statement is also clear: T-^ 
is the isotropy subgroup for any z E (D,§)-^ C Zjc with uj{z) = I. □ 

Recall that an action of a group on a topological space is almost free if all 
isotropy subgroups are finite. 

Definition 4.7.2. We define the free toral rank of Z^:, denoted ftr Zjc, as the 
maximal dimension of toric subgroups T'^ C T™ acting on Zjc freely. Similarly, the 
almost free toral rank of Zjc, denoted atvZic, is the maximal dimension of toric 
subgroups r'' C T"* acting on Z/c almost freely. 

Proposition 4.7.3. Let K, be a simplicial complex of dimension n — 1 on m 
vertices and K ^ A™^^. The toral ranks of Zjc satisfy the following inequalities: 

1 ^ ftr Zjc ^ atr Z)q ^ m — n. 

Proof. By Proposition l4.7.ll isotropy subgroups for the T^-action on Z/c are 
coordinate subgroups of the form T^. The diagonal circle in T"* intersects each 
of these coordinate subgroups trivially (since / [ni]), and therefore acts freely 
on Zjc- This proves the first inequality. The second is obvious. To prove the third 
one, assume that T'^ C T™ acts almost freely on Zjc- Then the intersection of T*^ 
with every T'^-isotropy subgroup is a finite group. Choose a maximal simplex 
L eJC; \L\ = n. Then n T'' can be finite only if fc m - n. □ 

The map M™ {ipi, . . . ,ip„i) '-^ (e^'^^'^i, . . . , e^'^*'^™), identifies T"* with 

the quotient R™/Z™. Subtori T*^ C T™ of dimension k bijectively correspond to 
unimodular sublattices L C of rank k (a sublattice is unimodular if it is a direct 
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summaiid in Z™). The inclusion T'^ C T™ can be viewed as L-r/L C M^/Z™, where 
L-R is the /c-dimensional subspace in M™ spanned by L. 

Choosing a basis in L we obtain an integer m x /c-matrix S = (sy ), 1 ^ i ^ m, 
1 ^ j =^ fc, so that i is identified with the image of S*: Z*^ — >• Z". The fc-torus T'^ 
is the image of the corresponding monomorphism of tori T''' — )• T™, namely, 

(4 22) T''" — I (g2'^»('Sii'/'lH hsifc^Z-fc) g27ri(s„ii/'iH hSmfcVfc))! 'jp™ 

where (-01, . . . ,ipk) G R'^- Since L is unimodular, the columns of S form a part of 
basis of the lattice Z™. 

Lemma 4.7.4. Let T*^ be a k- dimensional subtorus in T™ and let L be the 
corresponding unimodular sublattice of rank k in Z™. Let S = (sij), 1 ^ i ^ m, 
1 ^ J ^ fc; be a matrix defining L, so that is given by (|4.22p . 

(a) The torus acts on Ziq almost freely if and only if for each I E K, 
the intersection of subspaces and M.^ in M™ is zero. Equivalently, the 
(m— |/|) X k-matrix Sj obtained by deleting from S the rows with numbers 
i € I has rank k. 

(b) The torus T^ acts on Zjc freely if and only if for each I E K. the sublattice 
spanned by L and iJ in Z™ is unimodular of rank fc + |/|. Equivalently, 
the columns of the (m — |/|) x k-matrix Sj form a part of basis o/Z™"'^' . 

Proof. We prove (a) first. By Proposition 14.7.11 the T'^-action on Z/c is 
almost free if and only if the intersection T'^ n T''^ C T'" is finite for each / e /C. 
This intersection can be identified with the kernel of the map / : T'^ X ^ T™ 
(the product of the inclusion maps 

r^k _^ 'jpm g^jj^ rpj^jg ]ieTne\ is finite 

if and only if the corresponding map of real spaces x — > M™ is injective, 
which is equivalent to that Lr n = {0}. Let I = {ii, . . . , ip}, then the matrix of 
/ has the form (5' | e^j | • • • | ), where is the ith standard basis column vector. 
Clearly, this matrix has rank fc + |/| if and only if the matrix Sf has rank fc. 

Now we prove (b). The T'^-action on Zjc is free if and only if the the kernel of 
/: T'= X ^ T" is trivial for each / e /C, i.e. T'' x embeds as a subtorus. This 
is equivalent to the conditions stated in (b). □ 

The following algebraic lemma will be required for the algebraic characterisation 
of maximal-dimensional subtori acting on Z/c freely or almost freely: 

Lemma 4.7.5. Let h be a field or Z, and assume given a diagram 


i 



r 

j^m— r 

; 
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in which both vertical and horizontal lines are short exact sequences of \i-vector 
spaces or free ahelian groups. Then pii2 is surjective (respectively, injective or split 
infective) if and only if P2ii is surjective (respectively, injective or split injective). 

Proof. This is a simple diagram chase. Assume first that pii2 is surjective. 
Take a e k™^"; we need to cover it by an element in k*". There is /3 G k"* such that 
P2(/3) = a. li (3 £ ii(k'"), then we are done. Otherwise set 7 = Pi{f3) 7^ 0. Since 
piZ2 is surjective, we can choose <5 € k'' such that pii2{S) = 7. Set 77 = i2{S) ^ 0. 
Hence, pi{ri) = pi{(3){— 7) and there is f S k'' such that ii(^) — /3 — rj. Then 
P2ii{£.) — P2{I3 — ij) — a — P2i2{6) = a. Thus, p2«i is surjective. 

Now assume that pii2 is injective. Suppose P2*i(ck) = for a nonzero a G k*". 
Set P — ii{a) ^ 0. Since P2{P) — 0, there is a nonzero 7 e k'* such that 12(7) = /?■ 
Then ^112(7) = Pi{P) — Pi*i(ck) = 0. This contradicts the assumption that pii2 is 
injective. Thus, ^2*1 is injective. 

Finally, if pii2 is split injective, then its dual map ijp^ : k™^'' — > k* is surjective. 
Then i\p2 : k™^'* k*" is also surjective. Thus, ^2*1 is split injective. □ 

Let t — [ti, . . . , tn) G Z[/C] be a linear sequence given by 

(4.23) ti ^ Aji^i H h KmVm, for 1 < i < n. 

We consider the integer n x m-matrix A — (Xij), 1 ^ i ^ n, 1 ^ j m. It defines a 
homomorphism of lattices A: Z™ Z" and a homomorphism of tori A: T™ T". 

Theorem 4.7.6. The following conditions are equivalent: 

(a) the sequence (ti, . . . ,tn) given by (|4.23p is an Isop in the rational face ring 

(b) the kernel T\ ~ Ker(A: T™ — )• T") is a product of an (m — n)-torus and 
a finite group, and T\ acts almost freely on Z]c . 

Proof. We first observe that under any of conditions (a) or (b) the rational 
map A: Q'" — >■ Q" is surjective. For each simplex / G /C we consider the diagram 



i 

Qm-n 

1" 

> QI^I — ^ Q" > Q™-l-f| > 

A 

i 



where i2 is the inclusion of the coordinate subspace — > Q™. The map Ai2 is 
given by the n x |/| matrix A/ = (Ay ), 1 ^ i ^ n, j G /. By Lemma [3.3.21 the 
sequence (^i, . . . , t„) is a rational Isop if and only if the rank of A/ is |/| for each 
/ G /C. Hence condition (a) of the theorem is equivalent to the injectivity of the 
map Ai2 for each / G /C. 

On the other hand, by Lemma 14.7.41 (a) , the action of the (m — n)-torus Ta on 
is almost free if and only if ii(Q™"") n = {0} for each / G /C. The latter 
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condition is equivalent to that zi(Q™^") n Kerp2 = {0}, i.e. that p2«i is injective. 
Hence condition (b) of the theorem is equivalent to the injectivity of the map p2*i 
for each I G IC. Now the theorem follows from Lemma [4.7.51 □ 

The almost free toral rank of Z/c can now be easily determined: 

Corollary 4.7.7. We have atrZ^c — m, — n, i.e. for each simplicial complex 
K, of dimension (n — 1) on [m] there is an (m — n)- dimensional subtorus in T™ 
acting on Zjc almost freely. 

Proof. Choose a rational Isop in Q[IC] by Theorem IA.3.10[ and multiply it 
by a common denominator to get an integral sequence (|4.23p . It is still an Isop in 
Q[/C] (but it may fail to be an Isop in Z[/C]), and therefore the (m — n)-torus Ta 
acts on Z]c almost freely by Theorem 14.7.61 □ 

There is an analogue of Theorem 14.7.61 for free torus actions: 

Theorem 4.7.8. The following conditions are equivalent: 

(a) the sequence [ti, . . . given by (|4.23p is an Isop in 1j\K\; 

(b) Ta = Ker(A: T™ — >■ T") is an (m — n)-torus acting freely on Zjq. 

Proof. The argument is the same as in the proof of Theorem 14.7.61 
Lemma 14.7.51 is now applied to the diagram of integral lattices instead of ratio- 
nal vector spaces. □ 

Nevertheless, there is no analogue of Corollary 14.7.71 for free torus actions, as 
integral Isop's may fail to exist. Indeed, the free toral rank of Z/c where /C is the 
boundary of a cyclic n-polytope with to ^ 2" vertices is strictly less than m — n, as 
shown by ExamDle l3.3.4l The free toral rank of Zjc is a combinatorial characteristic 
of /C, also known as the Buchstaber invariant. Its determination is a very subtle 
problem; see |85| and |95j for some partial results in this direction. 

There is the following important conjecture of equivariant topology and rational 
homotopy theory concerning almost free torus action. 

Conjecture 4.7.9 (Toral Rank Conjecture, Halperin |114j ). Assume that a 
torus acts almost freely on a finite- dimensional topological space X . Then 

dimi/*(X;Q) ^ 2^ 

i.e. the total dimension of the cohomology of X is at least that of the torus T^ . 

The Toral Rank Conjecture is valid for /c ^ 3 and is open in general. See |190) 
and [222| for the discussion of the current status of this conjecture. 

In the case of moment-angle complexes we have the following result: 

Theorem 4.7.10 ([56], |221j ). LetJC be a simplicial complex of dimension n—1 
with TO vertices, and let Zjc be the corresponding moment-angle complex. Then 

ranki/*(ZK;) = ^ ranki7'^(ZK;) > 2™"". 

fc=0 

The proof of this theorem given in [221j uses a construction of independent 
interest and a couple of technical lemmata. We include this proof below. 

Corollary 4.7.11. The Toral Rank Conjecture is valid for subtori T'^ C T™ 
acting almost freely on Zx: . 
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The following is a particular case of the so-called simplicial wedge construc- 
tion |189j . It has been brought into toric topology by the work [12j. 

Construction 4.7.12 (Simphcial doubhng). Let /C be a simphcial complex 
on the vertex set [m]. The double of JC is the simplicial complex 2?(/C) on the 
vertex set [2m] = {1, 1', 2, 2', . . . , to, m'} whose missing faces (minimal non-faces) 
are {ii, i'j^, . . . , ik, ij,} where {ii, . . . , ik} is a missing face of /C. In other words, 2?(/C) 
is determined by its face ring given by 

k[l?(/C)] ='k[vi,vy, . . . ,Vm,Vm']/ ■ ■ ■ Vi^Vi'J : {ii,...,ik} ^ K). 

Example 4.7.13. 

1. If /C = A"-! (the full simplex on to vertices), then V{JC) = A^""!. 

2. If /C = aA™-!, then V{JC) = ^A^™-!. 

The doubling construction interacts nicely with the polyhedral product: 

Theorem 4.7.14. Let {X^A) he a pair of spaces, let K, he a simplicial complex 
on [to] and 'D{1C) its double. Then 

{X, Af^^^ ^ {X -K X,X -K Ayj Ayi X)'^. 

Proof. Set (Y,B) = {XxX,Xx AU Ax X). Given a point y = (j/i, ...,?/,„) e 
y™, we set 

wy(y) = {ie [to] : yi(^ B} C [m]. 

Similarly, given x = {xi^xy, . . . ,Xm,Xm') G X^™, we set 

ujx{x) = [j G {1, 1', . . .,m,m'}: Xj ^ A} C {1, l', . . . ,to,to'}. 

We identify y with x by the formula (yi, . . . , j/m) = ((xi, Xi-), . . . , (x„, x„')) S 
ym _ X'^"\ It follows froiii the definition of the polyhedral product that y ^ 
(y, B)'^ if and only if (y) ^ /C. The latter is equivalent to the condition ujx{x) ^ 
I?(/C), since if wy(y) = {ii, . . . ,ik} then u!x{x) D {ii,?i, ■ • ■ , jfc,ij,}. Therefore, 

j/^(r,s)'= ^ x^{x,Af^'^\ 

which implies that (X, ^)^('=) = (y, B)'^. □ 

Remark. The simplicial wedge |189j . |12j is a generalisation of the doubling 
construction, in which the ith vertex of K, is replaced by a ji-tuple of vertices, 
for some vector j — (ji, . . . ,jm) of natural numbers. The double corresponds to 
j — {2, . . . , 2). There is an analogue of Theorem 14. 7. 141 in this setting, see \12\ §7]. 

As an important consequence of Theorem 14.7.141 we obtain the following rela- 
tionship between the moment-angle complex Z^^ and its real analogue TZjc- 

Corollary 4.7.15. We have Zjc = 'R-p(jc)- 

Proof. Apply Theorem [4.7.141 to the pair {X,A} = (£'\S'°), observing that 
{D^ X D\D^ X S"US° X D^)^{D^,S^). □ 

Lemma 4.7.16. Let (X,A) he a pair of cell complexes such that A has a collar 
neighbourhood U{A) in X (i.e. there is a homeomorphism of pairs (U{A),A) = 
{A X [0, 1),A X {0})/ Let Y — Xi Ua X2 he the space obtained by attaching two 
copies of X along A. Then 

rank H*(Y) ^ rank H* (A). 
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Proof. The assumption on {X,A) implies that we can apply the Mayer- 
Vietoris sequence to the decomposition Y = Xi Ua X2: 

• • • H''-\A) H''{Y) ^ H'^iXi) (S H\X2) ^ H^{A)^ ■■■ . 

The map (3^ is i\ ® ("^2); where ii : yl — > Xi and Z2 : A — !■ X2 are the inclusions. 
Since Xi = X2 = X^ and the inclusions ii and 12 coincide, we have rankKer/3fe ^ 
rank_ff'^(X) and ranklm/3fe ^ ranki/'^(X). Using these inequalities we calculate 

rankij'^(y) = rankKcrofj; + ranklmafe = ranklm(5jt_i + rankKcr/?^ 

^ iimkH''-^{A) -ranklm/?fe_i + iimkH^{X) 

^ rankij'="i(A) - T&nVH^-^{X) + ranki?''(X). 

The required inequality is obtained by summing up over k. □ 

Theorem 4.7.17. Let JC be a simplicial complex of dimension n — 1 with m 
vertices, and let TZiq he the corresponding real moment- angle complex. Then 

ranki^*(7^K) ^ 2"""' ^ 2™^", 

where n! is the minimum of the cardinality of maximal simplices of JC (so that 
n' = n = dim/C + 1 if and only if IC is pure). 

Proofs of Theorems 14.7.101 and 14.7.171 We first prove the inequality for 
TZ/c, by induction on the number of vertices m. For m — 1 the statement is clear. 
We embed TZk: as a subcomplex in the 'big' cube [—1, 1]™ (see Construction 14 .13]) 
with coordinates u = (ui, . . . ,Um), —1 ^ Ui ^ I. Assume that the first vertex 
of /C belongs to an (n' — l)-dimensional maximal simplex of IC, and consider the 
following subspaces of TZjc : 

X+ = {u eTZjc: ui^ 0}, X_ = {u e Te^: : ui ^ 0}, 

A^ X+n X- = {u eTlK-- ui = 0}. 

Applying Lemma 14.7.161 to the decomposition TZic = X^ Ua X_ we obtain 

ranki^*(7^K) ^ rankiJ*(A). 

On the other hand, A is the disjoint union of 2™~™i~i copies of 72.ik^{ii,, where mi 
is the number of vertices of lk;c:{l}- Since {1} is a vertex of a maximal simplex of IC 
of minimal cardinality n' , the minimal cardinality of maximal simplices in lkj<;{l} 
is n'l = n' — 1. Now using the inductive hypothesis we obtain 

rankiJ*(A) = 2™-'"i-i ranki^*(7^lk^{l}) > 2"'-"'^-^2"'''< = 2"""'. 

Theorem 14.7. 1 71 is therefore proved. 

To prove Theorem 14.7. 101 we use the fact that Zjc = TZ-viK): a-nd observe that 
the numbers m — n (and m — n') for IC and 2?(/C) coincide. □ 

Using Theorems 14.4.41 and 14.4.81 we may reformulate Theorem 14.7.101 in both 
algebraic and combinatorial terms: 

Theorem 4.7.18. Let IC be a simplicial complex of dimension n — 1 with m 
vertices, and let k 6e a field. Then 

dimTorkK,...,„„](k[/C],k) - ^ dimi7'=-|-'|-i(/Cj; k) ^ 2'"-". 

JC[m], fcJsO 
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As a corollary we obtain that the weak Horrocks Conjecture (Coniecture l A. 2 . 12]) 
holds for a particular class of rings: 

Corollary 4.7.19. Let K, be a Cohen- Macaulay simplicial complex (over a 
field of dimension n — 1 with m vertices. Let t — (ti, . . . , i„) he an Isop in k[/C], 
so that 'k.[m\/t= lilwi, . . . ,Wm-n\ and dinik[/C]/< < oo. Then 

dimTorkK,...^„„,_„](k[/C]A,k) ^ 2™-", 

i.e. the weak Horrocks Conjecture holds for the rings k[/C]/t. 

Proof. This follows from the previous theorem and Proposition 14.4.61 □ 

Exercises. 

4.7.20. Show that ftr Zyc 1 if and only if /C = dA"'~\ 

4.7.21. The Toral Rank Conjecture fails if dimX = oo. 

4.7.22. Show that the doubling operation respects the join, that is, I?(/C *£) — 

4.7.23. Assume that K, is the boundary complex of a simplicial n-polytope Q C 
M" with TO vertices wi, . . . , Vm- Then 'D(JC) is the boundary of a simplicial polytope 
D^Q) of dimension m + n with 2to vertices, which can be obtained in the following 
way. We embed R" as the coordinate subspace in M™+" on the last n coordinates. 
For each vertex Vi G Q C M" take the line k C R™+" through Vi parallel to the ith 
coordinate line of M'""'"", for 1 ^ i ^ to. Then replace each Vi by a pair of points 

e h such that Vi the centre of the segment with the vertices Then the 

boundary of 

V{Q) = conv{v[,v'{, v'^,v':^) C M™+" 

is V{JC). 

4.7.24. There is the following generalisation of Theorem 14.7.141 Let 

(X, A) = {(Xi, Ai), {Xv,Ay), . . . , (X™-, 

be a set of 2to pairs of spaces. Define a new set [Y ,B) = {(Yi, . . . , {Ym, -Bm)} 
of TO pairs, where 

{Y„B,) = {X, X X,,,X, X A,, UA,x X,,). 

Then 

{X,A)^^^^ = iY,Bf. 
Further generalisations can be found in [12, §7]. 

4.7.25. The inequality ranki^*(7^K;) > 2™"" of Theorem EXIT] (or the in- 
equality va.nkH*{Z;c) ^ 2™^") turns into identity if and only if 

where s — ki + ■ ■ ■ + kp and the join factor A™^"^^ is void if s = to (compare 
Exercise 13. 3.19p . In this case both TZ/c and Z/c are products of spheres and a disc. 
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4.8. Massey products in the cohomology of moment-angle complexes 

Here we address the question of existence of nontrivial triple Massey products 
in the Koszul complex 

[A[ui, . . . (g)Z[/C],d] 
of the face ring, and therefore in the cohomology of Z]q . The general definition of 
Massey products in the cohomology of a differential graded algebra is reviewed in 
Section IA.4I of the Appendix. A geometrical approach to constructing nontrivial 
triple Massey products in the Koszul complex of the face ring was developed by 
Baskakov in [19j as an extension of the cohomology calculation in Theorem 14.4.71 
It is well-known that non-trivial higher Massey products obstruct the formality 
of a differential graded algebra, which in our case leads to a family of nonformal 
moment-angle manifolds Z)q (see Section FB. 21 for the background material). 

Construction 4.8.1 (Baskakov [19j). Let /d be a triangulation of a sphere 
5'"'^^ with I Vi| — mi vertices, i = 1,2,3. Set m = m\ +m2 + m-3, n = ni+ n2 + tt-s, 

K. ^ ICi * K.2 * IC3, Zfc = Zjci X Z]C2 X Z1C3 ■ 

Then AI! is a triangulation of S""^^ and therefore Zjc is an (m -I- n)-manifold. 

We choose maximal simplices Ii G /Ci, 7 -^2 G ^2 such that I2 n I2 = 0, and 
I3 e IC3. Set 

= ss/ju/^(ss/^'u/3 

where ss/ denotes the stellar subdivision at /, see Definition 12.7.11 Then /C is a 
triangulation of S"""^ with m + 2 vertices. Take generators 

/3, e if"'-i(^yj ^ H"''i(S'"'-i), for i = 1,2,3, 

where /Cy. is the restriction of /C to the vertex set of ICi, and set 

a, = h{pi) e c i7'"-+"-(Z^), 

where h is the isomorphism of Theorem 14.4.71 Then 

P1P2 G H'''+'''-\ICv,UV,) = JJ"i+"2-l(5»i+n2-l \ ^ 0, 

hence aia2 = h{f3if32) — 0, and similarly a2a3 = 0. Therefore, the triple Massey 
product {ai,a2, 013) C i/™+"~^(Z£) is defined. By definition, it is the set of 
cohomology classes represented by the cocycles {—l)'^°^°'^'^^aif + 603 where is a 
cocycle representing a^, and e, / are cochains satisfying de — 0102, df — 0203. 

For the simplest example of this series, take JCi = S'^ (two points), so that K. is 
the boundary of an octahedron, and /C is obtained by applying stellar subdivisions 
at two skew edges. We shall consider this example in more detail below. 

Recall that a Massey product is trivial if it contains zero. 

Theorem 4.8.2. The above defined triple Massey product 

(ai,a2,a3) Ci/'"+"-i(Z^) 

is nontrivial. 

Proof. Consider the subcomplex of /C consisting of the two new vertices added 
to /C in the process of stellar subdivision. By Proposition 14. 1 . Ill (b) . the inclusion of 
this subcomplex induces an embedding of a 3-dimensional sphere ^ Zj^ . Since 
the two new vertices are not joined by an edge in Z^, the embedded 3-sphere defines 
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a non-trivial class x G Hz{Zj^). Its Poincare dual cohomology class in i7™+"^^(Z£) 
is contained in the Massey product (ai,Q;2,a3). We need only to check that this 
element cannot be turned into zero by adding elements from the indeterminacy of 
the Massey product, i.e. from the subspace 

To do this we use the multigraded structure in H*{Zj^). The multigraded com- 
ponents of the group iJ™2+m3+n2+n3-i(2^) different from the component deter- 
mined by the full subcomplex /CyjuVs ^'^^ affect the nontriviality of the Massey 
product, while the multigraded component corresponding to /CvbuVs is zero since 
K.V2UV3 = S^'^+'^a-i \ pt is contractible. The group iJ™i+'"2+ni +"2-1(2-) is con- 
sidered similarly. It follows that the Massey product contains a unique nonzero 
element in its multigraded component and therefore it is nontrivial. □ 

Corollary 4.8.3. LetJC be a triangulated sphere obtained from another sphere 
JC by applying two stellar subdivisions as described above. Then the corresponding 
2-connected moment- angle manifold Zj^ is nonformal. 

In the proof of Theorem 14 . 8 . 21 the nontriviality of the Massey product is estab- 
lished geometrically. A parallel argument may be carried out algebraically using the 
Koszul complex or its quotient algebra R*{JC), as illustrated in the next example. 
To be precise, the nonformality of a manifold Zjc is equivalent to the nonformality 
of its singular cochain algebra C*{Zic;Q) (or Sullivan's algebra Apl{Z]c)), while 
the rational Koszul complex or the algebra R*{JC) (E) Q are quasi-isomorphic to the 
cellular cochain algebra C*(-Eytc; Q). However, this difference is irrelevant: it can be 
easily seen that the existence of a nontrivial triple Massey product for the cellular 
cochain algebra C*(Z^;Q) implies that Zjc is nonformal (an exercise, or see \T5[ 
Proposition 5.6.1]). 

Example 4.8.4. We consider the simplest case of Construction 14. 8T| when JC 
is obtained from the boundary of an octahedron by applying stellar subdivisions 
at two skew edges. Then /C = ICp is the nerve complex of a simple 3-polytope P 
obtained by truncating a cube at two edges as shown in Figure 14.31 The face ring 
is given by 

Z[/Cp] = Z[wi, . . . ,Vg,Wi,W2]/IKp, 

where Vi, i = 1, . . . , 6, are the generators coming from the facets of the cube and 
wi, W2 are the generators corresponding to the two new facets, and 

^Kp = iviV2,V3V4,V5Ve,WiW2,ViV3,V4V5,WiV3,WiVG,W2V2,W2V4). 

We denote the corresponding exterior generators of R*(JCp) by ui, . . . , itg, ti, t2; 
they satisfy dui — Vi and dti ~ Wi. Consider the cocycles 

a = V1U2, b = V3U4, c = 

and the corresponding cohomology classes a,(3,^ G H^^ *[R* {K,)]. The equations 

ab ~ de, be — df 

have a solution e — 0, f — v^u^u^ue, so the triple Massey product {a,l3,j) € 
H^'^'^'^[R*{IC)] is defined. This Massey product is represented by the cocycle 

af + ec — V1V5U2U3U4UG 
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Figure 4.3. 



and is nontrivial. The differential graded algebra R*{K.p) and the 11-dimensional 
manifold ZiQp are not formal. 

Remark. We may truncate another edge of the polytope P from the previous 
example to obtain a 3-dimensional associahedron As'^ , shown in Figure FOl (left). 
By considering similar nontrivial Massey products (now there will be three of them, 
corresponding to each pair of truncated edges) we deduce that the 12-dimensional 
moment-angle manifold corresponding to As'^ is also nonformal. 

In view of Theorem 14.8.21 the question arises of describing the class of sim- 
plicial complexes JC for which the algebra R*{IC) (equivalently, the Koszul algebra 
[A[mi, . . . , Um]'8iZ[/C], d]) is formal. For example, this is the case if /C is the boundary 
of a polygon or, more generally, if /C is of the form described in Theorem 14.5.121 

Triple Massey products in the cohomology of Zjc were further studied in the 
work of Denham and Suciu [75]. According to [751 Theorem 6.1.1], there exists 
a nontrivial triple Massey product of 3-dimensional cohomology classes a, /3, 7 G 
H^{Z)c) if and only if the 1-skeleton of JC contains an induced subgraph isomorphic 
to one of the five explicitly described 'obstruction' graphs. In |75i Example 8.5.1] 
there is also constructed an example of K. for which the corresponding Zjq has an 
indecomposable triple Massey product in the cohomology (a triple Massey product 
is indecomposable if it does not contain a cohomology class that can be written as 
a product of two cohomology classes of positive dimension). 

To conclude this section, we mention that the algebraic study of Massey prod- 
ucts in the cohomology of Koszul complexes has a long history. It goes back to the 
work of Golod [100 , who studied the Poincare series of Tori^(k, k) for a Notherian 
local ring R. The main result of Golod is a calculation of the Poincare series 
for the class of rings whose Koszul complexes have all Massey products vanish- 
ing (including the cohomology multiplication). Such rings were called Golod in 
the monograph |113j of Gulliksen and Levin, where the reader can find a detailed 
exposition of Golod's theorem together with several further applications. 

Definition 4.8.5. We refer to a simplicial complex K. as Golod if its face 
ring k[/C] has the Golod property, i.e. if the multiplication and all higher Massey 
products in the Koszul complex [A[ui, . . . , Um] ® k[/C], d] are trivial. 
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Golod complexes were studied in |120) . where several combinatorial criteria 
for Golodness were given. The appearance of moment-angle complexes added a 
topological dimension to the whole study. A wide class of Golod complexes /C was 
described in |il04i Theorem 11.2] using the theory of moment-angle complexes. This 
class includes skeleta of simplices considered in Theorem 14. 6. 7[ and, more generally, 
all shifted complexes. For all such K, the corresponding moment-angle complex Zjc 
is homotopy equivalent to a wedge of spheres. 

Exercises. 

4.8.6. If the cellular cochain algebra C*(Z^; Q) carries a nontrivial triple Massey 
product, then Z/c is nonformal. 

4.9. Moment-angle complexes from simplicial posets 

Simplicial posets S generalise naturally abstract simplicial complexes (see Sec- 
tion [2l8]). Algebraic properties of their face rings k[5] were discussed in Section [375] 
Following the categorical description of the moment-angle complex Z]c outlined in 
the end of Construction 14. IT] it is easy to extend the definition of Zjc to simpli- 
cial posets. The resulting space Zg carries a torus action, and its equivariant and 
ordinary cohomology is expressed in terms of the face ring Z[5] in the same way 
as for the standard moment-angle complexes Zx:- Simplicial posets and associated 
moment-angle complexes therefore provide a broader context for studying the link 
between torus actions and combinatorial commutative algebra. These developments 
are originally due to Lii and Panov |142| . 

Let 5 be a finite simplicial poset with the vertex set V{S) = [m]. 

Construction 4.9.1 (moment-angle complex). We consider the face category 
CAt(iS) whose objects are elements cr S 5 and there is a morphism from cr to r 
whenever cr ^ r. For each element a G S we define the following subset in the 
standard unit polydisc D'" C C™: 

{D^ S'r = {(zi, . . . , z„) e B": |z,f = 1 for j^a}. 

Then {D^, S^)"' is homeomorphic to a product of \a\ discs and m — \a\ circles. We 
have an inclusion (D^, S^y C (D^, 5'^)°' whenever r ^ cr. Now define a diagram 

Vs{D^,S^): cat(5) — > top, 

which maps a morphism cr ^ r of CAt(5) to the inclusion (_D^, S^Y C (-D^, S^Y . 
We define the moment-angle complex corresponding to S by 

Zs = colimVsiD^,S^) = colim(L>^ S'^)'". 

The space Zs is therefore glued from the blocks {D^,S^Y according to the poset 
relation in S. When S is (the face poset of) a simplicial complex /C it becomes the 
standard moment-angle complex Zf^. 

Since every subset {D^, S^Y C B'" is invariant with respect to the coordinate- 
wise action of the m-torus T™, the moment-angle complex Zs acquires a T™-action. 

This definition extends to a set {X , A) of m pairs of spaces (see Construc- 
tion STTH]), so we define the polyhedral product of {X , A) corresponding to S by 

(X, Af = colim2?5(X, A) ^ colim(X, AY- 
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The construction of the polyhedral product {X , A)'^ is functorial in all argu- 
ments: there are straightforward analogues of Propositions 14 . 1 . IT] and |4 . 1 . 1 2( which 
are proved in a similar way. 

Example 4.9.2. Let S be the simplicial poset of Fig. 13.31 (a). Then Zs is 
obtained by gluing two copies of x along their boundary S'^ — x S*^ U 
X . Therefore, Zg ^ S^. Here. JCs — (a segment), and the moment-angle 
complex map induced by the map S — ICs (|2.9p folds S'^ onto Z?^. Similarly, if S 
is of Fig. [231 (b) , then Zs = S^. Note that even-dimensional spheres do not appear 
as moment-angle complexes Zjc for simplicial complexes JC. 

The join of simplicial posets Si and 52 is the simplicial poset Si * 52 whose 
elements are pairs ((71,(72)7 with (171,(72) ^ iTi,T2) whenever ai ^ ti in Si and 
(72 ^ T2 in ^2. The following properties of Zg are similar to those of Zjc. 

Theorem 4.9.3. 

(a) Zsi*s2 — ^Si X Zs2; 

(b) the quotient is homeomorphic to the cone over \S\; 

(c) if \S\ = S""^^ , then Zg is a manifold of dimension m + n. 

Proof. Statements (a) and (b) are proved in the same way as the correspond- 
ing statements for simplicial complexes, see Section H?T] To prove (c) we use the 
'dual' decomposition of the boundary of the n-ball cone \S\ into faces, in the same 
way as in the proof of Theorem 14.1.41 □ 

Construction 4.9.4 (cell decomposition). We proceed by analogy with the 
construction of Section l473l The disc D is decomposed into 3 cells: the point 1 € D 
is the 0-cell; the complement to 1 in the boundary circle is the 1-cell, which we 
denote T; and the interior of D is the 2-cell, which we denote D. The polydisc 
D™ then acquires the product cell decomposition, with each {D^, S^)"' C {D^, S^y 
being an inclusion of cellular subcomplexes for a ^ t. We therefore obtain a cell 
decomposition of Zg (although this time it is not a subcomplex in D™ in general!). 
Each cell in Zg is determined by an element a € S and a subset uj G V{S) with 
V{a) n = 0. Such a cell is a product of \a-\ cells of D-type, |w| cells of T-type 
and the rest of 1-type. We denote this cell by K{uj,a). 

The resulting cellular cochain complex C*{Zs) has an additive basis consisting 
of cochains k{uj, a)* dual to the corresponding cells. We introduce a Z©Z™-grading 
on the cochains by setting 

mdegK(w,7)* (-|w|,2y((7) +2a;), 

where we think of both V{a-) and w as vectors in {0, 1}™ C Z™. The cellular 
differential preserves the Z™-part of the multigrading, so we obtain a decomposition 

C*iZs) = C*'2»(Zk;) 

into a sum of subcomplexes. The only nontrivial subcomplexes are those for which 
a is in {0, 1}™. The cellular cohomology of Zg thereby acquires a multigrading, 
and we define the multigraded Betti numbers b~'^''^°'(Zs) by 

b-^'^^iZs) = rank H-^'^^iZs), for 1 < i m, a e Z™. 

For the ordinary Betti numbers we have b*'{Zs) — X]-i+9|a|=*: ^ ^''^"('^s). 
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The map of moment-angle complexes Zs^ — t- Zs^ induced by a simplicial poset 
map S\ — ?> ^2 is clearly a cellular map, and therefore the cellular cohomology is 
functorial with respect to such maps. 

We now recall from Section 13.51 that the face ring Z[5] is a Z'"-graded 
Z[i;i, . . . , Wm]-module via the map sending each Vi identically, and we have the 
Z ® Z™-graded Tor-algebra of Z[5]: 

Tor^[.,,...,„„](Z[5],Z) Tor-^;^",,,^,(Z[5],Z). 

Theorem 4.9.5. There is a graded ring isomorphism 
iJ*(Z5)=Torz[,,,...,„„](Z[5],Z) 
whose graded components are given by the group isomorphisms 

(4.24) HP{Zs)= Tor^[:;f",^„^,(Z[5],Z) 

-t+2\a\=p 

in each degree p. Here \a\ = ji ^ h jm for a = (ji, . . . , 

Using the Koszul complex we restate the above theorem as follows: 

Theorem 4.9.6. There is a graded ring isomorphism 

H*{Zs) = H[A[u,,...,u,n](^nSld], 

where the 'L®'^'^ -grading and the differential on the right hand side are defined by 

mdeg-Uj = (-l,2ei), mdcgWcr = (0,2F(ct)), dui = vi, dvc = 0, 

and Si G Z™ is the ith basis vector, for i — 1, . . . ,m. 

Proof. The proof follows the lines of the proof of Theorem 14.4.41 but the 
analogues of Lemmata 13.2.61 and 14.4.31 are proved in a different way. 
We first set up the quotient differential graded ring 

R*{S) ^ A[ui,...,u^](g}Z[S]/lR 

where Ir is the ideal generated by the elements 

UiV^ with i G V{(7)^ and Vo-Vt with a A t ^ 0. 

Note that the latter condition is equivalent to V{a) n V{t) ^ 0. The ring R*{S) 
will serve as an algebraic model for the cellular cochains of Zg. 

We need to prove an analogue of Lemma l3.2.6[ i.e. show that the quotient map 

g: A[ui,...,w„] ® Z[5] ^ R*{S) 

induces an isomorphism in cohomology. Instead of constructing a chain homotopy 
directly, we shall identify both R*{S) and A[mi, . . . , Um] (X) Z[5] with the cellular 
cochains of homotopy equivalent spaces. 

Theorem 13.5.71 implies that R*{S) has basis of monomials Ui^v^ where uj C 
V{S), a £ S, ujnV{a) = 0, and — Ui-^...Ui^ for w = {ii,...,jfc}. In 
particular, R*{S) is a free abelian group of finite rank. The map 

(4.25) g: R*{S) ^ C*{Zs), u^v, ^ K(w,a)* 
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is an isomorphism of cochain complexes. Indeed, the additive bases of the two 
groups are in one-to-one correspondence, and the differential in R*{S) acts (in the 
case |a;| = I and i ^ V{a)) as 

d{UiV„) = ViVa = Vrj- 

This is exactly how the cellular differential in C*{Zs) acts on K(i,a)*. The case 
of arbitrary lj is treated similarly. It follows that we have an isomorphism of 
cohomology groups H^[R*{S)] = H^{Zs) for all j. 

The differential ring [A[ui, . . . ,u„i] ® 'L[S],d] also may be identified with the 
cellular cochains of a certain space. Namely, consider the polyhedral product 
5'^)'^. Then we show in the same way as in Subsection 14.41 that there is 
an isomorphism of cochain complexes 

g': K[ui,...,Um]®AS]^C*{{S°°,S^f). 

Furthermore, the standard functoriality arguments give a deformation retraction 

Zs = {D^,S^f ^ {S^,S^f ^ iD^,S^f 

onto a cellular subcomplex. Hence the cochain map C*{{S°°, S^)^) — > C*{Zs) corre- 
sponding to the inclusion Zg ^ {S°°, S^)'^ induces an isomorphism in cohomology. 
Summarising the above observations we obtain the commutative square 

A[ui,...,M„]®Z[5] C*{{S°^,S^f) 

(4.26) ,| 

R*{S) — ^ C*{Zs) 

in which the horizontal arrows are isomorphisms of cochain complexes, and the 
right vertical arrow induces an isomorphism in cohomology. It follows that the left 
arrow also induces an isomorphism in cohomology, as claimed. 

The additive isomorphism of ()4.24p now follows from (|4.26|) . To establish the 
ring isomorphism we need to analyse the multiplication of cellular cochains. 

We consider the diagonal approximation map A : D™ — > D™ x D™ given on 
each coordinate by (|4T2t . It restricts to a map {D'^,S^y (ZJ^, S^^ x (D^, S'^)" 
for every a € S and gives rise to a map of diagrams 

Vs{D^,S^)^Vs{D^,S')xVsiD^,S'). 

By definition, the colimit of the latter is Zg^.^, which is identified with Zg x Zg. 
We therefore obtain a cellular approximation A : Zg Zg x Zg for the diagonal 
map of Zg . It induces a ring structure on the cellular cochains via the composition 

C*{Zs)®C*{Zs) C*{Zs X Zs) C*{Zs). 

We claim that, with this multiplication in C*{Zs), the map ()4.25p becomes a ring 
isomorphism. To see this we first observe that since (|4.25|) is a linear map, it is 
enough to consider the product of two generators u^Va- and u^Vr- If any two of the 
subsets uj, V{'j), -0 and V{t) have nonempty intersection, then u^Uo- • u^Vt = in 
R*{S). Otherwise (if all four subsets are disjoint) we have 

(4.27) g{UcuVa ■ U^Vr) = g{uu:U-4, ■ ^ ^v) = X! LI ?A, Ty) * . 
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Q S 

Figure 4.4. 'Ball with comers' Q dual to the simplicial poset S. 
We also observe that for any cell k{x, v) of (with x H V{ri) — 0) we have 

ctVt B rj 

Therefore, 

giu^Va) ■ g{u^Vr) = k{lU, (t)* • K^lp, t)* 

= A*(K(w,fT) X k(7/>,t))* = k(wUi/;,77)*. 

rj G crVr 

Comparing this with (|4.27p we deduce that (14.25^ is a ring map. □ 

Remark. Using the monoid structure on D as in Proposition 14. 1 . 1 2l one easily 
sees that the construction of Zg is functorial with respect to maps of simplicial 
posets. This together with Proposition 13.5.121 makes the isomorphism of Theo- 
rem 14.9.51 functorial. 

Using Hochster's formula for simplicial posets (Theorem 13.5.14]) we can calcu- 
late the cohomology of via the cohomology of full subposets Sj C S. Here is 
an example of calculation using this method. 

Example 4.9.7. Let S be the simplicial poset shown on Fig. 14.41 (right). It 
has m = 5 vertices, 9 edges and 6 triangular faces. The dual 3-dimensional 'ball 
with corners' Q (see the proof of Theorem 14. 9. 3p is shown in Figure |4^ (left) . We 
denote its facets Fi, . . . ,F5, edges e, /, g and the vertex = F3 n / as shown. The 
corresponding moment-angle complex Zg is an 8-dimensional manifold. 

The face ring 1i[S] is the quotient of the polynomial ring 

Z[S]=Z[vi,...,V5,Ve,Vf,Vg], degWi = 2, deg = deg w/ = deg = 4 
by the relations 

V1V2 =Ve+Vf+ Vg, 

V3V4 = V3V5 = V4V5 = VzVe = V4Vf = V^Vg = VeVf = VeVg = VeVf = 0. 

The other generators and relations in the original presentation of Z[5] can be de- 
rived from the above; e.g., Va = vsVf. 
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Given J C [m] we define the following subset in the boundary of Q: 

Qj =[jF,ci Q. 



By analogy with Proposition 13.2.111 we prove that 
(4.28) H-'-^''{Zs)^H\-'\-'-\Qj). 

Using this formula we calculate the nontrivial cohomology groups of Zg as follows: 



(0,0,0,0,0 
(0,0,2,2,0 
(0,0,2,0,2 
(0,0,0,2,2 
(0,0,2,2,2 
(2,2,0,0,0 
(2,2,2,0,0 
(2,2,0,2,0 
(2,2,0,0,2 
(2,2,2,2,2 



\Zs 
\Zs 
\Zs 
\Zs 
\Zs 
\Zs 
\Zs 
\Zs 
\Zs 



It follows that the ord 



1 

U5V3 

U5U3V4, U5U4V3 

Ve, Vf 
UiVf 

U^Vg 



H-'{0) = Z 

H°{F3 U F4) = Z 

H°{F3 U F5) = Z 

H°{Fi U F5) = Z 

i/°(i^3UF4UF5) =Z®Z 

ifi(Fi UF2) =Z®Z 

H\FiU F2U F3) =Z 

H^Fi UF2UF4) =Z 

H\Fi UF2UF5) =Z 

H'^iFiU-'-UF^) =Z 

inary (1-graded) Betti numbers of Zg are given by the se- 
quence (1,0,0,3,4,3,0,0,1). In the right column of the table above we include 
the cocycles in the differential graded ring A[ui, . . . , M5] (Ei Z[iS] representing gener- 
ators of the corresponding cohomology group. This allows us to determine the ring 
structure in H*{Zs). For example, 

[M5M3W4] • [Vf] = [u^UzViVf] = = [ur^UiVz] ■ [Ve]- 

On the other hand, 

[M5M3W4] • [Ve] = -[u3U5V4Ve] = - [u3U4V5Ve] 

= [u3U4V5Vf] = = [U5U4V3] ■ [vf]. 

Here we have used the relations d{u3U4U5Ve) — U3U4V5Ve — U3U5V4Ve and 
d{uiU3U4V2V5) = U3U4V5Ve + U3U4V5V f . All iioutrivial products come from Poincare 
duality. These calculations are summarised by the cohomology ring isomorphism 
H*{Zs) = H*{{S^ X 5^)#3 # (54 ^ ^4)#2-) 

where the manifold on the right hand side is the connected sum of three copies 
of X and two copies of S"' x 5^. We expect that the isomorphism above is 
induced by a homeomorphism. 

Exercises. 

4.9.8. Generalise Proposition 14.2.1] to simplicial posets, i.e. establish a ring 
isomorphism H* {{CP°^ ,ptf) ^ 1[S]. 
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Toric varieties and manifolds 

A toric variety is an algebraic variety on which an algebraic torus (C^)" acts 
with a dense (Zariski open) orbit. An algebraic torus contains a (compact) torus 
T", so toric varieties are toric spaces in our usual sense. Toric varieties are de- 
scribed by combinatorial-geometric objects, rational fans (see Section [^?T|) . and the 
combinatorics of the fan determines the orbit structure of the torus action. 

Toric varieties were introduced in 1970 in the pioneering work of Demazure on 
Cremona group. The geometry of toric varieties, or toric geometry, very quickly 
became one of the most fascinating topics in algebraic geometry and found applica- 
tions in many other mathematical sciences, sometimes distant from each other. We 
have already mentioned the proof for the necessity part of the g-theorem for sim- 
plicial polytopes given by Stanley. Other remarkable applications include counting 
lattice points and volumes of lattice polytopes; relations with Newton polytopes 
and the number of solutions of a system of algebraic equations (after Khovan- 
skii and Kushnirenko); discriminants, resultants and hypergeometric functions (af- 
ter Gelfand, Kapranov and Zelevinsky); reflexive polytopes and mirror symme- 
try for Calabi-Yau toric hypersurfaces and complete intersections (after Batyrev). 
Standard references on toric geometry include Danilov's survey [68j and books by 
Oda |173j , Fulton |96| and Ewald [86j . The most recent exhaustive account by Cox, 
Little and Schenck [66] covers many new applications, including those mentioned 
above. Without attempting to give another review of toric geometry, in this chapter 
we collect the basic definitions and constructions, and emphasise topological and 
combinatorial aspects of toric varieties. 

We review the three main approaches to toric varieties in the appropriate sec- 
tions: the 'classical' construction via fans, the 'algebraic quotient' construction, and 
the 'symplectic reduction' construction. The intersection of Hermitian quadrics ap- 
pearing as an intermediate stage in the symplectic construction of toric varieties 
(the level set for the moment map) links toric geometry to moment-angle com- 
plexes. This link will be developed further in the next chapter. In the last section 
we consider the topological properties which will be taken as the base for different 
topological generalisations of toric varieties in the later chapters. 

A basic knowledge of algebraic geometry would much help the reader of this 
chapter, although it is not absolutely necessary. 

5.1. Classical construction from rational fans 

An algebraic torus is a commutative complex algebraic group isomorphic to 
a product (C^)" of copies of the multiplicative group = C \ {0}. It contains a 
compact torus T" as a Lie (but not algebraic) subgroup. 

We shall often identify an algebraic torus with the standard model (C^)". 
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Definition 5.1.1. A toric variety is a normal complex algebraic variety V 
containing an algebraic torus (C^)" as a Zariski open subset in such a way that 
the natural action of (C^)" on itself extends to an action on V . 

It follows that (C^ )" acts on V with a dense orbit. Toric varieties originally ap- 
peared as equivariant compactifications of an algebraic torus, although non-compact 
(e.g., affine) examples are now of equal importance. 

Example 5.1.2. The algebraic torus (C^)" and the afhne space C" are the 
simplest examples of toric varieties. A compact example is given by the projective 
space CP" on which the torus acts in homogeneous coordinates as follows: 

(ti, . . . ,tn) ■ {zo : zi : . . . : Zn) = {zo : hzi : . . . : t„z„). 

Algebraic geometry of toric varieties is translated completely into the language 
of combinatorial and convex geometry. Namely, there is a bijective correspondence 
between rational fans in an n-dimensional space (see Section 12. 1[) and complex 
n-dimensional toric varieties. Under this correspondence, 

cones i — > affine varieties 

complete fans — > compact varieties 

normal fans of polytopes i — > projective varieties 

regular fans i — > nonsingular varieties 

simplicial fans < — !• orbifolds 

We review this construction below; the details can be found in the sources men- 
tioned above. Following the algebraic tradition, we use the coordinate-free notation 
here. We consider a lattice N of rank n (isomorphic to the standard lattice Z"), 
and denote by TVu its ambient n-dimensional real vector space TV (E)z ^ — R"- We 
also define the algebraic torus = N — (C^)". All cones and fans in this 

chapter are rational. 

Construction 5.1.3. We first describe how to assign an affine toric variety 
to a cone a C Nr. Consider the dual cone <f C (see (|2.ip ) and denote by 

S^^an N* 

the set of its lattice points. Then Sa is a finitely generated semigroup (with respect 
to addition). Let — C[Sa] be the semigroup ring of Sa- It is a commutative 
finitely generated C-algebra, with a C- vector space basis : u e Sa}- The 
multiplication in is defined via the addition in So-'- 

so x'^ is the unit. The affine toric variety corresponding to a is the afhne 
algebraic variety corresponding to A^'- 

V, = Spec(^,). 

By choosing a multiplicative generator set in A^ we represent it as a quotient 

Aa- = C[xi, . . . 

then the variety Va- is the common zero set of polynomials from the ideal X. Each 
point of Vcr corresponds to a semigroup homomorphism IIomsg(S'CT, Cm), where 
Cm — U {0} is the multiplicative semigroup of complex numbers. 
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Now if T is a face of cr, then ct' C r , and the inclusion of semigroup algebras 
C[S'ct] — > C[St] induces a morphism Vt ^ Vcr, which is an inclusion of a Zariski open 
subset. This allows us to glue the afSne varieties Va- corresponding to all cones a in 
a fan S into an algebraic variety Vs , referred to as the toric variety corresponding 
to the fan S. More formally, may be defined as the colimit of algebraic varieties 
Va over the partially ordered set of cones of S: 

Vs — colim Va ■ 

o-es 

Here is the crucial point: the fact that the cones cr patch into a fan E guarantees 
that the variety Vs obtained by gluing the pieces Va is Hausdorff in the usual 
topology. In algebraic geometry, the Hausdorffness is replaced by the related notion 
of separatedness: a variety V is separated if the image of the diagonal map A: V ^ 
V X V is Zariski closed. A separated variety is Hausdorff in the usual topology. 

Lemma 5.1.4. // a collection of cones {a} forms a fan then the variety 
Vs = colimg^gs Va is separated. 

Proof. Using the separatedness criterion of |201[ Ch. V, §4.3] (see also |68l 
Proposition 5.4]), it is enough to verify the following: if cones a and a' intersect 
in a common face t, then the diagonal map Vr Va x Va' is a closed embedding. 
This is equivalent to the assertion that the natural homomorphism Aa fXi Aa' — > Ar 
is surjective. To prove this, we use Separation Lemma (Lemma I2.1.2p . According 
to it, there is a linear function u which is nonnegative on a, nonpositive on a' and 
the intersection of the hyperplane u-^ with a is r. Now take u' G r", i.e. u' is 
nonnegative on r. Then there is an integer k ^ such that u' + ku is nonnegative 
on cr, i.e. u' + ku E a. Then u' = {u' + ku) + {—ku) 6(7+ a'~ . It follows 
that Sa ® Sa' — > Sr IS surjcctive map of vector spaces (or semigroups), hence 
Aa <E) Aa' is a surjective homomorphism. □ 

We shall consider only separated varieties in what follows. 

The variety Va carries an algebraic action of the torus — N ®i 

(5.1) T^xVa^Va, {t,x)^^t-X 

which is defined as follows. A point t G is determined by a group homomorphism 
N* C^. In coordinates, the homomorphism Z" ^ N* corresponding to 

t = {ti,.. . ,t„) is given by 

A point X E Va corresponds to a semigroup homomorphism 5*0- — >■ Cm- Then 
we define t ■ x as the point in Va corresponding to the semigroup homomorphism 
Sa C„i given by 

u i-> t{u)x{u). 

The homomorphism of algebras Aa — )■ Aa <S> C[N*] dual to the action (|5.ip maps 
X" to x" ^ x" for u ^ Sa- If cr = {0}, then we obtain the multiplication in 
the algebraic group T^. The actions on the varieties Va are compatible with the 
inclusions of open sets Vr ^ Va corresponding to the inclusions of faces r C cr. 
Therefore, for each fan E we obtain a T^-action on the variety Vs, which extends 
the Tfr-action on itself. 
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Example 5.1.5. Let N ~ and let a be the cone spanned by the first k basis 
vectors ei, . . . , e/c, where ^ fc ^ n. Tlie semigroup Sa = o ^N* ys, generated by 
the dual elements e^, . . . , and ie^^j^, . . . , ±e* . Therefore, 

where we set Xi = ■ It follows that the corresponding affine variety is 

K ^ C X • • • X C X C'' X • • • X C'' = C'^ X (C'')""''. 

In particular, for k — n we obtain an n-dimensional affine space, and for fc = (i.e. 
(T = {0}) we obtain the algebraic torus (C^)". 

Example 5.1.6. Let ct C be the cone generated by the vectors 62 and 
2ei — 62 (note that these two vectors do not span Z^, so this cone is not regular). 
The dual cone cf is generated by e* and e* + 2 €2- The semigroup Scr is generated 
by ej, e'l + and el + 263, with one relation among them. Therefore, 

A„ = C[x, xy, xy^] = C[it, w, w]/ [v^ — uw) 

and Va is a quadratic cone (a singular variety). 




Figure 5.1. Complete fans in 

Example 5.1.7. Let E be the complete fan in with the following three 
maximal cones: the cone ao generated by ei and 62, the cone cti generated by 62 
and —El — 62, and the cone 172 generated by — ei — 62 and ei, see Fig. 15.11 (a). 
Then each affine variety Va-^ is isomorphic to C^, with coordinates {x,y) for ao, 
{x~^ jX^^y) for CTi, and {y~^ , xy^^) for (T2- These three affine charts glue together 
into the complex projective plane Vj; = CP^ in the standard way: if (zq : zi : Z2) 
are the homogeneous coordinats in CP"^, then we have x = zi/zq and y = Z2I z^. 

Example 5.1.8. Fix k G "Z and consider the complete fan in with the 
four two-dimensional cones generated by the pairs of vectors (ei, 62), (ci, —62), 
(—61 + ^62,— 62) and (—61 + ke2, 62), see Fig 15.11 (h). It can be shown that the 
corresponding toric variety Fk is the projectivisatioii CP(C® ©(fc)) of the sum of a 
trivial line bundle C and the fcth power 0{k) — 7'*'^ of the canonical line bundle 7 
over CP^ (an exercise). These 2-dimensional complex varieties Fk are known as 
Hirzebruch surfaces. 

The inclusion poset of closures of T^-orbits of Vs is isomorphic to the re- 
versed inclusion poset of faces of E. That is, fc-dimensional cones of E corre- 
spond to codimension-fc orbits of the algebraic torus action on Vs. In particular. 
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n-dimensional cones correspond to fixed points, and the apex (the zero cone) cor- 
responds to the dense orbit. Furthermore, if a subcollection of cones of E forms a 
fan E', then the toric variety Vs' is embedded into Vs as a Zariski open subset. 

We recall from Section [^7T] that a fan is called simplicial (respectively, regular) 
if each of its cones is generated by a part of basis of the space Nth (respectively, of 
the lattice N), and a fan is called complete if the union of its cones is the whole A'r. 

A toric variety Vs is compact (in usual topology) if and only if the fan E is 
complete. If E is a simplicial fan, then Vs is an orbifold, that is, it is locally 
isomorphic to a quotient of C" by a finite group action. A toric variety Vs is 
nonsingular (smooth) if and only if the fan E is regular. 

Exercises. 

5.1.9. Let E be the 'multifan' in M} consisting of two identical 1-dimensional 
cones generated by ei and a 0-dimensional cone 0. Describe the algebraic variety 
Vy, obtained by gluing the affine varieties corresponding to this 'multifan' and show 
that Vy: is not separated (or non-Hausdorff in the usual topology). 

5.1.10. Describe the toric variety corresponding to the fan with 3 one- 
dimensional cones generated by the vectors ei, 62 and — ei — 62. 

5.1.11. Show that the toric variety of Example 15.1.81 is isomorphic to the Hirze- 
bruch surface Fk = <CP{C®0{k)). 

5.1.12. Show that the Hirzebruch surface is homeomorphic to S*^ x for 
even k and is homeomorphic to CP^#CP^ for odd k, where # denotes the connected 
sum, and CP^ is CP^ with the orientation reversed. 

5.2. Projective toric varieties and polytopes 

Construction 5.2.1 (projective toric varieties). Let P be a convex polytope 
with vertices in the dual lattice N* (a lattice polytope)^ and let Ep be the normal fan 
of P (see Construction 12 . 1 !^ . Since P C N^, the fan Ep belongs to the space N^. 
It has a maximal cone for each vertex v G P. The dual cone a* is the "vertex 
cone" at v, generated by all vectors pointing from v to other points of P. 

Define the toric variety Vp — Vsp . Since the normal fan Ep does not depend on 
the linear size of the polytope, we may assume that for each vertex v the semigroup 
Sa-^. is generated by the lattice points of the polytope (this can always be achieved 
by replacing P by kP with sufficiently large k) . Since TV* is the lattice of characters 
of the algebraic torus = N <Siz C (that is, TV = Homz(r^,C)), the lattice 
points of the polytope P C N* define an embedding of in the torus (C^ )l^ "^^l, 
where |7V* n P| is the number of lattice points in P. It can be shown that the 
toric variety Vp is the projective closure of the torus under this embedding 
(see [661 §2.2] or |961 §3.4]). In particular, the variety Vp is projective, that is, it 
can be given by a set of homogeneous equations in CP'^ It follows that toric 
varieties arising from polytopes are projective. The converse is also true: the fan 
corresponding to a projective toric variety is the normal fan of a lattice polytope. 

The polytope P carries more geometric information than the normal fan Ep: 
different lattice polytopes with the same normal fan E correspond to different pro- 
jective embeddings of the toric variety Vy- 
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Nonsingular projective toric varieties correspond to lattice polytopes P which 
are simple and Delzant (that is, for each vertex v, the normal vectors of facets 
meeting at v form a basis of the lattice N) . 

Example 5.2.2. The fan E described in Example l2.1.4l is regular, but cannot be 
obtained as the normal fan of a simple polytope. The corresponding 3-dimensional 
toric variety Vs is compact and nonsingular, but not projective. 

We note that although the fan S from the previous example cannot be realised 
geometrically as the fan over the faces of a simplicial polytope (or, equivalently, as 
the normal fan of a simple polytope) , its underlying simplicial complex /Cs is never- 
theless comhinatorially equivalent to the boundary complex of a simplicial polytope 
(namely, an octahedron with a pyramid over one of its facets, see Fig. l2.1[) . In other 
words, using the terminology of Section 12. 5[ the star-shaped sphere triangulation 
/Cs is polytopal (in the combinatorial sense). 

There are, of course, nonpolytopal star-shaped spheres, such as the Barnette 
sphere JC (see Example I2.5.8P . It is easy to see that a simplicial fan realising the 
Barnette sphere can be chosen rational. However, to realise a nonpolytopal sphere 
by a regular fan is a more difficult task. In fact, not such examples are known: 

Problem 5.2.3. Does there exist a complete regular fan E whose underlying 
complex /Cs is a nonpolytopal sphere triangulation? 

This question is also important for the study of quasitoric manifolds and other 
topological generalisations of toric varieties discussed in the later chapters. 

We observe that each combinatorial simple polytope admits a convex realisation 
as a lattice polytope. Indeed by a small perturbation of the defining inequalities 
in (|l.ip we can make all of them rational (that is, with rational and bi). Such a 
perturbation does not change the combinatorial type, as the half-spaces defined by 
the inequalities are in general position. As a result, we obtain a simple polytope P' 
of the same combinatorial type with rational vertex coordinates. To get a lattice 
polytope (say, with vertices in the standard lattice Z") we just take the magnified 
polytope kP' for appropriate A: e Z. Similarly, by perturbing the vertices instead 
of the hyperplanes, we can obtain a lattice realisation for an arbitrary simplicial 
polytope (and we can obtain a rational fan realisation of any starshaped sphere 
triangulation). However, this argument do not work for convex polytopes which 
are neither simple nor simplicial. In fact, there are exist nonrational combinatorial 
polytopes, which cannot be realised with rational vertex coordinates, see ^228} 
Example 6.21] and the discussion there. 

Toric geometry, even in its topological part, does not translate to a purely 
combinatorial study of fans and polytopes: the underlying convex geometry is 
what really matters. This is illustrated by the simple observation that different 
realisations of a combinatorial polytope by lattice polytopes often produce different 
(even topologically) toric varieties: 

Example 5.2.4. The complete regular fan corresponding to the Hirzebruch 
surface Fk (see Fig. 15.11 (b)) is the normal fan of a lattice quadrilateral (trapezoid), 
e.g. given by 



Pk = {{xi,X2) e : xi ^ 0, ^2 ^ 0, -xi + kx2 ^ -1, -X2 ^ -1}. 
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The polytopes Pk corresponding to different k are combinatorially equivalent (as 
they are all quadrilaterals), but the topology of the corresponding toric varieties 
Fk is different for even and odd k (see Exercise 15. 1.121) . 

Furthermore, there exist combinatorial simple polytopes that do not admit any 
lattice realisation P with smooth Vp: 

Example 5.2.5 f |70l 1.22]). Let P be the dual of a 2-neighbourly simplicial 
n-polytope (e.g., a cyclic polytope of dimension n ^ 4, see Example 11.1.181) with 
m ^ 2" vertices. Then for any lattice realisation of P the corresponding normal 
fan is not regular, and the toric variety Vp is singular. Indeed, assume that the 
normal fan Sp is regular. Since the 1-skeleton of /Cp is a complete graph, each pair 
of primitive generators a^, aj of one-dimensional cones of Sp is a part of basis of 
Z", and therefore and aj must be different modulo 2. This is a contradiction, 
since the number of different nonzero vectors in Z2 is 2" — 1. 

Exercises. 

5.2.6. Describe explicitly a rational fan realising the Barnette sphere by writing 
down its primitive integral generator vectors. 

5.2.7. Write down a system of homogeneous equations defining each Hirzebruch 
surface in a projective space (hint: use Construction 15 . 2 T]) . 

5.3. Cohomology of toric manifolds 

A toric manifold is a smooth compact toric variety. (Compactness will be al- 
ways understood in the sense of usual topology; it corresponds to algebraic geome- 
ter's notion of completeness.) Toric manifolds Vs correspond to complete regular 
fans E. Projective toric manifolds Vp correspond to lattice polytopes P whose 
normal fans are regular. 

The cohomology of a toric manifold can be calculated effectively from the 
fan S. The Betti numbers are determined by the combinatorics of E only, while the 
ring structure of -ff*(Vi;) depends on the geometric data. The required combinato- 
rial ingredients are the /i-vector h{JCj:) = {ho, hi, ... , hn) (see Definition 12.2. 5p of 
the underlying simplicial complex /Cs and its face ring ^[/Cj]] (Definition l3.1.1| ). The 
geometric data consists of the primitive generators ai, . . . , Om of one-dimensional 
cones (edges) of S. 

Theorem 5.3.1 (Danilov-Jurkiewicz) . Let T, be a complete regular fan in ^ 
M", and Vs the corresponding toric manifold. Then 

(a) the homology groups of Vy: vanish in odd dimensions, and are free abelian 
in even dimensions, with ranks given by 

where hi{IC^), i ~ 0,1, . . . ,n, are the components of the h-vector o//Cs; 

(b) the cohomology ring of Vs is given by 

H*{V^;Z) ^ Z[vi, . . . ,Vm]/ilK^ + Ji:) = niC^yj^, 

where the ViS are the 2-dimensional cohomology classes dual to the in- 
variant divisors Di corresponding to the edges of Y,, and Jy, is the ideal 
generated by all linear forms X]j'li('^i ' ''^ ^ ^* ■ 
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This theorem was proved by Jurkiewicz for projective toric manifolds and by 
Danilov |681 Theorem 10.8] in the general case. We shall give a topological proof 
of a more general result in Section 17.21 

To obtain an explicit presentation of the ring H*{V^) we choose a basis of N 
and write the vectors aj in coordinates: aj — (flji, . . . , aj„)*, I ^ j ^ m. Then the 
ideal Jj; is generated by the n linear forms 

U = aiiVi-\ h a„iiVm e1[vi,..., Vm] , 1 < i < 71. 

By Lemma 13.3.21 the sequence ti, . . . ,tn is an Isop in the Cohen-Macaulay 
ring Z[/Cs], so it is a regular sequence. Hence, Z[/Cs] is a free Z[ti, . . . , i„]-module, 
and statement (a) of Theorem 15.3.11 follows from (b) and Theorem 13.1.101 

Remark . Theorem 15.3.11 remains valid for complete simplicial fans and corre- 
sponding toric orbifolds if the integer coefficients are replaced by the rationals [68j . 
The integral cohomology of toric orbifolds often has torsion, and the ring structure 
is subtle even in the simplest case of weighted projective spaces |129) . |13) . 

It follows from Theorem 15.3.11 that the cohomology ring of Vs is generated 
by two-dimensional classes. This is the first property to check if one wishes to 
determine whether a given algebraic variety or smooth manifold has a structure 
of a toric manifold. For instance, this rules out flag varieties and Grassmanians 
different from projective spaces. Another important property of toric manifolds is 
that the Chow ring of coincides with its integer cohomology ring |96|, § 5.1]. 

Assume now that E = is the normal fan of a lattice polytope P = P{A, b) 
given by (|l.ip . Let Vp be the corresponding projective toric variety, see Con- 
struction EHIIl In the notation of Theorem 15.3.11 the linear combination Dp = 
biDi -|- • • • -|- bmDra IS an ample divisor on Vp (see, e.g., [66' Proposition 6.1.10]). 
This means that, when k is sufficiently large, kDp is a hyperplane section divisor 
for a projective embedding Vp C CP*". In fact, the space of sections i/°(Vp, kDp) 
of (the line bundle corresponding to) kDp has basis corresponding to the lattice 
points in kP . One may take k so that kP has 'enough lattice points' to get an 
embedding of Vp into the projectivisation of H'^{Vp^ kDp); this is exactly the em- 
bedding described in Construction 15. 2T] Let oj ~ bivi + • • • + b„iV„i G H'^{Vp;C) 
be the complex cohomology class of Dp. 

Theorem 5.3.2 (Hard Lefschetz theorem for toric orbifolds). Let P be a lattice 
simple polytope (jl.ip . let Vp be the corresponding projective toric variety, and let 
u! = biVi + • • • + b„iV,n G H^{Vp; C) be the class defined above. Then the maps 

H-^-\Vp]<C) ^ H"+*(Vp;C) 
are isomorphisms for all i — 1, . . . , n. 

If Vp is smooth, then it is Kahler, and w is the class of the Kahler 2-form. 

The proof of the Hard Lefschetz Theorem is well beyond the scope of this book. 
In fact, it is a corollary of a more general version of Hard Lefschetz Theorem for 
the (middle perversity) intersection cohomology, which is valid for all projective 
varieties (not necessary orbifolds). See the discussion in [961 §5.2] or [661 §12.6]. 

Now we are ready to give Stanley's argument for the 'only if part of the g- 
theorem for simple polytopes: 

Proof of the necessity part of Theorem 11.4.141 We need to establish 
conditions (a)-(c) for a combinatorial simple polytope. Realise it by a lattice 
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polytope P C K" as described in the previous section. Let Vp be the corre- 
sponding toric variety. Part (a) is aheady proved (Theorem I1.3.4P . It follows 
from Theorem 15.3.21 that the multiplication by a; € H'^{Vp;Q) is a monomorphism 
H^'-^{Vp;Q) H^HVp;Q) for i [f ] . This together with part (a) of Theo- 
rem [H^Tl] gives that hi^i ^ /li for ^ i ^ [^] , thus proving (b). To prove (c), 
define the graded commutative Q-algebra A = H*{Vp;Q)/{lu), where (tu) is the 
ideal generated by w. Then A° = Q, A^^ = H^'{Vp;Q)/{lu ■ H^^-^{Vp;Q)) for 
1 ^ i ^ [f ] , and A is generated by degree-two elements (since so is H*{Vp; Q)). It 
foUows from Theorem II .4 . 1 21 that the numbers dimA^^ = hi — hi-i, ^ i ^ [^] , 
are the components of an A/-vector, thus proving (c) and the whole theorem. □ 

Remark. The Dehn-Sommerville equations now can be interpreted as 
Poincare duality for Vp. (Even though Vp may be not smooth, the rational coho- 
mology algebra of a toric orbifold satisfies Poincare duality.) 

The Hard Lefschetz Theorem holds for projective varieties only. Therefore, 
Stanley's argument cannot be generalised to nonpolytopal spheres. However, the 
cohomology of toric varieties can be used to prove statements generalising the 17- 
theorem in a different direction, namely, to the case of general (not necessarily 
simple or simplicial) convex polytopes. So suppose P is a convex lattice n-polytope, 
and Vp is the corresponding projective toric variety. If P is not simple then Vp has 
worse than orbifold-type singularities and its ordinary cohomology behaves badly. 
The Betti numbers of Vp are not determined by the combinatorial type of P and do 
not satisfy Poincare duality. On the other hand, the dimensions hi = dim/fl2i(Vp) 
of the intersection homology groups of Vp are combinatorial invariants of P (see 
the description in [206] or [Ml §12.5]). The vector 

h{P) = {ho, hi, ...,hn) 

is called the intersection h-vector, or the toric h-vector of P. If P is simple, then 
the toric /i- vector coincides with the standard /i- vector, but in general h{P) is 
not determined by the face numbers of P. The toric /i-vector satisfies the 'Dehn- 
Sommerville equations' hi = hn-i, and the Hard Lefschetz Theorem for intersection 
cohomology shows that it also satisfies the GLBC inequalities: 

/lo < /ii < • ■ ■ ft. ■ 

In the case when P cannot be realised by a lattice polytope (i.e., when P is non- 
rational), the toric /i- vector can still be defined combinatorially, but the GLBC 
inequalities require a separate proof. Partial results in this direction were obtained 
by several people, before the Hard Lefschetz Theorem for nonrational polytopes 
was eventually proved in the work of Karu |131j . This result also gives a purely 
combinatorial proof of the Hard Lefschetz Theorem for projective toric varieties. 

5.4. Algebraic quotient construction 

Along with the classical construction of toric varieties from fans, described in 
Section 15.11 there is an alternative way to define a toric variety: as the quotient 
of a Zariski open subset in C™ (more precisely, the complement of a coordinate 
subspace arrangement) by an action of an abelian algebraic group (a product of an 
algebraic torus and a finite group). Different versions of this construction, which 
we refer to as simply the 'quotient construction', have appeared in the work of 



182 



5. TORIC VARIETIES AND MANIFOLDS 



several authors since the early 1990s. In our exposition we mainly follow the work 
of Cox [65j (and also its modernised exposition in [66^ Chapter 5]); more historical 
remarks can be also found in these sources. 

Quotients in algebraic geometry. Taking quotients of algebraic varieties by 
algebraic group actions is tricky for both topological and algebraic reasons. First, 
as algebraic groups (such as algebraic tori) are not compact, their orbits may be 
not closed, and the quotients may be non-Hausdorff. Second, even if the quotient 
is Hausdorff as a topological space, it may fail to be an algebraic variety. This may 
be remedied to some extent by the notion of the categorical quotient. 

Let X be an algebraic variety with an action of an affine algebraic group G. 
An algebraic variety Y is called a categorical quotient of X by the action of G if 
there exists a morphism t:: X ^ Y which is constant on G-orbits of X and has 
the following universal property: for any morphism ip: X ^ Z which is constant 
on G-orbits, there is a unique morphism (p: Y ^ Z such that (p o tt — ip. This is 
described by the diagram 



A categorical quotient Y is unique up to isomorphism, and we denote it by X//G. 

Assume first that X — Specj4 is an afhne variety, where A — C[Ar] is the 
algebra of regular functions on X. Let C[Ar]'-^ be the subalgebra of G-invariant 
functions (i.e. such functions / that f{gx) = f{x) for any g € G and x G X). 
If G is an algebraic torus (or any reductive afHne algebraic group), then C[Ar]'-^ is 
finitely generated. The corresponding affine variety Spec C [AT] "-^ is the categorical 
quotient X//G. The quotient morphism tt: A — X//G is dual to the inclusion of 
algebras C[A]'-^ — > C[A]. The morphism tt is surjective and induces a one-to-one 
correspondence between X//G and closed G-orbits of A (i.e. tt^^{x) contains a 
unique closed G-orbit for any x e X//G, see |661 Proposition 5.0.7]). 

Therefore, if all G-orbits of an affine variety A are closed, then the categorical 
quotient X//G is identified as a topological space with the ordinary 'topological' 
quotient A/G. In algebraic geometry quotients of this type are called geometric 
and also denoted by A/G. 

Example 5.4.1. Let act on C = Spec(C[z]) by scalar multiplication. There 
are two orbits: the closed orbit and the open orbit C^. The topological quotient 
C/C^ is a non-Hausdorff two-point space. 

On the other hand, the categorical quotient C//C^ = Spec(C[z]''' ) is a point, 
since any -invariant polynomial is constant (and there is only one closed orbit). 

Similarly, if acts on C" — Spec(C[zi, . . . , 2;„]) diagonally, then an invari- 
ant polynomial satisfies f{Xzi,...,Xzn) = /(zi,...,z„) for all A £ C^. Such a 
polynomial must be constant, hence //C^ is a point. 

In good cases categorical quotients of general varieties X may be constructed 
by 'gluing from affine pieces' as follows. Assume that G acts on A and tt: A — F is 
a morphism of varieties that is constant on G-orbits. If Y has an open affine cover 
Y — Ua such that Tr~^{Va) is affine and Va is the categorical quotient (that 
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is, 7r|^-i(v'^): tt ^{Va) — > Va is the morphism dual to the inclusion of algebras 
C[7r-i(Fa)]'^ C[7r-^{Va)]), then Y is the categorical quotient X//G. 

Example 5.4.2. Let act on C^\{0} diagonally, where = Spec(C[zo, ^^i])- 
We have an open afBne cover \ {0} — UqU Ui, where 

C/o = \ {zo 0} = X C = Spcc(C[zi^\ zi]), 

C/i = \ {zi = 0} = C X = Spcc(C[zo, zf^]), 

C/o n C/i = \ {zQZi = 0} = X = Spcc(C[z^\ zt^]). 

The algebras of -invariant functions are 

C[z^\z,f'-^C[z,/zo], C[zo,zt'f^^C[zo/z^l C[z^\ zf'f^ = C[izi/ zo)^']. 

It follows that Vq = Ua/fC^ = C and Vi = Ui/fC ^ C glue together along 
VoHVi = {UonUi)//C = in the standard way to produce CP^. AU C -orbits 
are closed in \ {0}, hence CP^ = (C^ \ {0})/C^ is the geometric quotient. 

Similarly, CP" = (C"^"'^ \ {0})/C^ is the geometric quotient for the diagonal 
action of . 

Example 5.4.3. Now we let act on \ {0} by A • (zq, zi) = (Azq, A^^zi). 
Using the same affine cover of \ {0} as in the previous example, we obtain the 
following algebras of -invariant functions: 

C[zo±\zi]^'= C[zoZi], C[zo,zt'f''= C[zoZi], C[z^\zt'f''^ C[(zoZi)±i]. 

This times gluing together Vq and Vi along Vq H Vi = gives the variety obtained 
from two copies of C by identifying all nonzero points. This variety is nonseparated 
(the two zeros do not have nonintersecting neighbourhoods in the usual topology). 
Since we only consider separated varieties in our constructions, this is not a cate- 
gorical quotient. 

A toric variety will be described as the categorical (or, in good cases, geo- 
metric) quotient of the 'total space' U{T,) by an action of an abelian algebraic 
group G. We now proceed to describe G and U{Y,). 

The total space U (E) and the acting group G. Let S be a rational fan in 
the n-dimensional space Ns. with m one-dimensional cones generated by primitive 
vectors Oi, . . . , a^. We shall assume that the linear span of Oi, . . . , is the 
whole Ns.. (Equivalently, the toric variety Vs does not have torus factors, i.e. 
cannot be written as Vs — Vt.' x C^. For the general case see |66| §5.1].) 

We consider the map of lattices I : Z™ — )■ N sending the ith basis vector of 
to ai G N. Our assumption implies that the corresponding map of algebraic tori, 

is surjective. 

Define the group G — G{Y?} as the kernel of the map £(g)zC^ (which we continue 
to denote by I for simplicity) . We therefore have an exact sequence of groups 

(5.2) 1 G ^ (C^)"' A — ^ 1. 
Explicitly, G is given by 

m 

(5.3) G={(zi,...,z„)e(C^)": []z<"'"'>=l for aU m e iV*}. 

i=l 
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The group G is isomorphic to a product of (cx)™-" and a finite abehan group. If 
S is a regular fan with at least one n-dimensional cone, then G = (C^)™^". 

Given a cone cr e E, we set g{a) = {ii,...,ife} C [m] if a is generated by 
. . . , a^j., and consider the monomial — Hj^g^^.) Zj. Define the affine variety 

= {;z e C" : = for aU cr e S} 

and its complement U{Yj) — C™ \ ^(S). which is quasiafhne by definition. It has 
the affine cover 

(5.4) C/(S) = U U{a). 

ctSE 

by affine varieties 

U{a) = {z e C": ^ 0} = {z e C": z, ^ for 3 ^ g{a)) ^ (C,C^)»(") 

where we used the notation of Construction 14. 1 !^ so that U{(j) = C''' x (C^)™^'^. 
Each subset U{(j) C C™ is invariant under the coordinatewise action of (C^)™ on 
C™, so that C/(E) is also invariant. 

By definition, A{Yi) is a union of coordinate subspaces, so we know from Propo- 
sition 31121 that its complement U{Y.) has the form 

f/(/C)=C™\ U {zeC":z., =--- = z,, =0}=Zk(C,C^) 

{ii,...,ifc}^/C 

for some simplicial complex /C on [m]. What is this simplicial complex? 

The answer is suggested by decomposition (|5.4p . We define the simplicial com- 
plex /Cs generated by all subsets g{<T) C [m]: 

/Cs = {I- ^ C g{a) for some a S S}. 

If E is a simplicial fan, then each / C g(o') is g{T) for some r e E, and we obtain the 
'underlying complex' of E defined in Example 12.2.71 In particular, if E is simplicial 
and complete, then /C^ is a triangulation of 5"^^; and if E is a normal fan of a 
simple polytope, then /Cs is the boundary complex of the polar simplicial polytope. 
If S is the normal fan of a non-simple polytope P (i.e. the fan over the faces of the 
polar polytope P*), then /Cs is obtained by replacing each face of P* by a simplex 
with the same set of vertices; such a simplicial complex is not pure in general. 

Proposition 5.4.4. We have [/(E) = C/(/Ce)- 

Proof. We have (C,C)^ C (C,C)9('^) whenever / C g{(T), hence, 
[/(E) = IJ [/(fj) = |J(C,C^)9(") = y (C,C^)^ = y (C,C^)^ ^ [/(/Cs). 

□ 

We observe that the subset [/(E) C C" depends only on the combinatorial 
structure of the fan E, while the subgroup G C (C^)™ depends on the geometric 
data, namely, the primitive generators of one-dimensional cones. 
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Toric variety as a quotient. Since [/(S) C C™ is invariant under tlie coor- 
dinatewise action of (C^)™, we obtain a G-action on [/(E) by restriction. 

Theorem 5.4.5 (Cox |65l Theorem 2.1]). Assume that the linear span of one- 
dimensional cones ofT, is the whole space A'r. 

(a) The toric variety Vs is naturally isomorphic to the categorical quotient U{T,)//G. 

(b) Vs is the geometric quotient U{T,)/G if and only if the fan T, is simplicial. 

Prooe. We first prove that the affine variety Va corresponding to a cone a £ 
S is the categorical quotient U{a)//G. The algebra of regular functions C[C/(tT)] 
is isomorphic to C[zi,Zj^ : 1 ^ i ^ m, j ^ 5(0")] ^i^d is generated by Laurent 
monomials Y\^i zf' with fc^ ^ for i G .g(o')- 

It follows easily from (j5.3p that a monomial Jl^i ^i' invariant under the 
G-action on U{a) if and only if it has the form YiiLi zj"'"''' for some u € N*. 

Conditions {u, ai) ^ for i S g{a) specify the dual cone cr C iVjJ, see (|2.ip . 
Hence the invariant subalgebra £P\U{a)\ is isomorphic to C[(T n A^*] = Aa = C[V]t] 
(the isomorphism is given by Hl^i ^ x")- Thus, U{a)//G = Va- 

The next step is to glue the isomorphisms U{a)//G = Va together into an 
isomorphism U{'S)//G ^ Vs. To do this we need to check that the isomorphisms 
C'^[C/((t)] — ?> C[Va] are compatible when we pass to the faces of cr. In other words, 
for each face r C a we need to establish the commutativity of the diagram 

C^[U{a)] > C^Pir)] 

(5.5) ^ ^ 

Aa y At . 

By the definition of a face, we have r = cr n for some n e cr" n N*, where 
denotes the hyperplane in TYr normal to u. Consider the monomial z{u) = 

nl^i ^i'' '''^ • Since r = cr n w^, the monomial z{u) has positive exponent of 
Zi for i G g{a) \ g{T) and zero exponent of Zj for j G gir). It follows that the 
algebra C[[/(r)] is the localisation of C[U{a)] by the ideal generated by z{u), i.e. 
C[C/(t)] = C[U{a)]z(u}- Since z{u) is a G-invariant monomial, the localisation 
commutes with passing to invariant subalgebras, i.e. C'^[U{t)] = 'C'~^[U{a)]z[u)- 
Similarly, C[Vr] = A^ = {Aa)x"- Diagram (|5.5p then takes the form 

C«[C/(a)] > CG[C/(a)],(„) 

C[Va] > C[K]x", 

where the vertical arrows are localisation homomorphism. This diagram is obviously 
commutative. 

Now using the affine cover (j5.4l) and the compatibility of the isomorphisms 
on affine varieties we obtain the isomorphism U{Y.)//G = Vy, = Ucres ^fr- State- 
ment (a) is therefore proved. 

To verify (b) we need to check that all orbits of the G-action on C/(S) are closed 
if and only if the fan S is simplicial. 

Assume E is simplicial, and consider any G-orbit Gz, z S C/(S). We shall 
prove that Gz is closed in the usual topology, which is sufficient since the closures of 
orbits in the usual and Zariski topologies coincide. We need to check that whenever 
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a sequence {iw^'^^ : fc = 1, 2, . . .} of points of Gz has a hniit w G C^(S), this hmit 
is in Gz. Write w''^^ = g'^^^ z with g'^^^ G G. Then it is enough to show that a 
subsequence of {ff'-'^-'} converges to a point g G G, as in this case hnife^oo to'-'^-' = 
gz G Gz. We write 

g(^) = (5f \ . . . = (e""'+<', . . . ,e"S"^'+^^^^') G G c (C-)™ 

where gj'"'' G and a'p , [i'^l'^ G M. Since e'^J ' G S and the circle is compact, we 

•o(fe) 

may assume by passing to a subsequence that the sequence {e*'^^j } has a limit e*'^^J 

(fc) 

as fc — >■ oo for each j = 1, . . . , m. It remains to consider the sequences {e"3 }. 

By passing to a subsequence we may assume that each sequence {a^^^}, j — 
1, . . . , m, has a finite or infinite limit (including ±cxd). Let 

/+ = {j : af ^ +00} C [m], /_ = {j : af' -od} C [m]. 

Since the sequence {tw^'^' ~ g'^'^^z} is converging to id = {wi, . . . ,Wm) € U{T,), 
we have Zj = for j G /+ and Wj = for j G Then it follows from the 

decomposition C/(E) = U/ga: (C, C^)^ that /+ and /_ are simplices of /Ce. Let 
0-+, cr_ be the corresponding cones of S (here we use the fact that E is simplicial). 
Then — {0} by definition of a fan. By Lemma 12.1.21 there is a linear 
function u G N* such that {u, a) > for any nonzero a G cr+, and (tt, a) < for 
any nonzero a G (7_. Now, since g'^''"' G G, it follows from (|5.3[) that 

m 

(5.6) ^af(w,a,)=0. 

This implies that both /+ and /_ are empty, as otherwise the sum above tends 
to infinity. Thus, each sequence {a^'^^} has a finite limit aj, and a subsequence of 
{gC^)} converges to (e"i+*^i , ■ • ■ , e"'"^*^'"). Passing to the limit in (|5.6p and in the 
similar equation for /jj*^^ as fc — >• 00 we obtain that (e"i+''^i, . . . , 6"™+*^"") G G. 

The fact that the G-action on [/(S) with non-simplicial S has non-closed orbits 
is left as an exercise (alternatively, see [65^ §2] or |66[ Theorem 5.1.11]. □ 

The quotient torus = (C^)™/G acts on = U{Y.)//G with a dense orbit. 

Proposition 5.4.6. 

(a) //S is a simplicial fan, then the G-action on U{Yi) is almost free (i.e., all 
stabiliser subgroups are finite ); 

(b) // E is regular, then the G-action on t/(E) is free. 

Proof. The stabihser of a point z G C™ under the action of (C^)™ is 

(C><r(^) ={(ti,...,i„,)G (C^r:i, = lifz,^0}, 

where uj{z) be the set of zero coordinates of z. The stabiliser of z under the G- 
action is G^ = (C^)'^(^) n G. Since G is the kernel of the map I: {C'-f -> 
induced by the map of lattices Z™ N , the subgroup Gz is the kernel of the 
composite map 

(5.7) (C^)"(^) (C^)" A T^. 

This homomorphism of tori is induced by the map of lattices Z"'^) Z'" — > N , 
where Z'^*-'^^ — )■ Z™ is the inclusion of a coordinate sublattice. 
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Now let S be a simplicial fan and z E U(T^). Then oj{z) = g{a) for a cone cr G S. 
Therefore, the set of primitive generators {0^: i e is hnearly independent. 

Hence, the map Z"^^^ Z™ N taking to is a monomorphism, which 
impUes that the kernel of (|5.7p is a finite group. 

If the fan S is regular, then {a,j: i E ^(2;)} is a part of basis of N. In this 
case (|5.7p is a monomorphism and Gz — {1}. □ 

Remark. Closedness of orbits is a necessary condition for the topological quo- 
tient U{T.)/G to be Hausdorff (Exercise [B32]) . The proof of Theorem EXH (b) 
above uses Separation Lemma (Lemma 12. 1.2p : this is another example of situation 
when convex-geometric separation translates into Hausdorffness. 

We may consider the following more general setup. Let ai, . . . , a^n be a set 
of primitive vectors in = R", and let IC be an (n — l)-dimensional simplicial 
complex on the vertex set [m]. Assume further that, for any I E IC, the set of 
vectors {a^: i S 7} is linearly independent. The latter set spans a simplicial cone, 
which we denote by 177. The data {/C, Oi, . . . , a^} defines the coordinate subspace 
arrangement complement U{IC) C C™ and the group G (|5.3p . Furthermore, the 
action of G on [/ (/C) is almost free (and it is free if all cones aj are regular; this 
is proved in the same way as Proposition 15.4.51) . However, the quotient U{K,)/G is 
Hausdorff precisely when the cones {aj : I E /C} form a fan S. In this case JC — /Cs 
and U{JC) = U{T.). 

To see that the quotient U{J^)/G is Hausdorff in the case when S is a simpli- 
cial fan, we do not need to use the algebraic criterion of separatedness as in the 
proof of Lemma 15.1.41 Instead, we may modify the argument for the closedness of 
orbits in the proof of Theorem 15.4.51 and show that action of G on [/(S) is proper 
(Exercise 15. 4. 14p . which guarantees that U{Y?)/G is Hausdorff. 

Example 5.4.7. Let be the affine toric variety corresponding to an n- 
dimensional simplicial cone a. We may write = Vy: where E is the simplicial 
fan consisting of all faces of a. Then m = n, C/(E) = C", and £: Z" — iV is the 
inclusion of a sublattice of finite rank generated by ai, . . . , a„. Therefore, G is a 
finite group and —(C^/G = SpecC[zi, . . . ,Zn]'^ . 

In particular, if we consider the cone a generated by 2ei — 62 and 62 in (see 
Example [5X6]) . then G is Z2 embedded as {(1, 1), (-1,-1)} in (C)^. The quotient 
construction realises the quadratic cone Va = Spec C[zi, ^2]*^ ~ Spec C[zJ, Z1Z2, 2:|] 
as a quotient of by Z2. 

Example 5.4.8. Consider the complete fan of Example 15.1.71 Then 

[/(S) = \ {zi = Z2 = Z3 = 0} = C3 \ {0} 

The subgroup G defined by (|5.2p is the diagonal in (C^)^. We therefore obtain 
=C/(S)/G = CP2. 

Example 5.4.9. Consider the fan E in with 3 one-dimensional cones gen- 
erated by the vectors ei, 62 and — ei — 62. This fan is not complete, but its 
1-dimensional cones generate R^, so we may apply Theorem 15.4.51 The simplicial 
complex /Cs consists of 3 disjoint points. The space [/(E) = U{JC-s) is therefore the 
complement to 3 coordinate lines in C'^: 

C/(E) = C^\{{zi = Z2 - 0} U {zi = Z3 = 0} U {Z2 = Z3 = 0}) 
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The group G is the diagonal in (C^ Y . Hence Vs = U{Y,)/G is a quasiprojective 
variety obtained by removing three points from CP^. 

Exercises. 

5.4.10. The one-dimensional cones of a fan E C N]^ span A'r if and only if the 
toric variety V^, does not have -factors. 

5.4.11. If E is a regular fan with at least one n-dimensional cone, then G = 

X j m — n 

5.4.12. A G-invariant Laurent monomial has the form YiTLi z^'''"'^ for some 

u e N*. 

5.4.13. If the fan E is non-simplicial, then there exists a non-closed orbit of the 
G-action on C/(E). 

5.4.14. A G-action on X is called proper if the map G x AT — > AT x AT, (5, x) i-> 
{gx,x) is proper, i.e. the preimage of a compact subset is compact. Modify the 
argument in the proof of Theorem 15.4.51 (b) to show that the G-action on J7(E) is 
proper whenever E is simplicial. (Hint: show that if sequences {z^*"')} and {gC^'^z^'^^} 
have limits in [/(E), then a subsequence of {g'-^^} has a limit in G.) 

5.4.15. Let E be a regular fan whose one-dimensional cones span A'r. Observe 
that [/(E) is 2-connected (see Exercise 14.6. lip . Show by considering the exact 
homotopy sequence of the principal G-bundle U (E) — > Vs that the nonsingular 
toric variety Vj: is simply connected, and iJ2(Vs; Z) is naturally identified with the 
kernel of the map £: Z™ N. Hence H'^(V^;Z) = 17^ /N*, which coincides with 
the Picard group of Vs, see [96^, §3.4]. 

5.5. Hamiltonian actions and symplectic reduction 

Here we describe projective toric manifolds as symplectic quotients of Hamil- 
tonian torus actions on C™. This approach may be viewed as a symplectic geometry 
version of the algebraic quotient construction from the previous section, although 
historically the symplectic construction preceded the algebraic one [5], |109) . 

Symplectic reduction. We briefly review the background material in 
symplectic geometry, referring the reader to monographs by Audin [8] and 
Guillemin |109) for a detailed treatment. 

A symplectic manifold is a pair [W, ui) consisting of a smooth (but not neces- 
sarily closed) manifold W and a closed differential 2-form lo which is nondegenerate 
at each point. The dimension of a symplectic manifold W is necessarily even. 

Assume now that a (compact) torus T acts on W preserving the symplectic 
form uj. We denote the Lie algebra of the torus T by i (since T is commutative, its 
Lie algebra is trivial, but the construction can be generalised to noncommutative Lie 
groups). Given an element i) e t, we denote by the corresponding T-invariant 
vector field on W . The torus action is called Hamiltonian if the 1-form aj(A„, • ) is 
exact for any d S t. In other words, an action is Hamiltonian if for any w S i there 
exist a function on W (called a Hamiltonian) satisfying the condition 



w(A„,y) = di?„(y) 
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for any vector field Y on W. The function Hy is defined up to constant. Choose a 
basis {si} in t and the corresponding Hamiltonians {He^}- Then the moment map 

(where x G W) is defined. Observe that changing the Hamiltonians {He-} by 
constants results in shifting the image of /i by a vector in t* . According to a theorem 
of Atiyah [5j and Guillemin-Sternberg ^llOj . the image fi{W) of the moment map 
is convex, and if W is compact, then ij.{W) is a convex polytope in t*. 

Example 5.5.1. The most basic example is W — C™ with symplectic form 

m m 

UJ = i dzk A dzk — 2 dxk A dy^, 

k=l k=l 

where Zk = x^ + iyk- The coordinatewise action of the torus T™ on C" is Hamilton- 
ian. The moment map fi: C™ — > M™ is given by fi{zi, . . . , z^) = (l^ip, • ■ • , l^mP) 
(an exercise). The image of the moment map fj, is the positive orthant R™. 

Construction 5.5.2 (symplectic reduction). Assume given a Hamiltonian ac- 
tion of a torus T on a symplectic manifold W. Assume further that the moment 
map fi: W t* is proper, that is ii~^{V) is compact for each compact subset 
V C i* (this is always the case if W itself is compact). Let tt G t* be a regular value 
of the moment map, i.e. the differential TxW — >■ t* is surjective for all x G fj,~^{u). 
Then the level set fi~^{u) is a smooth compact T-invariant submanifold in W. 
Furthermore, the T-action on ^~^(u) is almost free (an exercise). 

Assume now that the T-action on fi^^{u) is free. The restriction of the sym- 
plectic form u! to fi~^{u) may be degenerate. However, the quotient manifold 
fi~^{u)/T is endowed with is a unique symplectic form uj' such that 

p OJ — I UJ, 

where i: ijl~^{u) -^W\& the inclusion and p: fi~^{u) — ii~^{u)/T the projection. 

We therefore obtain a new symplectic manifold {p^^{u)/T, lu') which is referred 
to as the symplectic reduction, or symplectic quotient of (W, uj) by T. 

The construction of symplectic reduction works also under milder assumptions 
on the action (see [79j and more references there), but the generality described here 
will be enough for our purposes. 

The toric case. The algebraic quotient construction describes a toric manifold 
Ve as a quotient of a noncompact set J7(S) by a noncompact group G. Using 
symplectic reduction, a projective toric manifold Vp corresponding to a simple 
lattice polytope P can be obtained as the quotient of a compact submanifold Zp C 
t/(Sp) by a free action of a compact torus. 

Let E be a complete regular fan in iVR ^ M" with rri one-dimensional cones gen- 
erated by ai, . . . , am- Consider the exact sequence of maximal compact subgroups 
(tori) corresponding to exact sequence of algebraic tori (|5.2p : 

(5.8) 1 ^ X ^ r" Tat ^ 1, 

where T/v = N (S)z S = T" , ^ : T'" — T/v is the map of tori corresponding to the 
map of lattices N, ai, and K = Ker£. The group K is isomorphic to 

r^m-n ^jgcause E is complete and regular. 
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We let K C T™ act on C™ by restriction of the coordinatewise action of T™. 
This if-action on C™ is also Haniiltonian, and the corresponding moment map is 
given by the composition 

(5.9) ^s:C"— ^R" — >t*, 

where M™ — )■ I* is the map of dual Lie algebras corresponding to the inclusion 
if ^ T". Choose a basis in {* = R™"", so that the linear map R™ ^ r is defined 
by an (m — n) x m-matrix C = {cjk)- Moment map (j5.9p is then given by 



{Zl, . .., Zm) I > Clk\zk\'^, ■ • ■ 1 X! Cm-n,fc|2fc|" 



|2 1 

'/c=l fc=l 

and its level set ii^^{d) corresponding to a value d = (c?i, . . . ,dm-n) G ^* is the 
intersection of m — n Herniitian quadrics in C™ : 



(5.10) ^Cjfc|zfe|^=dj for j = 1, . . . , m - n. 

fc=i 

To apply the symplectic reduction we need to identify the regular values of the 
moment map /i^. We recall from Section [^TT] that a polytope (|l.ip is called Delzant 
if its normal fan is regular. If S = Ep is the normal fan of a Delzant polytope P, 
then the (m — n) x m-matrix C above is the one considered in Construction 11.1.51 
Namely, the rows of C form a basis of linear dependencies between the vectors a^. 

Given a polytope (jl.ip . we denote by Zp the intersection of quadrics ()5.10p 
corresponding to d = Cbp, where bp = {hi, . . . , bmY: 

m 

(5.11) Zp^fi^\Cbp) = {ze C"':"^cjk{\zkf-bk) -0 for j = l,...,TO-n}. 

fe=i 

Proposition 5.5.3. Assume that T, ~ 'Sp is the normal fan of a Delzant 
polytope P given by (jl.ip . Then d — Cbp is a regular value of the moment map fj.-^- 

Proof. We only sketch the proof here, as the statement will be proved in a 
more general context in Section 16.11 We need to check that this intersection is 
nondegenerate at each point z G Zp, i.e. that Zp is a smooth submanifold in C™. 
This means that the m — n gradient vectors of the left hand sides of quadratic 
equations (|5.10p are linearly independent at each z e Zp. This can be shown to 
be equivalent to that the polytope P defined by (|l.ip is simple. □ 



As we shall see in Section [6.2[ the manifold Zp is T^-equivariantly homeomor- 
phic to the moment-angle manifold ZjQp (where /Cp is the nerve complex of P, or 
the underlying simplicial complex of the normal fan Sp). Furthermore, we have 
Zp C C/(Sp). (The reader may either wait until Chapter |6l or view these two 
statements as exercises.) 

We therefore may consider the symplectic quotient of C™ by i^T = f™-"^ the 
2n-dimensional symplectic manifold ^^^{Cbp)/K — Zp/K. 

Theorem 5.5.4. Let P he a lattice Delzant polytope with the normal fan Tip, 
and let Vp be the corresponding projective toric manifold. The inclusion Zp C 
[/(Ep) induces a diffeomorphism 

Zp/K ^ U{Y.p)/G = Vp. 



5.5. HAMILTONIAN ACTIONS AND SYMPLECTIC REDUCTION 



191 



Therefore, any projective toric manifold Vp is obtained as the symplectic quotient 
of by an action of a torus K ^ f"-"^ 

Proof. We sketch the proof given in [8, Prop. VI. 3. 1.1]; a different proof of a 
more general statement will be given in Section 16.51 
Consider the function 

/:C"^]R, f{z) = \\^i^{z)-Cbp\\\ 

It is nonnegative and minimal on the set Zp — ii^^{Cbp). The only critical 
points of / in U{T,p) are z G Zp. Hence, for any z S [/(Sp), the gradient 
trajectory descending from z will reach a point in 2^p. Furthermore, any gradient 
trajectory is contained in a G-orbit. We therefore obtain that each G-orbit of 
U{Y,p) intersects Zp. Finally, it can be shown that each G-orbit intersects Zp at 
a unique i^-orbit, i.e. for each z S Zp we have that 

G ■ znZp = K ■ z. 

The statement follows. □ 

The toric manifold Vp therefore acquires a symplectic structure as the sym- 
plectic quotient ii^^{Cbp)/K. On the other hand, the projective embedding of 
Vp defined by the lattice polytope P provides a symplectic form on Vp by restric- 
tion of the standard symplectic form on the complex projective space. It can be 
shown [1091 Appendix 2] that the diffeomorphism from Theorem 15.5.41 preserves 
the cohomology class of the symplectic form, or equivalently, the two symplectic 
structures on Vp are T/v-equivariantly symplectomorphic. 

The symplectic quotient ii^^{Cbp)/K has a residual action of the quotient 
n-torus T/v = T"^ / K, which is obviously Hamiltonian. This action is identified, via 
Theorem l5.5.41 with the action of the maximal compact subgroup T/v C on the 
toric variety Vp. We denote by /iy : Vp — > t* the moment map for the Hamiltonian 
action of T/v on Vp, where i = K" is the Lie algebra of T/y. We obtain from (|5.8[) 
that the map £* embeds t* as a subspace in R"\ and observe that £* is the map 
Ap from Construction 11.1^ 

Proposition 5.5.5. The image of the moment map fiy ■ Vp t* is the polytope 
P , up to translation. 

Proof. Let be the standard symplectic form on C™ and /i : C™ R™ be the 
moment map for the standard action of T™ (see Example I5.5.ip . Let p : Zp — > Vp 
be the quotient projection by the action of and let i : Zp C" be the inclusion, 
so that the symplectic form w' on Vp satisfies p*L^' = i*uj. Let Hf.. : C™ — M be 
the Hamiltonian of the T™-action on corresponding to the ith basis vector 
Ei (explicitly, Hf..{z) ~ l^jp), and let Ha^ : Vp — > R be the Hamiltonian of the 
T^r-action on Vp corresponding to G i. Denote by Xg. the vector field on Zp 
generated by e^, and denote by Ya^ the vector field on Vp generated by a^. Observe 
that p^Xf.^ = Ya^. For any vector field Z on Zp we have 

dHe, (Z) = i*Uj{Xe, , Z) = p*w'(Xe. , Z) 

- L0'{Ya^,p,Z) = dHa,{p.Z) = d{p*HaMZ), 

hence Hf,. = p*Hai or Hf..{z) = Hai{p{z)) up to constant. By definition of the 
moment map this implies that nviVp) is identified with ^{Zp) C R'" up to shift 
by a vector in t* C K™. The subset n{Zp) C R" consists of y e R™ with 
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nonnegative coordinates satisfying Cy = Cbp (see (|5.1ip ). According to (|1.7p . the 
latter specifies the image of P under the affine map i p whose linear part is exactly 
Ap:i*-^W^. □ 

Example 5.5.6. Let P = A" be the standard simplex (see Example 11.1.61) . 
The cones of the normal fan S p are spanned by the proper subsets of the set of 
n + 1 vectors {ei, . . . , e„, — ei — ... — e„}. The groups G = and K = are 
the diagonal subgroups in (C'')"+i and T"+i respectively, and t/(Sp) 0"+^ \ 
{0}. The matrix C is a row of n + 1 units. The moment map (|5.9p is given by 
fj.i:{zi, • • • , Zn+i) = l^ip + . . . + |z„+ip. Since Cbp = 1, the manifold Zp = Mp^(l) 
is the unit sphere S^^+i C C"+\ and S^^+V^r 9i (C"+i \ {0})/G = Vp is the 
complex projective space CP". 

Exercises. 

5.5.7. The moment map /i: C" — >■ R™ for the coordinatewise action of T™ on 
C™ is given by /i(zi, . . . ,Zm) = (|zip, . . . , Iz^H- 

5.5.8. The T-action on ii^^(u) is almost free. 

5.5.9. The level set Zp — ii^^{Cbp) is T™-equivariantly homeomorphic to the 
moment-angle manifold ZjCp ■ 

5.5.10. Show that Zp C U{Y.p). 

5.6. Quotient space by the torus action 

Here we take a closer look at the action of the compact torus T^v on a toric 
manifold Vy,- The topological properties of the quotient projection tt: l^s — >■ Vs/Tn 
will be taken as the starting point for subsequent topological generalisations of toric 
manifolds in Chapter [T] 

We first observe that if Vp is a projective toric manifold, then Vp = Zp/K by 
the construction of the previous section, therefore the quotient of Vp by the action of 
T/v = T™/K coincides with the quotient of Zp by T™. Both quotients are identified 
with the simple Delzant polytope P: in fact, the moment map /iv : Vp — P is the 
quotient projection (see Proposition IS .5 . 5|) . In the non-pro jective smooth case, there 
is no moment map, and there is no canonical way to identify the quotient V^/Tj^ 
with a convex polytope. However, there is a face decomposition (stratification) of 
Vs/Tjv according to orbit types, and this face structure is very similar to that of a 
simple polytope. 

As usual, for each / C [m] we denote by ~ Yiiei ^^^'^ corresponding 
coordinate subgroup in T"'. 

We consider the map x T — > C defined by {y, t) i— ^ yt. Taking product we 
obtain a map R™ x T™ — > C™. The preimage of a point z G C™ under this map is 
y X T'^(^), where yi = \zi\ for 1 ^ i ^ m and a;(z) — {i: Zi = 0} C [m] is the set of 
zero coordinates of z. Therefore, C™ can be identified with the quotient space 

(5.12) R|' X T"V- where {y, ti) - (y, fa) if ir^*2 e T"'^). 

Now let P be a simple Delzant polytope. Following Davis-Januszkiewicz [70j , 
with may describe Zp and Vp as similar quotient spaces. 

Given x ^ P, set ^ {i E [to] : x E Fi} (the set of facets containing x). 



5.6. QUOTIENT SPACE BY THE TORUS ACTION 



193 



Proposition 5.6.1. Zp is T"^ -equivariantly homeomorphic to the quotient 

P X T"V- where {x, ti) - (a;, if t^'^h E T^-. 

Proof. It follows from dLT]) and ((5ll|) that Zp/T" = n{Zp) ^ ip{P) C R|'. 
Since C™ x T™/- , we have Zp ip{P) x T™/- by restriction, where - 

is the equivalence relation from (|5.12l) . It remains to note that a point a; e P is 
mapped by ip to y e M™ with Ix = ^{v)- O 

To obtain a quotient presentation of Vp, we consider the map i: T'" — !■ Tn 
from (|5.8p . and for each x £ P define the subtorus = ({T^") C Tn- If x is a 
vertex then Tx = Tn, and if x is an interior point of P then Tx = {1}. 

Proposition 5.6.2. A projective toric manifold Vp is Tn -equivariantly home- 
omorphic to the quotient 

(5.13) P X Tat/w where (x, ti) w {x, is) tf t^h2 G Tx. 

Proof. Using Proposition 15 .6 . Il we obtain 

Vp = Zp/K ={Px {T"'/K)) = (P X £(r")) = P X Pat/w. □ 

The projection tt : Vp = P x P/v /~ — P is the quotient map for the P/y-action, 
and its fibre 7t^^{x) = Tx is the stabiliser of the P/y-orbit corresponding to x. 
The P/y-action on Vp is therefore free over the interior of the polytope, the vertices 
correspond to the fixed points, and points in the relative interior of a codimension-fc 
face correspond to orbits with the same /c-dimensional stabiliser. 

Construction 5.6.3. Let E be a simplicial fan and Vs the corresponding toric 
variety. Consider the affine cover {Va : cr G S} (see Construction 15 . 1 !3|) . The orbit 
space (Va-)^ = Vct/Tn by the action of the compact torus can be identified with 
the set of semigroup homomorphisms from Sa to the semigroup Rj, of nonnegative 
real numbers: 

K/Pjv = Homsg(5„E^), (7 G S 

(the details of this construction can be found in |96l §4.1]). 

If the fan S is regular, then = C'^ x (C^ )"'"'' where k = dim cr, see Ex- 
ample 15.1.51 It follows easily that the PAr-action on the nonsingular toric variety 
Vs is locally standard, and the cover {Va : cr G S} provides an atlas of standard 
charts (see Section fP.ll) . Furthermore, (Va)^ = M> x R""*^' and the orbit space 
Q = Ve/Ptv is a manifold with corners, with atlas {(V^)^ : cr G S}. 

In the singular case the varieties V^ may be not isomorphic to C'^ x (C^)""*^ 
and the P/v-action on V^ may fail to be locally standard. Nevertheless, the cover 
{(Vcr)^ : cr G S} defines a structure of a manifold with faces on Q = Ve/Pat. 

If S is a complete simplicial fan, then the face decomposition of the manifold 
with corners Q = V^/T^ is Poincare dual to the sphere triangulation defined by 
the simplicial complex JC^. There is also a projection Q x P/y — > Vs defining a 
homeomorphism Vs = Q x P/y/«, by analogy with (|5.13[) . 

We finish by summarising the observations of this section as follows: 

Proposition 5.6.4. 

(a) The action of the compact torus P/y on a nonsingular toric variety V is 
locally standard. 
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(b) // Vp is a projective toric manifold then the quotient Vp /T/v is diffeomor- 
phic to P as a manifold with corners. 

If a toric manifold Vs is not projective, then the manifold with corners 
Q = Vs/T/v may be not homeomorphic to any simple polytope (although no such 
examples are known, see Problem 15. 2.3|) . 
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APPENDIX A 



Commutative and homological algebra 

Here we review some basic algebraic notions and results in a way suited for 
topological applications. In order to make algebraic constructions compatible with 
topological ones we sometimes use a notation which may seem unusual to a reader 
with an algebraic background. This in particular concerns the way we treat gradings 
and resolutions. 

We fix a ground ring k, which is always assumed to be a field or the ring Z of 
integers. In the latter case by a 'k-vector space of dimension d' we mean an abelian 
group of rank d. 

A.l. Algebras and modules 

A h- algebra (or simply algebra) ^ is a ring which is also a k- vector space, and 
whose multiplication Ax A ^ A is k-bilinear. (The latter condition is void if k = Z, 
so Z-algebras are ordinary rings.) All our algebras will be commutative and with 
unit 1, unless explicitly stated otherwise. The basic example is ^ = k[wi, .... 
the polynomial algebra in m generators, for which we shall often use a shortened 
notation k[rn]. 

An algebra A is finitely generated if there arc finitely many elements ai , . . . , a„ 
of A such that every element of A can be written as a polynomial in ai , . . . , a„ 
with coefficients in k. Therefore, a finitely generated algebra is the quotient of a 
polynomial algebra by an ideal. 

An A-module is a k-vector space M on which A acts linearly, that is, there is 
a map Ax M ^ M which is k-linear in each argument and satisfies Im = m and 
{ab)m = a{hm) for all a,b E A, m E M. Any ideal 7 of A is an A-module. If A = k, 
then an A-module is a k-vector space. 

An A-module M is fi.nitely generated if there exist xi , . . . , a;„ in M such that 
every element a; of M can be written (not necessarily uniquely) as a; = aixi -\ h 

^n^nj Oi E A. 

An algebra A is Z,- graded (or simply graded) if it is represented as a direct sum 
A — ® A* such that A* • A-' C A'"*"-' . Elements a Q A' are said to be homogeneous 
of degree i, denoted deg a = i. The set of homogeneous elements of A is denoted by 
'H(A) = Uj A*. An ideal / of A is homogeneous if it is generated by homogeneous 
elements. In most cases our graded algebras will be either nonpositively graded (i.e. 
A* = for i > 0) or nonnegatively graded (i.e. A* = for z < 0); the latter is 
also called an N-gradcd algebra. A nonnegatively graded algebra A is connected 
if A*^ = k. For a nonnegatively graded algebra A, define the positive ideal by 
A"*" = ©i>o if ^ is connected and k is a field then A+ is a maximal ideal. 

If A is a graded algebra, then an A-module M is graded if M = 0j£z-^* 
such that A' • c M'+-'. An A-module map f:M^N between two graded 
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modules is degree-preserving (or of degree 0) if J{M'') C A^', and is of degree k if 
/(M*) C N^+^ for all i. 

Graded algebras arising in topology are often graded- commutative (or skew- 
commutative) rather than commutative in the usual sense. This means that 

ah = {-ly^ ba for any a e A\b e AK 

If the characteristic of k is not 2, then the square of an odd-degree element in a 
graded-commutativc algebra is zero. To avoid confusion we double the grading in 
commutative algebras A\ the resulting graded algebras A = 0j£z are commu- 
tative in either sense. 

For example, wc make the polynomial algebra k[fi, . . . graded by setting 
degtij = 2. It then becomes a free graded commutative algebra on m generators 
of degree two (free means no relations apart from the graded commutativity). The 
exterior algebra A[ui, . . . ,Um] has relations u^ = and UiUj = —UjUi. We shall 
assume degiij = 1 unless otherwise specified. An exterior algebra is a free graded 
commutative algebra if the characteristic of k is not 2. 

Bigraded (i.e. Z Z-graded) and multigraded (Z™-graded) algebras A are 
defined similarly; their homogeneous elements a £ A have bidegree bidega = G 
Z ® Z or multidegree mdeg a = i G Z™ respectively. 

The tensor product Af ®/i A^ of A-modules M and A^ is the quotient of a free A- 
module on the set of generators M x A" by the submodule generated by all elements 
of the following types: 

{x-\-x',y) - {x,y) - {x',y), {x,y + y') - {x,y) - {x,y'), 
{ax,y) - a{x,y), {x,ay) - a{x,y), 

where x,x' G M, y,y' G N, a G A. For each basis element {x,y), its image in 
M (S)A N is denoted hy x (E) y. 

We shall denote the tensor product M®\^N of k- vector spaces by simply M®N. 
For example, if M = A' = k[i)], then M ®N = k[ui, ^2]. 

The tensor product A®B of graded-commutative algebras A and i? is a graded 
commutative algebra, with the multiplication defined on homogeneous elements by 

{a®b)- (a' ® b') = (-l)'"^'=s'"^'=sa'^^' ^ j^y 

An y4- module F is free if it is isomorphic to a direct sum ^i, where each 

Fi is isomorphic to A as an A-module. If both A and F are graded then every Fi 
is isomorphic to ^[•'1 for some j, where Al-'l is the graded A-module with {A^^^)^ = 
A'^~^ . A basis of a free A-module F is a set S of elements of F such that each 
X G F can be uniquely written as a finite linear combination of elements of S with 
coefficients in A. If A is finitely generated then all bases have the same cardinality 
(an exercise), called the rank of F. If 5 is a basis of a free A-module F, then for any 
j4-module M a set map S ^ M extends to an A-module homomorphism F — >■ M. 

A module P is projective if for any epimorphism of modules p: M ^ N and 
homomorphism / : P ^ N, there is a homomorphism /' : P ^ M such that pf = 
f. This is described by the following commutative diagram: 

M^-^N ^0 
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Equivalently P is projective if it is a direct summand of a free module (an exercise). 
In particular, free modules are projective. 

A sequence of homomorphisms of ^-modules 



Ml 



Mo 



M, 



Ma 



is called an exact sequence if Im /i = Kcr /i+i for all i. 

A chain complex is a sequence C* = {Ci,di} of A- modules Cj and homomor- 
phisms di'. Ci ^ Ci-i such that didi+i = 0. This is usually written as 

■ ■ ■ r C-i+l ?■ ? '-'i— 1 > • • • 

The condition didi+i = implies that Im9j_|_i C KerQ^. The elements of Ker9 are 
called cycles, and the elomcuts of Im9 are boundaries. The ith homology group (or 
homology module) of C* is defined by 

iJJC*] = Kcr9j/Im(9j+i. 

A cochain complex is a sequence C* = {C%(i*} of ^-modules and homo- 
morphisms d^: ^ C"+^ such that d^d^~^ = 0. This is usually written as 

The elements of Ker d are called cocycles, and the elements of Im d are coboundaries. 
The ii/i cohomology group (or cohomology module) of C* is defined by 

if*[C*] =KerrfVlmrf'-^ 

A cochain complex may be also viewed as a graded k-vcctor space C* = ® ^ in 
which every graded component C* is an A-module, together with an A-linear map 
d: C* ^ C* raising the degree by 1 and satisfying the condition = 0. 

Note that a chain complex may be turned to a cochain complex by inverting 
the grading (i.e. turning the ith graded component into the (— i)th). 

Let f,g: C* — >■ D* be two maps of cochain complexes (i.e. both / and g 
commute with the differentials). A cochain homotopy between / and is a set of 
maps s = {s*: — ^ D^~^} satisfying the identities 

ds + sd — f — g 
gi+i^i _ _ giy 'pjjjg jg described by the following 



(more precisely, ^s* 
commutative diagram 




If there is a cochain homotopy between / and g, then / and g induce the same map 
in cohomology (an exercise). A chain homotopy between maps of chain complexes 
is defined similarly. 

A differential graded algebra is a graded algebra A together with a k-lincar map 
d: A, called the differential, which raises the degree by one, and satisfies the 
identity = (so that {A*, d'} is a cochain complex) and the Leibniz identity 

(A.l) d{a-h) = da-h^{-Vfa-dh iora^A\b^A. 
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The cohomology H[A, d] — Ker d/ Im rf of a differential graded algebra A is a graded 
algebra (an exercise). Differential graded algebras whose differential lowers the 
degree by one are also considered, in which case homology is a graded algebra. 

Exercises. 

A. 1.1. If A is a finitely generated algebra, then all bases of a free A-module 
have the same cardinality. 

A. 1.2. A module is projective if and only if it is a direct summand of a free 
module. 

A. 1.3. Cochain homotopic maps between cochain complexes induce the same 
maps in cohomology. 

A. 1.4. The cohomology of a differential graded algebra is a graded algebra. 

A. 2. Homological theory of graded rings and modules 

From now on we assume that A is a commutative finitely generated k-algebra 
with unit, graded by nonnegative even numbers (i.e. A — ® j>g A^) and connected 
(i.e. A'^ = k). The basic example to keep in mind is ^ = k[m] = k[t;i, . . . 
with degVi = 2, however we shall need a greater generality occasionally. We also 
assume that all ^-modules M are nonnegatively graded and finitely generated, and 
all module maps are degree-preserving, unless the contrary is explicitly stated. 

A free (respectively, projective) resolution of M is an exact sequence of A- 
modules 

(A.2) ^ i?-' ^ ^ ^ i?o ^ A/ ^ 

in which all are free (respectively, projective) ^-modules. A free resolution 
exists for every AI (an exercise, or see constructions below). The minimal number 
p for which there exists a projective resolution (|A.2|) with = for i > p is 
called the projective (or homological) dimension of the module M; we shall denote 
it by pdim^ M or shortly pdim A/. If such p does not exist, we set pdim Af = oo. 
The module Mi — Ker[c?: — > is called the ith syzygy module for Af. 

If k is a field and A is as above, then an A-module is projective if and only if 
it is free (see Exercise lA. 2. 15[) . and we therefore may not distinguish between free 
and projective resolutions in this case. 

We can convert a resolution (jA.2l) into a bigraded k-vector space R = j i?^''-' 
where i?^*'^ = (i?^')^ is the jth graded component of the module and the 

(— i,j)th component of d acts as d~^'^ : R~^-^ — > We refer to the first 

grading of R as external] it comes from the indexing of the terms in the resolution 
and is therefore nonpositive by our convention. The second, internal, grading of R 
comes from the grading in the modules and is therefore even and nonnegative. 
The total degree of an element of R is defined as the sum of its external and internal 
degrees. We can view A as a bigraded algebra with trivial first grading (i.e. A^'^ — 
for i 7^ and A^'^ = A^); then R becomes a bigraded A-module. 

If the drop the term M in resolution (jA.2|) , then the resulting cochain complex 
is exactly R (with respect to its external grading), and the bigraded cohomology 
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H[R,d] satisfies that 

H-''^ [R, d] = Ker d^'^V Im d''-^'^ =0 for i > 0, 
H°'^[R,d] = AP. 

We may view M as a trivial cocliain complex — > A/ — > 0, or as a bigraded module 
with trivial external grading, i.e. M*'-' — Q ioi i ^ and M°'-' — A'P . Then 
resolution (|A.2[) can be interpreted as a map of cochain complexes of ^-modules: 

• • • > R-' — ^ • • • — ^ — ^ i?o > 

1 1 

••• > > ■■■ > > M !■ 0, 

or shortly as a map — > [M, 0], inducing an isomorphism in cohomology. 

The Poincare series of a graded k-vector space V — whose graded 

components are finite-dimensional is given by 

i^(l/;A) = ^(dinikF*)A\ 

i 

Proposition A. 2.1. Let (|A.2p be a finite free resolution of an A-module, in 
which R~^ is a free module of rank qi on generators of degrees du, . . . ,dq-i, for 
i ^ 0. Then 

F{M; A) = F{A; A) ^(-l)*(A'^i' + • • • + A'^'^')- 

Proof. Since H-'^^[R, d] = for i > and d] = NP , we obtain 

^(-1)* dimk R-''^ = dimk IvP 

by a basic property of the Euler characteristic. Multiplying by A^ and summing up 
over j we obtain 

^(-ir^^(i?-^A)=F(Af;A). 

Since each _R~' is a free A-module, its Poincare series is given by F{R^^;X) = 
F{A; A)(A'^" + • • • + A'^'i*), which implies the required formula. □ 

Construction A. 2. 2 (minimal resolution). Let k be a field, and let M — 
0j>Q Af* be a graded A-module, which is not necessarily finitely generated, but 
whose every graded component is finite-dimensional as a k-vector space. There 
is the following canonical way of constructing a free resolution for M. 

Take the lowest degree i in which AP ^ and choose a k-vector space basis 
in M\ Span an A-submodule Afi by this basis and then take the lowest degree in 
which M Ml. In this degree choose a k-vector space basis in the complement 
of Ml , and span a module M2 by this basis and Mi . Continuing this process we 
obtain a system of generators for M which has a finite number of elements in each 
degree, and has the property that images of the generators form a basis of the 
k-vector space M k = M/{A~^ ■ M). A system of generators of M obtained in 
this way is referred to as minimal (or as a minimal basis). 

Now choose a minimal generating set in M and span by its elements a free A- 
module R'^m- Then we have an epiniorphism R'^^^ — > M. Next we choose a minimal 



(A.3) 
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basis in the kernel of this epimorphism, and span by it a free module R^^^- Then 
choose a minimal basis in the kernel of the map R^l^ — > ^min, and so on. On the 
ith step we choose a minimal basis in the kernel of the map d: ^mln^ 
constructed on the previous step, and span a free module i?~in by this basis. As a 
result we obtain a free resolution of M, which is referred to as minimal. A minimal 
resolution is unique up to an isomorphism. 

Proposition A. 2. 3. For a minimal resolution of M , the induced maps 

KL <^A k -> ®A k 

are zero for i ^ I. 

Proof. By construction, the map -R"ji,j ^ — M ®k A is an isomorphism, 
which implies that the kernel of the map R'^^^ — t- M is contained in ■ R'^^^- 
Similarly, for each i ^ 1 the kernel of the map d: R^^^^ — ^ ^min^^ contained in 

• -R,7Jn, and therefore the image of the same map is contained in v4+ • -R~i,t"^- 
This implies that the induced maps i?~|„ (^a k — >■ RZlt^ ®a k are zero. □ 



Remark, li k — Z then the above described inductive procedure still gives a 
minimal basis for an A- module M, but the kernel of the map d: -R^i^ — ?> M may 
not be contained in ^+ • and the induced map (^a ^ ^ ^min ®A ^ may 

be nonzero. 



Construction A. 2. 4 (Koszul resolution). Let A = li[vi, . . . ,Vm] and M = k 
with the A-module structure given by the augmentation map sending each Vi to 
zero. We turn the tensor product 

E = E,n = A[ui, . . . ,U™] (g) k[wi, ...,Vjn\ 

into a higraded differential algebra by setting 

bidegMi = (-1,2), bideg = (0, 2), 

dui — Vi, dvi = 

and requiring d to satisfy the Leibniz identity (jA.l[) . Then [E, d] together with the 
augmentation map e: — !■ k defines a cochain complex of k[m]-modules 

(A.5) 0-^A"[ , Vm\ ^ 

A^ [ui , . . . , u„] (Ki k[wi , . . . , Vm] k[i;i , . . . , u,„] ^ k ^ 0, 

where A'[ui, . . . , Um] is the subspace of A[ui, . . . , Um] generated by monomials of 
length i. We shall show that the complex above is an exact sequence, or equivalently, 
that £ : [E, d] — [k, 0] is a quasi-isomorphism. There is an obvious inclusion ?/ : k — 
E such that £77 — id. To finish the proof we shall construct a cochain homotopy 
between id and rje, that is, a set of k-linear maps s = {s^''^^ : E^'"'^^ E^"^^^-^^} 
satisfying the identity 

(A. 6) ds + sd — id ~ rje. 

For m — 1 we define the map si : E^'* = k[t;] — > E^ by the formula 

.si(ao + aiv + • • • + ajv^) = u{ai + a2V + • • • + ajv^^^). 

Then for f = ao + aiv + • • • + OjV-' G E^'* we have dsif ~ f — oq = f — rjef 
and sidf — 0. On the other hand, for uf e E^ we have sid{uf) — uf and 
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dsi{uf) = 0. In any case (|A.6|) holds. Now we may assume by induction that 
for m = k — 1 the required cochain homotopy Sfc-i : Ek-i — > Ek-i is aheady 
constructed. Since Ek = Ek-i ® efc = £k-i ® £i and rjk — rjk-i ^ ?yi, a direct 
calculation shows that the map 

Sfc = Sk-i ®iA + rjk-iSk-i ® si 

is a cochain homotopy between id and rjkSk- 

Since A*[ui, . . . , Um] <E) k[m] is a free k[m]-module, (jA.5[) is a free resolution for 
the k[rn]-module k. It is known as the Koszul resolution. It can be shown to be 
minimal (an exercise). 

Let (|A.2|) be a projective resolution of an A-module M, and N is another 
A-module. Applying the functor (E)aN to (|A.3|) we obtain a homomorphism of 
cochain complexes 

[R^A N,d] [M(i)AN,0], 

which does not induce a cohomology isomorphism in general. The (— i)th graded 
cohomology module of the cochain complex 

(A.7) > R-''®aN ^ > R-^ ®aN ^ R° (g)AN ^0 

is denoted by Tor^* {M, N) . We shall also consider the bigraded A- module 
Tor^(M,iV) = Tor7^^ (M,A^) 

where Tor^''-'(M, A'') is the jth graded component of Tor;^'(M, N) 

The following properties of Tor^*(M, A^) are well-known (see e.g. |145j ). 

Theorem A. 2. 5. 

(a) The module Tor^' (M, A^) does not depend, up to isomorphism, on a choice 
of resolution (jA.2p .' 

(b) Tor^'( • , N) and Tor^*(M, • ) are covariant functors; 

(c) Tot°a{M,N) = M^aN; 

(d) Tor^XM,A^)-Tor7(Ar,M); 

(e) An exact sequence of A-modules 

— > Ml — !■ M2 — > Ms — ^ 

induces the following long exact sequence: 

> Tor^'(A/i, A^) ToT^\M2, N) Tor^^^s, A^) ^ • • • 

> Tor^\Mi,N) Tot^\M2,N) Tot^\M3,N) 

Tor^;i(Mi, AT) Tor^(M2, AT) Toi'\{M3,N) 0. 

In the case A^ = k the Tor-modules can be read from a minimal resolution of 
M as follows: 

Proposition A. 2. 6. Let k be a field, and let (|A.2p be a minimal resolution of 
an A-module M . Then 

Tor^XM,k)^i?-i„ ®A k, 
dimk Tor^X^^: k) = ranki?-j„. 
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Proof. Indeed, the differentials in the cochain complex 

> ^min ®A k > k ^ ii^i^ k ^ 

are all trivial by Proposition lA. 2. 3l □ 

Corollary A. 2. 7. Let k fee a field, and let M he a A-module. Then 

pdimAf = max{i: Tor;4'(M,k) 7^ O}. 

Corollary A. 2. 8. If k. is a field, then pdimAf ^ m for any k[tii, . . . ,Vm]- 
module M . 

Proof. By the previous corollary and Theorem I A. 2. 51 (d), 
pdimAf = max{i: Tor^j^^j (Af , k) ^ 0} = max{i: Tor^^^, (k, Af ) ^ O}. 
Using the Koszul resolution for the k[m]-module k we obtain 

Tor^j^^j (k, Af ) = [A[ui, u„,] (g) k[m] ®k[™] M, d] 

= H-'lAlui,. . . ,u„,]<g M,d]. 

Therefore, 

pdimAf = max{i: Tor^j^j (k, Af ) 7^ O} ^ max{i: A*[mi, . . . (g) M O} = m. 

□ 

Example A. 2. 9. Let A = k[ui, . . . and Af = iV = k. By the minimality 
of the Koszul resolution, 

Tork[„i,...,„„](k, k) = A[ui, . . . , u„] 

and pdim^ k = m. 

We note that in general there is no canonical way to define a multiplication in 
Tor^(Af, A^), even if both Af and N are A-algebras rather than just A- modules. 
However, in the particular case when A = k[m], Af is an algebra with a unit and 
= k there is the following canonical way to define a product in Tor ^ (Af , N) , 
extending the previous example. We consider the differential bigraded algebra 
[A[ui, . . . , Um]g}M, d] whose bigrading and differential are defined similarly to ()A.4I) : 

bidegWi = (— 1, 2), bidegx = (0, degx) for a; G Af , 

^ ^ dui — Vi ■ 1, dx — 

(here • 1 is the element of Af obtained by applying Vi € k[m] to 1 e Af , and we 
identify Ui with Ui g) 1 and x with 1 (g) a: for simplicity). Using the fact that the 
cohomology of a differential graded algebra is a graded algebra we obtain: 

Lemma A. 2. 10. Let M be a graded \i[vi, . . . ,Vm]-o.lgebra. Then Tork[m] (Af , k) 
is a bigraded h-algebra whose product is defined via the isomorphism 

Tork[^i,...,„,„](Af,k) = ff[A[wi,...,u„] (g) Af,d]. 

Proof. Using the Koszul resolution in the definition of Tork;[m] (k, Af ) and 
Theorem IA.2.51 (d) we calculate 

Tork[™](M,k)=Tork[™](k,Af) 

= ff [A[mi, ... , u,n] (g) k[m] (g)k[™] Af , d] = ff [A[ui , ... , m„] (g)M,d]. □ 
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The algebra [A[ui, . . . , Um] <8i M, d] is known as the Koszul algebra (or Koszul 
complex) of M . 

Remark. Lemma [A. 2. 101 holds also in the case when M does not have unit 
(e.g., when it is a graded ideal in k[m]). In this case formula (|A.8p for the differential 
needs to be updated as follows: 

d{uix) — Vi ■ X, dx ~ for x G M. 

We finish this discussion of Tortim] [M, k) by mentioning an important conjec- 
ture of commutative homological algebra. 

Conjecture A. 2. 11 (Horrocks, see [36l p. 453]). Let M be a graded 
k[ui, . . . , Vm]-module such that dimt M < oo, where k is a field. Then 

dinikTor-^^ ^„^,(M,k)^(™). 
It is sometimes formulated in a weaker form: 

Conjecture A. 2. 12 (weak Horrocks' Conjecture). Let M be a graded 
k[ui, . . . , Vm]-module such that dimt M < oo, where k is a field. Then 

dimkTork[,i,...,,„](Af,k) ^ 2'". 

If the algebra A is not necessarily commutative, then Tor^(M, N) is defined for 
a right A-module M and a left A-module N in the same way as above. However, 
in this case TorA(M, N) is no longer an A- module, and is just a k- vector space. If 
both M and N are A-bimodules, then Tor a{M, N) is an A-bimodule itself. 

The construction of Tor can also be extended to the case of differential graded 
modules and algebras, see Section [6.41 

In the standard notation adopted in the algebraic literature, the modules in a 
resolution (|A.2p are numbered by nonnegative rather than nonpositive integers: 

• • • A i?' A • • • A i?i A i?o ^ Af ^ 0. 

In this notation, the ith Tor- module is denoted by Tor^(M, A^), i ^ (note 
that (|A.7p becomes a chain complex, and Tor^(M, A^) is its homology). Therefore, 
the two notations are related by 

Tor;^*(Af, A^) = Torf {M,N). 

Applying the functor Homyi( , A^) to (jA.Sp (with _R~* replaced by i?*) we obtain 
the cochain complex 

^ HomA(i?", A^) UoniAiR^N) > llomA{R\N) ^ ■■■ . 

Its ith cohomology module is denoted by Ext^(Ajf, A^). 

The properties of the functor Ext are similar to those given by Theorem lA.2.51 
for Tor, with the exception of (d): 

Theorem A.2.13. 

(a) The module Ext^(Af, A^) does not depend, up to isomorphism, on a choice 
of resolution (jA.2[) .' 

(b) Ext^( • , A^) is a contravariant functor, and Ext^(Af, ■ ) is a covariant 
functor; 

(c) Ext^(M, A^) = HomA(Af, A^); 
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(d) An exact sequence of A-modules 

— > Ml — > M2 — > M3 — ^ 
induces the following long exact sequence: 
— > Ext^(M3,iV) — > Ext^(A//2,iV) — > Ext^(A/i,7V) 
— ^ Ext\(M3,iV) — ^ Ext^(Af2,iV) — ^ Ext^(Mi, A^) ■ ■ ■ 
> Ext^(M3,iV) ^ Ext^(Af2,iV) Ext\{Mi,N) ^ • • • ; 

(e) y4n exact sequence of A-modules 

— > Ni — > N2 — > N3 — ^ 
induces the following long exact sequence: 
— > Ext5\(A/,iVi) — > Ext|\(Af,7V2) — > Ext^(A/,iV3) 
— ^ ExtJi(A/, Ni) — ^ Ext^(Af, A^a) ~^ Ext^(A/, N3) ■ ■ ■ 

> Ext\{M, Ni) — ^ Ext^(Af, N2) Ext\{M, N3) ^ ■ ■ ■ . 

Exercises. 

A. 2. 14. Show that a free resolution exists for every A-module M. (Hint: use 
the fact that every module is the quotient of a free module.) 

A. 2. 15. If k is a field and A = k[m], then every projective graded ^-module 
is free (hint: see [1451 Lemma VII. 6. 2]). This is also true in the ungraded case, 
but is much harder to prove (a theorem of Quillen and Suslin, settling the famous 
problem of Serre). More generally, if ^ is a finitely generated nonnegatively graded 
commutative connected algebra over a field k, then every projective A-module is 
free (see [84' Theorem A3. 2]). Give an example of a projective module over a ring 
which is not free. 

A. 2. 16. The Koszul resolution is minimal. 

A. 3. Regular sequences and Cohen Macaulay algebras 

Cohen-Macaulay algebras and modules play an important role in commutative 
algebra, algebraic geometry and combinatorics. Their definition uses the notion 
of a regular sequence (see Definition IA.3.11 below), which also plays an important 
role in algebraic topology, namely in the construction of new cohomology theories 
(see |138| and Appendix Section IF. 31) . In the case of finitely generated algebras 
over a field k, an algebra is Cohen-Macaulay if and only if it is a free module of 
finite rank over a polynomial subalgebra. 

Here we consider nonnegatively evenly graded finitely generated commutative 
connected algebras A over a field k and finitely generated nonnegatively graded 
A-modules M (the case k = Z requires extra care, and is treated separately in 
some particular cases in the main chapters of the book). The positive part is 
the unique homogeneous maximal ideal of A, and the results we discuss here are 
parallel to those from the homological theory of Noetherian local rings (we refer 
to [Ml Chapters 1-2] or [Ml Chapter 19] for the details). 

Given a sequence of elements t — {ti,...,tk) of A, we denote by A/t the 
quotient algebra of A by the ideal generated by t, and denote by M/tM the quotient 
module of M by the submodule tiM + • • • + tkM. An element t E A is called a 
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zero divisor on M ii tx = for some nonzero x G M. An element t Cz A is not a 
zero divisor on M if and only if the map M — > M given by multiplication by t is 
injective. 

Definition A. 3.1. Let M be an A-module. A homogeneous sequence t = 
{ti, . . . , t]^) G 'H{A^) is called an M-regular sequence if tj+i is not a zero divisor on 
M / {tiM + ■ ■ ■ + tiM) for ^ z < k. We often refer to ^-regular sequences simply 
as regular. 

The importance of regular sequences in homological algebra builds on the funda- 
mental fact that an exact sequence of modules remains exact after taking quotients 
by a regular sequence: 

Proposition A. 3. 2. Assume given an exact sequence of A-modules: 

-A ^ ••• A S" A M^O 

// t is an M-regular and S'^ -regular sequence for all i ^ 0, then the sequence of 
A/t-modules 

> S'/tS' A S^-^/tS'-^ A • • • A S^/tS^ A M/tM 

is also exact. 

Proof. Using induction we reduce the statement to the case when t consists 
of a single element t. Since 

S'/tS' = S'<S)A {A/t), 

and is a right exact functor, it is enough to verify exactness of the 

quotient sequence starting from the term S^/tS^. 

Consider the following fragment of the quotient sequence (z ^ 1): 

s'+^/ts'+^ A syts' A s'-^/ts'-'^ A s'^^/ts'^^ 

(where we denote S^^ = M). For any element x G 5' we denote by x its residue 
class in S^tS^. Let f^{x) = 0, then fi{x) = ty for some y G 5*"^ and tfi-i{y) = 0. 
Since t is S''~^-regular, we have fi-i(y) — 0. Hence, there is x' G S*' such that 
y — fi{x'). This implies that fi{x — tx') — 0. Therefore, x — tx' E and 
X G f^_f_i{S'''^^/tS'^~^^). Thus, the quotient sequence is exact. □ 

The following proposition is often used as the definition of regular sequences: 

Proposition A. 3. 3. A sequence ti,. . . ,tk G H(v4+) is M-regular if and only 
if AI is a free (not necessarily finitely generated) \i[ti, . . . ,tk\-niodule. 

Proof. If M is a free k[ti, . . . ,tfe]-module, then M/(tiM + • • • + i^-iM) is a 
free k[ti, . . . ,tfe]-module, which implies that ti is M/{tiM + • ■ ■ + ti_iAf)-regular 
for 1 ^ i ^ fc. Therefore, ^i, . . . , is an M-regular sequence. 

Conversely, let t = {ti,...,tk) be an M-regular sequence. Consider a mini- 
mal resolution [R^in,d] for the k[f]-module M. Then, by Proposition IA.3.21 the 
sequence of k-modules 

> Rnl/tRnL KjtRLn ^ M/tM — > 

is exact. Note that R^l^/tR^^^^ — -R"-^ (8)k[t] k. Since the resolution is minimal, 
the map R'^^^^^ ®k[t] k — M (8)k[t] k is an isomorphism. Hence, i?~in (8)k[t] k = for 



214 



A. COMMUTATIVE AND HOMOLOGICAL ALGEBRA 



i > 0, which imphes that — 0. Thus, i?^in — >■ M is an isomorphism, i.e. M is 
a free k[<]-module. □ 

The fohowing is a direct corollary of Proposition I A. 3 . 13l 

Proposition A. 3. 4. The property of being a regular sequence does not depend 
on the order of elements in t — (ti, . . . ,tk). 

Lemma A. 3. 5. Let t be a sequence of elements of A which is A-regular and 
M-regular. Then 

ToT^'{M, k) Tor;^^^ {M/tM, k). 

Proof. Applying Proposition IA.3.21 to a minimal resolution of M, we obtain 
a minimal resolution of the A/t-modu\e M/tM. The rest follows from Proposi- 
tion EmI □ 

An M-regular sequence is maximal if it is not contained in an Af-regular se- 
quence of greater length. 

Theorem A. 3. 6 (D. Rees). All maximal M-regular sequences in A have the 
same length given by 

(A.9) depths M = min{i: Ext^(k,M) 7^ O}. 

This number given by (|A.9I) is referred to as the depth of M ; the simplified 
notation depth M will be used whenever it creates no confusion. The proof of 
Theorem Em] uses the following fact: 

Lemma A. 3. 7. Let t ~ (ii, . . . ,t„) G be a M-regular sequence. Then 

Ext^(k, Af) = HomA(k, M/fM). 

Proof. We use induction on n. The case n = is tautological. It follows from 
Lemma lA. 3. 41 that t„ is an Af -regular element, so we have the exact sequence 

— > M ^ M — > M/tnM — > 0. 

The map Ext^(k, A/) — > Ext^(k, Af) induced by multiplication by i„ is zero (an ex- 
ercise). Therefore, the second long exact sequence for Ext (see Theorem lA. 2. 131 (e)) 
induced by the short exact sequence above splits into short exact sequences of the 
form 

— > Ext;^"^(k, M) — > Ext;^"^(k, M/tnM) — > Ext^(k, M) — > 0. 

Let t' = (ti, . . . , i„-i). By induction, 

Ext^"^(k, M) ^ HomA(k, M/t'M) = 0, 

where the latter identity follows from Exercise lA. 3. 17[ since t„ is Af/t'Af-regular. 
Now the exact sequence above implies that 

Extl(k, A4^) ^ Ext^"\k,A//t„Af) HomA(k, Af/iA/), 

where the latter identity follows by induction. □ 

Proof of Theorem IA.3.61 Let t = (ii, . . . , t„) be a maximal Af -regular se- 
quence. Then, by Lemma [A. 3. 71 and Exercise lA. 3. 17[ 

Ext;^(k, Af) ^ HomA(k, Af/fAf) ^ 0, 



A. 3. COHEN-MACAULAY ALGEBRAS 



215 



as A does not contain an M/iAf-regular element. On the other hand, 

Ext'^(k, M) = Hom^ (k, M/{tiM +■■■+ UM)) = 
for i < n, since ti+i is M/ {tiM + • • • + tiAf )-regular. □ 

The following fundamental result relates the depth to the projective dimension 
of a module. 

Theorem A. 3. 8 ( Auslander-Buchsbaum) . Let M ^ Q he an A-module such 
that pdimAf < oo. Then 

pdim Af + depth Af = depths. 

Proof. First let depth A ~ 0. Assume that pdim AT — p > Q. Consider the 
minimal resolution for M (which is finite by hypothesis): 

o^i?„7n RX' > > RLn > M^o. 

Since depths = 0, we have HomA(k,A) = Ext^(k, A) 7^ by Theorem IXXHl 
Therefore, there is a monomorphism of A-modules i : k — !■ A. In the commutative 
diagram 

R-P <E>A k <E>A k 

R-P R-P+^ 
the maps dp and id (8) a i are injective (the latter because the module R~p is free). 
Hence, dp €5^ k is also injective, which contradicts minimality of the resolution. 
Hence, pdim A/ = 0, which implies that Af is a free ^-module and depth Ai^ = 
depths = 0. 

Now let depth A > 0. Assume that depth Af — 0. Consider the first syzygy 
module Mi = Ker[i?'^ — > A/] for M. It follows from (jA.9p and the exact sequence 
for Ext that depth A/i = 1. Since pdim Afi = pdim A/ — 1, it is enough to prove the 
Auslender-Buchsbaum formula for the module Mi. Hence, we may assume that 
depth A/ > 0. This implies that there is an element t E A which is A-regular and 
A/-regular (an exercise). Then 

depth^/j A/t = depths A-1, depth^/j M/tM = depth^ M -1 

by the definition of depth, and 

pdim^/j M/tA-I = pdim^ M 

by Corollary IA.2.71 and Lemma IA.3.51 Now the proof is finished by induction 
on depth A. □ 

The (KruU) dimension of A, denoted dim A, is the maximal number of elements 
of A algebraically independent over k. The dimension of an A-module M is defined 
as dim A/ = dim(A/ AnnAf), where 

Ann7\f = {ae A: aM = 0} 

is the annihilator of M . 
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Definition A. 3. 9. A sequence ti, . . . ,tn of algebraically independent homoge- 
neous elements of A is called a homogeneous system of parameters (briefly hsop) for 
M if dim A// {tiM+- ■ ■+tnM) ~ 0. Equivalently, ii , . . . , i„ is an hsop if n = dim M 
and M is a finitely-generated k[ii, . . . , t„]-module. 

The following result (due to Hilbert) is a graded version of the well-known 
Noether normalisation lemma: 

Theorem A. 3. 10 ( |35l Theorem 1.5.17]). An hsop exists for any A-module M. 
If\i is an infinite field and A is generated by degree-two (i.e. linear) elements, then 
a degree-two hsop can be chosen for M . 

An hsop consisting of linear elements is referred to as a linear system of pa- 
rameters (briefly Isop). 

It is easy to see that a regular sequence consists of algebraically independent 
elements, which implies that depth Af ^ dimM. 

Definition A. 3. 11. M is a Cohen-Macaulay A-module if depth Af = dim A/, 
that is, if A contains an Af -regular sequence ii, . . . , i„ of length n — dim A/. If A 
is a Cohen-Macaulay A-module, then it is called a Cohen-Macaulay algebra. 

By Proposition ! A. 3.131 A is a Cohen-Macaulay algebra if and only if it is a free 
finitely generated module over a polynomial subalgebra. 

Proposition A. 3. 12. Let M be a Cohen-Macaulay A-module. Then a sequence 
t = {ti, . . . ,tk) G 'H(A+) is M -regular if and only if it is a part of an hsop for M . 

Proof. Let dimAf — n. Assume that t is an Af-regular sequence. The fact 
that ti is an M/{tiM + • • • + ti_iAf)-regular element implies that 

dim M/{tiM H h t,M) = dim M /(ii A/ H h t,„i A/) - 1 

for i = 1, . . . , fc (an exercise). Therefore, dim M / tM = n — k, i.e. f is a part of an 
hsop for M. 

For the other direction, see [35[ Theorem 2.1.2 (c)]. □ 

In particular, any hsop in a Cohen-Macaulay algebra A is regular. 

Proposition A. 3. 13. Algebra A is Cohen-Macaulay if and only if it is a free 
finitely generated module over a polynomial subalgebra. 

Proof. Assume that A is Cohen-Macaulay and dim A — n. Then there is a 
regular sequence t — {ti, . . . ^ i„) in A. By the previous proposition, t is an hsop, so 
that dim A/ 1 = {) and therefore A is a finitely generated k[<i, . . . , i„]-module. This 
module is also free by Proposition IA.3.31 

On the other hand, if A is free finitely generated over k[ti, . . . , i„] where 
ii,...,t„ € A, then dim A — n and ii,...,i„ is a regular sequence by Proposi- 
tion so that A is Cohen-Macaulay. □ 

Proposition A. 3. 14. If A is Cohen-Macaulay with an Isop t = (ti,...,i„), 
then there is the following formula for the Poincare series of A: 

F{A/{t^,...,t„);X) 
nAX)- ^^-^ , 

where F{A/{ti, . . . ,tn)', A) is a polynomial with nonnegative integer coefficients. 
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Proof. Since A is a free finitely generated module over k[ii, . . . , t„], we have 
an isomorphism of k-vector spaces A ^ (A/t) k[ti, . . . , Calculating the 
Poincare series of both sides yields the required formula. □ 

Remark. If A is generated by its elements ai,...,a„ of positive degrees 
di, . . . ,dn respectively, then it may be shown that the Poincare series of A is a 
rational function of the form 



where P{\) is a polynomial with integer coefficients. However, in general the poly- 
nomial P{\) cannot be given explicitly, and some of its coefficients may be negative. 

Exercises. 

A. 3. 15. An Af-regular sequence consists of algebraically independent elements. 

A. 3. 16. The map Ext^(k, Af) — > Ext^(k, M) induced by multiplication by an 
element x e is zero. 

A. 3. 17. The following conditions are equivalent for an A-module M: 

(a) Every element of is a zero divisor on M, i.e. depth Af = 0; 

(b) HomA(k, A/) ^ 0. 

(Hint: show that if H(j4+) consists of zero divisors on Af then the ideal anni- 
hilates a homogeneous element of Af, see |84[ Corollary 3.2].) 

A. 3. 18. Let depth A > 0, let M be an A-module with depth Af = 0, and let 
Afi = Kcr[i?° M] be the first syzygy module for M. Then depth A/i = 1. 

A. 3. 19. If depth A > and depth A/ > 0, then there exists an element t £ A 
which is A-regular and Af -regular. 

A. 3. 20. The Auslander-Buchsbaum formula (Theorem IA.3.81) does not hold 
if pdim M ~ oo. 

A. 3. 21. Show that dim ^ = if and only if A is finite-dimensional as a k-vector 
space. Is it true that depth A = implies that dimt A is finite? 

A. 3. 22. Give an example of an algebra A over a field k of finite characteristic 
which is generated by linear elements, but does not have an Isop. 

A. 3. 23. A regular sequence consists of algebraically independent elements. 

A. 3. 24. lite 'H{A+) is an A/-regular element, then A\mM/tM = dimAf - 1. 

A. 3. 25. Let k = Z. Show that if ^ is a free finitely generated module over a 
polynomial subalgebra . . . , tk\ then ij+i is not a zero divisor on A/ {ti, . . . ,ti) 
for ^ « < fc, but the converse is not true. Therefore, the two possible definitions 
of a regular sequence over Z do not agree. (The reason why Proposition IA.3.131 
fails over Z is that minimal resolutions do not have the required good properties, 
see the remark after Construction IA.2T2] ) 
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A. 4. Formality and Massey products 

Here we develop the algebraic formalism used in rational homotopy theory. 
We work with differential graded algebras A = ® j>o over a field k of zero 
characteristic (usually M or Q), and refer to such A as dg- algebras for short. We 
do not assume A to be finitely generated. Commutativity of dg-algebras is always 
understood in the graded sense. 

A dg-algebra A is called connected if H^\A^ d\ = k. (Note that a connected dg- 
algebra is not necessarily connected as a graded algebra.) A connected dg-algebra 
A is simply connected if H^[A,d] = 0. 

A hom,om,orphism, between dg-algcbras (^, d^) and [B.ds) is a k-linear map 
f: A — > B which preserves the degree, i.e. f{A^) C B*, and satisfies f{ab) = 
f{a)f{b) and dBf{a) = f{dAa) for all a,b G A. Such a homomorphism induces a 
homomorphism /: H[A,dA] H[B,dB] of cohomology algebras. We refer to / as 
a quasi-isomorphism if / is an isomorphism. The equivalence relation generated 
by quasi-isomorphisms of dg-algebras is referred to as the weak equivalence. Since 
quasi-isomorphism are often not invertible, a weak equivalence between A and B 
implies only the existence of a zigzag of quasi-isomorphisms of the form 

A ^ Ai -> A2 ^ A3 ^ . . . ^ Ak B. 

Such a 'long' zigzag of quasi-isomorphisms can be reduced to a 'short' zigzag of the 
form A M ^ B using the notion of a minimal model. 

Definition A.4.1. A commutative dg-algebra M = 0j^o called minimal 
(in the sense of Sullivan) if the following three conditions are satisfied: 

(a) A'/O = k and d{M^) = 0; 

(b) M is a free commutative dg-algebra, i.e. 

M = A[xk ■ degxk is odd] (8) k[a;fe : degXfe is even], 
there are only finitely many generators in each degree, and 
degXk ^ degxi for k ^ I; 

(c) dxk is a polynomial on generators Xi, . . . ,Xk-i, for each A; > 1 (this is 
called the nilpotence condition on d). 

Clearly, a minimal dg-algebra M is simply connected if and only if = 0. In 
this case dega:fc > 2 for each k, and the nilpotence condition is equivalent to the 
decompos ability of d, i.e. 

d{M) c M+ • M+, 

where Af+ is the subspacc generated by elements of positive degree. For non- 
simply connected dg-algebras decomposability does not imply nilpotence: the alge- 
bra A[a;, y], degx = degy = 1, with dx = 0, dy = xy is not minimal. 

Definition A. 4. 2. A minimal dg-algebra M is called a minimal model for a 
commutative dg-algebra A if there is a quasi-isomorphism h: M ^ A. 

Theorem A.4.3. 

(a) For each connected commutative dg-algebra A satisfying the condition 
d\mW[A\ < 00 for all i, there exists a unique (up to an isomorphism) 
minimal model M{A). 
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(b) A homomorphism of commutative dg-algebras f: A ^ B lifts to a homo- 
morphism f: M{A) M{B) of their minimal models closing the com- 
mutative diagram 

M{A) — ^ M{B) 

A — ^ B 

(c) // / is a quasi- isomorphism, then f is an isomorphism. 

Remark. Minimal models can be also defined for dg-algebras A which do not 
satisfy the finiteness condition dimiJ*[A] < oo, but we shall not need this. 

This theorem is due to Sullivan (simply connected case) and Halperin (general) . 
A proof can be found in [l40l Theorem II.6] or [89l §12]. 

Corollary A. 4. 4. A weak equivalence between two commutative dg-algebras 
A, B satisfying the condition of Theorem \A.4-.3\ can be represented by a 'short' zigzag 
A ^ M ^ B of quasi- isomorphisms, where M is a minimal model for A (or B). 

Definition A. 4. 5. A dg-algebra is A called formal if it is weakly equivalent 
to its cohomology H[A\ (viewed as a dg-algebra with zero differential). 

Corollary A. 4. 6. A commutative dg-algebra A with a minimal model M{A) 
is formal if and only if M{A) in formal. In this case there is a zigzag of quasi- 
isomorphisms A ^ M{A) — >■ 

If A is formal and has a minimal model M{A), then a minimal model can be 
recovered from the cohomology algebra H[A\ using an inductive procedure. 

Remark. Even if A is formal, the zigzag A i- M{A) H[A] usually cannot 
be reduced to a single quasi- isomorphism A ^ H[A] or H[A] A. 

Example A. 4. 7. Let M be a dg-algebra with three generators 01,02,03 of 
degree 1 and differential given by 

dai — da2 ~ 0, ^03 — a\a2- 

This M is minimal, but nor formal. Indeed the first degree cohomology lV-\M\ is 
generated by the classes ai, ai corresponding to the cocycles a\, ai, and we have 
OL\a2 = 0. Assume there is a quasi- isomorphism f:M^ H[M]; then we have 
fiO's) = fcitti + fc2Q^2 for some fci,fc2 G k. This implies that 7(0103) = 0, which is 
impossible since 0103 represents a nontrivial cohomology class. 

We next review Massey products, which provide a simple and effective tool for 
establishing nonformality of a dg-algebra. Massey products constitute a series of 
higher-order operations (or brackets) in the cohomology of a dg-algebra, with the 
second-order operation coinciding with the cohomology multiplication, while the 
higher-order brackets are only defined for certain tuples of cohomology classes. We 
shall only consider triple (third-order) Massey products here. 

Construction A. 4.8 (triple Massey product). Let A be a dga, and let 
ai, a2, as be three cohomology classes such that aia2 = 0203 = in H[A]. Choose 
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their representing cocycles a; S A''', i = 1,2,3. Since the pairwise cohomology 
products vanish, there are elements ai2 G ^fci+*^2-i g^j^jj g j\k2+k3-i g^^,]^ ^j-^g^^ 

dai2 — aia2 and da23 = 0203- 
Then one easily checks that 

(-l)''i+iaia23 + aiaas 

is a cocycle in ^4'^^+'^^+'^^^'^. Its cohomology class is called a (triple) Massey product 
of ai, q;2 and as, and denoted by (01,02,03). 

More precisely, the Massey product (01,02,03) is the set of all elements in 
£jki+k2+k3-i^j^ obtained in this way. Since there are choices of 012 and 023 in- 
volved, the set (ai,a2,Q;3) may consist of more than one element. In fact, 012 is 
defined up to addition of a cocycle in ^'=1+^2-1^ gj^j is defined up a cocycle in 
j\k2+k3-i^ Therefore, any two elements in the set (0:1,02, as) differ by an element 
of the subset 

which is called the indeterminacy of the Massey product (ai, 02, 03). 

A Massey product (01,02,0^3) is called trivial (or vanishing) if it contains 
zero. Clearly, a Massey product (oi, 02, 03) is trivial if and only if its image in the 
quotient algebra H[A]/{oi,a3) is zero. 

Proposition A. 4. 9. Let f: A ^ B be a quasi- isomorphism of dg-algehras. 
Then all Massey products in H[A\ are trivial if and only they are all trivial in H[B]. 

Proof. Assume that all Massey products in H[B] are trivial. Let (oi, 02, 03) 
be a Massey product in We define elements 01,02,03,012,023 £ A as in 

Construction I A.4T81 and set bi — f{ai), bij — f{aij). Let Pi denote the cohomology 
class corresponding to the cocycle bi. Since /3i/32 = /(q!iq;2) = and (32^3 = 0, the 
Massey product (/Si, (32, Ps) is defined. By the assumption, G (/3i, /32, /Ss). This 
means that we may choose b'i2i ^'23 & B in such a way that 

6162 = db[2, &2&3 ^^23, and (-l)'''+^6i&23 + ^12^3 = dbi23 
for some &123 S 5fei+fc2+fc3-2^ gince dbi2 = 6162, we have d{b[2 - &12) = 0. Since 
f: A ^ B is a. quasi-isomorphism, there is a cocycle C12 S A such that /(C12) = 
&12 — 612, and similarly there is a cocycle C23 G A such that /(C23) — b'23 — 623- Set 

oi2 = O12 + C12, 023 = ^23 + C23- 

Then do'12 — doi2 — 01O2 and similarly (io23 = 02O3. Therefore, the cohomology 
class of c = (— l)'^^+^oi023 + O12O3 is a Massey product of ai, 02, £13. Then 

f{c)^{-l)''^ + %b'2, + b[2b3=db,23. 

Using again the fact that f : A B is a quasi-isomorphism, we obtain that c is 
a coboundary, i.e. c = ^0123 for some 0123 G A. Therefore, the Massey product 
(ai,a2,<^3) is trivial. 

The fact that the triviality of Massey products in H[A] implies their triviality 
in H[B] is proved similarly (an exercise). □ 

Corollary A. 4. 10. // a dg-algebra A is formal, then all Massey products in 
H[A\ are trivial. 
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Proof. Apply Proposition IA.4.91 to a zigzag A 4- • • • — > H[A] of quasi- 
isomorphisms and use that fact that all Massey products for the dg- algebra H[A] 
with zero differential are trivial. □ 

Exercises. 

A. 4. 11. Let A B he a. quasi-isomorphism of dg-algebras. Show that the 
triviality of Massey products in H[A] implies their triviality in H[B]. 

A. 4. 12. Find a nontrivial Massey product in the cohomology of the dg-algebra 
of Example IA.4.71 
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Algebraic topology 

B.l. Homotopy and homology 

Here we collect the basic constructions and facts, with almost no proofs. For 
the details the reader is referred to standard sources on algebraic topology, such 
as |91| . |115| or |172| . Unlike the other appendices, we do not include exercises 
here, as there would be too many of them. 

All spaces here are topological spaces, and all maps are continuous. We denote 
by k a commutative ring with unit (usually Z or a field; in fact an abelian group is 
enough until we start considering the multiplication in cohoniology) . 



Basic homotopy theory. Two maps f,g: X ^ Y of spaces are homotopic 
(denoted by / ~ if there is a map F: X x I Y (where I = [0, 1] is the unit 
segment) such that F|xxo = / and F\xxi = 9- We denote the map F\xx t - X —i' Y 
by Ft , ioT t G I. The homotopy is an equivalence relation, and we denote by [X, Y] 
the set of homotopy classes of maps from X to Y. 

Two spaces X and Y are homotopy equivalent if there are maps f : X ^ Y and 
g: Y ^ X such that g o f and fog are homotopic to the identity maps of X and 
Y respectively. The homotopy type of a space X is the class of spaces homotopy 
equivalent to X. 

A space X is contractible if it is homotopy equivalent to a point. 

A pair (X, A) of spaces consists of a space X and its subspace A. A map of 
pairs f : {X^A) (XtB) is a continuous map f: X ~^Y such that f{A) C B. 

A pointed space (or based space) is a pair {X, pt) where pt is a point of X. We 
denote by X+ the pointed space {XUpt, pt), where XUpt is X with a disjoint point 
added. A map of pointed spaces (or pointed map) is a map of pairs {X, pt) — > (Y, pt). 
We denote a pointed space (X, pt) simply by X whenever the choice of the basepoint 
is clear or irrelevant. Given two pointed spaces {X,pt) and (Y,pt), their wedge (or 
bouquet) is defined as the pointed space X \/ Y obtained by attaching X and Y 
at the basepoints. Then X \/ Y is contained as a pointed subspace in the product 
X X Y, and the quotient X AY = {X x Y)/ {X V Y) is called the smashed product 
of X and Y. 

For any pointed space {X,pt) the set of homotopy classes of pointed maps 
{S'^,pt) — )■ {X, pt) (where S'' is a /c-dimensional sphere, fc ^ 0) is a group for fc > 0, 
which is called the kth homotopy group of {X,pt) and denoted by Trk{X, pt) or 
simply Trk{X). We have that tto{X) is the set of path connected components of X. 
The group tti{X) is called the fundamental group of X. The groups TTk{X) are 
abelian for fc > 1. A map f : X Y induces a homomorphism /* : 7rk{X) — >■ Trk{Y) 
for each fc, and the homomorphisms induced by homotopic maps are the same. 
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A locally trivial fibration (or a fibre bundle) is a quadruple {E,B,F,p) where 
E, B, F are spaces and p is a map E ^ B such that for any point x G B there is 
a neighbourhood U C B and a homeomorphism ip: p~^{U) ^> U x F closing the 
commutative diagram 

p-'^{U) ^ UxF 




B 



The space E is called the tof,al space, B the base, and F the fibre of the fibre bundle. 
The terms 'locally trivial fibration' and 'fibre bundle' are also often used for the 
map p: E ^ B. 

A cell complex (or a CW-complex) is a Hausdorff topological space X repre- 
sented as a union [j e| of pairwise nonintersecting subsets e|, called cells, in such a 
way that for each cell ef there is a map of a closed 5-disk to X (the characteris- 
tic map of e') whose restriction to the interior of D'' is a homeomorphism onto ef. 
Furthermore, the following two conditions are assumed: 

(C) the boundary e| \ of a cell is contained in a union of finitely many cells 
of dimensions < q; 

(W) a subset Y C X is closed if and only the intersection Y C] ef is closed for 
ever cell e| (i.e. the topology of X is the weakest topology in which all 
characteristic maps are continuous). 

The union of cells of X of dimension ^ n is called the nth skeleton of X and denoted 
by sk^X or by X". A cell complex X can be obtained from its 0th skeleton sk°X 
(which is a discrete set) by iterating the operation of attaching a cell: a space Z 
is obtained from Y by attaching an n-cell along a map /: Y if Z is the 

pushout of the form 



5. Z 

We use the notation Z = F U/ 

A cell subcomplex of a cell complex X is a closed subspace which is a union of 
cells of X. Each skeleton of X is a cell subcomplex. 

A map / : X — >• y between cell complexes is called a cellular map if /(sk"X) C 
sk"y for all n. 

Theorem B.1.1 (Cellular approximation). A map between cell complexes is 
homotopic to a cellular map. 

For any natural n and any group w (which is assumed to be abelian if n > 1) 
there exists a connected cell complex K{Tr,n) such that 7r„ (_ftr(7r, n)) = tt and 
TTk{K{TT,n)) = for A; ^ n. (A cell complex K('K,n) can be constructed by taking 
the wedge of n-spheres corresponding to a set of generators of tt and then killing 
the higher homotopy groups by attaching cells.) The space K{TT,n) is called the 
Eilenberg-Mac Lane space (corresponding to n and tt), and it is unique up to 
homotopy equivalence. Examples of Eilenberg-Mac Lane spaces include the circle 
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= K(Z, 1), the infinite-dimensional real projective space RP°° = K{Z2, 1) and 
the infinite-dimensional complex projective space CP°° = K{'L,2). 

A space X which is homotopy equivalent to K[-k,1) for some tt is called as- 
pherical. Any surface (a closed 2-dimensional manifold) which not a 2-sphere or a 
real projective plane is aspherical. 

A locally trivial fibration p: E ^ B satisfies the following covering homotopy 
property {CHP for short) with respect to maps of cell complexes Y: for any homo- 
topy F: y X I — > i? and any map f : Y E such that po f = Fq there is a covering 
homotopy F: Y x I ^ E, satisfying Fq = f and po F = F. This is described by 
the commutative diagram 

/ 

Y -^E 



F / 



P 



Y xl^-^B 

A map p: E ^ B satisfying CHP with respect to maps of cell complexes Y B 
is called a Serre fibration. A map p: E ^ B satisfying CHP with respect to all maps 
y — >■ i? is called a Hurewitz fibration. The difference between Serre and Hurewitz 
fibrations is not important for our constructions and will be ignored; we shall use 
the term fibration for both of them. A fibre bundle is a fibration, but not every 
fibration is a fibre bundle. All fibres p~^{b), b G B, of a, fibration are homotopy 
equivalent if B is connected. 

Theorem B.l. 2 (Exact sequence of fibration). For a fibration p: E ^ B with 
fibre F there exists a long exact sequence 

• • • ^ 7rfe(F) ^ T,k{E) ^ Wk{B) A nk-i{F) 

where the map is induced by the inclusion of the fibre i: F ^ E, the map is 
induced by the projection p: E ^ B, and d is the connecting homomorphism. 

The connecting homomorphism d is defined as follows. Take an element 

7 G TTk{B) and choose a representative g: ^ B in the homotopy class 7. By 
considering the composition S'^~^ x I — > S'*^ — ^ B (where the first map contracts 
the top and bottom bases of the cylinder to the north and south poles of the 
sphere), we may view the map g as a homotopy F: S''^^ x I ^ S of the trivial map 
Fq : S''~^ — > pt with Fi also being trivial. Using the CHP we lift to a homotopy 
F : S''-'^ X I ^ E with Fq still trivial, but Fi : S''''^^-^ E being trivial only after 
projecting onto B. The latter condition means that Fi is in fact a map S'^"^ F, 
homotopy class of which we take for d^. 

The path space of a space X is the space PX of pointed maps (1, 0) {X, pt). 
The loop space D,X is the space of pointed maps /: (1,0) — > {X,pt) such that 
/(I) = pt. The map p: PX — >• X given by p{f) = /(I) is a fibration, with fibre 
(homotopy equivalent to) flX. 

Proposition B.l. 3. For any map f: X ^ Y there exist a homotopy equiva- 
lence h: X ^ X and a fibration p: X ^ Y such that f = po h. Furthermore, this 
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decomposition is functorial in the sense that a commutative diagram of maps 

X ^X' 



induces a commutative diagram 

X 
f 





Proof. Let X be the set of pairs (x, g) consisting of a point x ^ X and a path 
[ — >■ Y with g{0) — /(a;). This is described by the pullback diagram 




where Y^ is the space of all paths g: I ^ Y and the map po takes g to g{0). 

Then the homotopy equivalence h: X X is given by h{x) = (x,Cy(2.)), where 

Cf(^x) : Y is the constant path t f{x), and the fibration p: X ^ Y is given 
by p{x, h) — h{l). The functoriality property follows by inspection. □ 

A space homotopy equivalent to the fibre of the fibration p: X Y from 
Proposition IB. 1 . 3l is referred to as the homotopy fibre of the map f : X ^ Y, and 
denoted by hofib/. The functoriality of the construction of X implies that the 
homotopy fibre is well-defined: for any other decomposition / = p' o h' into a 
composition of a fibration p' and a homotopy equivalence h' the homotopy fibre of 
/ is homotopy equivalent to the fibre of p' . The homotopy fibre of the inclusion 
pt ^ X is the loop space fiX. 

An inclusion i: A ^ X oi & cell subcomplex in a cell complex X satisfies the 
following homotopy extension property {HEP for short): for any map f: X ^ Y, 
a homotopy F : A x 1 ^ Y such that Fq — f\A can be extended to a homotopy 
F: X X I Y such that Fq = f and F\axi = F. This is described by the 
commutative diagram 

F' 




X—^Y 

where F' is the adjoint of F (i.e. F'{a) — h where h{t) 
takes h to h{0), and F' is the adjoint of F. 



F{a, t) e F), the map pq 
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A map i: A ^ X satisfying HEP is called a cofibration, and X/i{A) is its 
cofibre. A pair (X, A) for which i: A X is a, cofibration is called a Borsuk pair. 

The cone over a space X is the quotient space coneX = {X x t)/{X x f). 
The suspension YiX is the quotient (coneA")/(X x 0). There are inclusions X ^ 
cone X ^ YjX of closed subspaces, where first map is given by x i— (x, 0) and the 
second by {x,t) i— )• (x, {t + l)/2) for x G A", i G I. The inclusion i: A — >■ coneX is 
a cofibration, with cofibre EX. 

Proposition B.f.4. For any map f : X ^ Y there exist a cofibration i: X-^Y 
and a homotopy equivalence h: Y ^ Y such that J — hoi. This decomposition is 
functorial. 

Proof. Let Y be the quotient of (A'xl)uy obtained by identifying xxO e Xxl 
with f{x) e Y. This is described by the pushout diagram 

/ 

X —^Y 

Hi 

X X I ^Y 

where the map zq takes a; to x x 0. 

The cofibration i: X ^ Y \s given by i[x) = a; x 1, and the homotopy equiva- 
lence h: F — F is given by h{x x t) — f{x) and h{y) — y. □ 

The space Y from Proposition IB.f .41 is known as the mapping cylinder of the 
map /: AT — > F. The space Y/i{X) ~ Y/{Xx 1) is known as the mapping cone of 
/: X — > y. A space homotopy equivalent to the mapping cone of / is called the 
homotopy cofibre of the map f : X ^ Y. The homotopy cofibre of the projection 
X ^ pt is the suspension SX. 

Simplicial homology and cohomology. Let /C be a simplicial complex 
on the set [m] = {l,...,m}. An oriented q- simplex cr of /C is a fc-simplex 
/ = {ii, . . . , ig+i} G K, together with an equivalence class of total orderings of 
the set J, two orderings being equivalent if they differ by an even permutation. De- 
note by [I] the oriented q-simplex with the equivalence class of orderings containing 
ii < ■ ■ ■ < iq+l. 

Define the qth simplicial chain group (or module) Cg(/C;k) with coefficients 
in k as the free k-module with basis consisting of oriented g-simplices of /C, modulo 
the relations a + a — Q whenever a and a are differently oriented g-simplices 
corresponding to the same simplex of /C. Therefore, Cq{K,, k) is a free k-module with 
rank equal to fq{JC) (the number of g-simplices of JC) for q ^ 0, and Cg(/C; k) = 
for q <0. 

Define the simplicial chain boundary homomorphisms 
5,:C,(/C;k)^Cg_i(/C;k), q^l, 

9+1 

dq[ii,. . . ,ig+i] = ^{-iy~'^[ii, . . . ,ij, . . . ,iq+i], 
i=i 

where ij denotes that ij is missing. It is easily checked that dqdq+i = 0, so that 
C*(/C;k) = {Cg(/C; k), 9q} is a chain complex, called the simplicial chain complex 
of /C (with coeflacients in k) . 
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The qth simplicial homology group of IC with coefficients in k, denoted by 
i?g(/C;k), is defined as the gth homology group of the simphcial chain complex 
a(/C;k). 

The Euler characteristic x(^) oi JC is defined by 
It is also given by 

x(/C) = /o-/i + /2---- , 
where fi is the number of i-simplices of /C, and therefore x(/C) is independent of k. 
The augmented simplicial chain complex C'*(/C;k) is obtained by taking into 

account the empty simplex E IC. That is, Cg(/C;k) C,j(/C;k) for q 7^ —1 and 
C_i(/C;k) = k is a free k- module with basis [0], so that C*(/C;k) is written as 

>Cg{IC;'k)^ ^ Ci(/C;k) A Co(/C;k) ^ C'-i(/C;k) 0, 

where e = do is the augmentation taking each vertex [i] to [0] . 

The qth homology group of C',(/C; k) is called the qth reduced simplicial homol- 
ogy group of K with coefficients in k and is denoted by Hq{K;'k). We have that 
Hq{IC; k) = iJg(/C; k) for g ^ 1, and Hq{)C; k) = iifo(^; k) ® k unless /C consists of 
only, in which case i?_i(0; k) = k. 

The simplicial cochain complex of /C with coefficients in k is defined to be 

C* (/C; k) = Homk (C* (/C; k) , k) . 

In explicit terms, C*(/C;k) = {C"'(/C; k), dg}. Here C'(/C;k) is the qth simplicial 
cochain group ( or module ) of K. with coefficients in k; it is a free k- module with 
basis consisting of simplicial cochains a/ corresponding to g-simplices / € /C; the 
cochain ai takes value 1 on the oriented simplex [/] and vanishes on all other 
oriented simplices. The value of the cochain differential 

dg = : C«(/C; k) C+^IC; k) 

on the basis elements is given by 

dai = ^ e{j,jU I)ajui, 
je[m]\i,juieic 

where the sign is given by s{j,j U /) = (—1)''"^ if j is the rth element of the set 
j U I G [to], written in increasing order. 

The qth simplicial cohomology group of IC with coefficients in k, denoted by 
H'^{IC; k), is defined as the gth cohomology group of the simplicial cochain complex 
C*(/C;k). 

The qth reduced simplicial cohomology group oftC with coefficients in k, denoted 
by H''{IC; k), is defined as the gth cohomology group of the cochain complex 

^ k ^ C°(/C;k) A Ci(/C;k) A > C«(/C;k) A • •• 

obtained by applying the functor Horn to the augmented chain complex C*(/C; k). 
The map d_i takes 1 ~ to the sum of a^i} corresponding to all vertices \i\ e /C. 
We have that i7«(/C; k) = ^^(/C; k) for g ^ 1, and iJ°(/C; k) ^ #0(/C; k) © k unless 
/C consists of only, in which case H~^{0; k) = k. 

The first nontrivial cohomology group H'>{X; Z) with g' > is torsion-free. 
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Singular homology and cohomology. Let X be a topological space. A 
singular q-simplex of X is a continuous map /: A' — > X. The qth singular chain 
group Cq(X;k) of X with coefficients in k is the free k-module generated by all 
singular g-simplices. 

For each i = 1, . . . ,q + 1 there is a linear map : A^"^ — >■ A' which sends 
A*""'^ to the face of A"? opposite its ith vertex, preserving the order of vertices. 
The ith face of a singular simplex /: A* — )• X, denoted by is defined to be the 
singular {q — l)-simplex given by the composition 

/W =foipi: A«-i ^- A« -)• X. 

The singular chain boundary homomorphisms are given by 

a,: Cg(X;k)^(7q_i(X;k), q ^ 1, 

9+1 
i=l 

Then dqdq+i — 0, so that C,(X; k) — {Cq{X; k), dq} is a chain complex, called the 
singular chain complex of X (with coefficients in k). 

The qth singular homology group of X with coefficients in k, denoted by 
Hq(X; k), is the qth homology group of the singular chain complex C^{X; k). 

Assume that a space X has only finite number of nontrivial homology groups 
(with Z coefficients), and each of these groups has finite rank. Then the Euler 
characteristic x(X') of X is defined by 

X(X) = 5^(-l)«rankif,(X;Z). 

Proposition B.1.5. The group HQ{X;k) is a free k-module of rank equal to 
the number of path connected components of X. 

The augmented singular chain complex C*(X;k) is defined by Cg(X;k) = 
Cq{X;k) for q ^ —1 and C_i(X;k) = k; the augmentation e = do: Co{X;k) k 
is given by e(/) = f for all singular 0-simplices /. 

The gth homology group of C* (X; k) is called the qth reduced singular homology 
group ofK, with coefficients in k and is denoted by Hq{X; k). We have Hq{X; k) = 
Hq{X; k) for g > 1, and Hq{X; k) ^ Ho{X; k) k if X is nonempty 

A nonempty space X is acyclic if Hq{X; Z) = for all q. 

We shall drop the coefficient group k in the notation of chains and homology 
occasionally. 

For any simplicial complex K., there is an obvious inclusion i: Cq{JC) — >■ Cg(|X;|) 
of the simplicial chain groups into the singular chain groups of the geometric reali- 
sation /C, defining an inclusion of chain complexes. 

Theorem B.l. 6. The map i: Cq{K,) Cq{\K\) induces an isomorphism 

HqQC) Hq{\IC\) between the simplicial homology groups of K. and the singu- 
lar homology groups of \IC\. 

If {X, A) is pair of spaces, then C*(A) is a chain subcomplex in C*(X) (that is, 
Cg{A) is a submodule of Cq{X) and dqCq{A) c Cg-i{A)). The quotient complex 

C4X,A) = {Cq{X,A) = Cq{X)/Cq{A), dq-. Cq{X,A) ^ C,_l(X,^)} 
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is called the singular chain complex of pair (X, A) . Its qth homology group 
Hq{X,A) is called the qth singular homology group of {X,A)^ or qth relative 
singular homology group of X modulo A. Note that Hq{X) = Hg{X,0) and 

Hg{X)=Hg{X,pt). 

The singular cochain complex C*{X;\s.) = {C^(X;k),rfg} is defined to be 

C*(X;k) =Homk(C*(X;k),k). 

Its gth cohomology group is called the qth singular cohomology group of X and 
denoted by if3(X;k). The reduced singular cohomology groups ff'(X;k) and the 
relative cohomology groups H'^ {X, A) are defined similarly. 

The ranks of the groups Hq{X;'Z) and H'^{X;'L) coincide, and the number 
69 (X) = rank-ff^(X;Z) is called the qth Betti number of X. The Betti numbers 
with coefficients in a field k are defined similarly. 

The (co)homology groups have the following fundamental properties. 

Theorem B.1.7 (Functoriality and homotopy invariance). A map fiX^Y 
induces homomorphisms /* : Hq{X; k) — >■ Hq(Y; k) and f * : H''{Y\ k) — >■ k). 
If two maps f,g: X ^ Y are homotopic, then /* = 5* and f* = g*. 

We omit the coefficient group k in the notation for the rest of this subsection. 

Theorem B.1.8 (Exact sequences of pairs). For any pair {X, A) there are long 

exact sequences 

• • • ^ Hq{A) ^ Hq{X) ^ Hq{X, A) A Hq_l{A) ^ • • • , 

> H''{X,A) ^ H^iX) ^ H<'{A) Hi+^{X,A) 

Furthermore, if the inclusion A ^ X is a cofibration (e.g., if it is an inclusion 
of a cell subcomplex), then the quotient projection {X,A) — >• [X/A,pt) induces 
isomorphisms 

Hq{X,A) = HqiX/A,pt) = Hq{X/A), H"{X.A) = H"{X/A,pt) = H'\X/A). 

In the homology exact sequence of pair, the map is induced by the inclusion 
A ^ X, the map is induced by the map of pairs {X,0) — )• {X,A), and the 
connecting homomorphism d is the homology homomorphism corresponding the 
boundary homomorphism sending a relative cocycle c S Cq{X,A) to dc € Cq{A). 
The maps in the cohomology exact sequence are defined dually. 

Let (X, A) be a pair and B d A he & subspace. The inclusion of pairs 
{X\B,A\B) -J> {X,A) induces maps 

Hq{X\B,A\B)^ Hq{X,A), 

which are referred to as the excision homomorphisms. 

Theorem B.1.9 (Excision). If the closure of B is contained in the interior of A, 
then the excision homomorphisms IIq{X\B,A\B) — >• IIq{X,A) are isomorphisms. 

Theorem B.1.10 (Mayer- Vietoris exact sequences). Let X be a space, Ad X, 
B c X and Au B = X . Assume that the excision homomorphisms 



Hq{B,AnB) ^ Hq{X,A) and Hq{A, A n B) ^ Hq{X , B) 
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are isomorphisms for all q. Then there are exact sequences 

>Hq{AnB) HqiA) (B HqiB) ^ ffg(X) A n ^ • • • , 

> H\X) Hi{A) © H\B) A m{A n B) A m+^{x) • • • . 

In the homology Mayer- Vietoris sequence, the map is the difference of the 
homomorphism induced by the inclusions A fl B — )■ A and A n i? — > -B, the map a 
is the sum of the homomorphism induced by the inclusions A ^ X and B ^ X, 
and the connecting homomorphism S is the composite 

Hg{X) A Hg{X, A) = Hg{B, A H B) ^ Hg_i{A n B). 

The first key calculation of homology groups follows directly from the general 
properties above: 

Proposition B.l. 11. The n-disk D" is acyclic, and the reduced homology of 
an n-sphere S" is given by Hn{S"; k) = k and Hi{S"; k) = for i ^ n. 

Here is another direct corollary: 

Theorem B.l. 12 (Suspension isomorphism). For any space X and any q > 

there are isomorphisms 

Hq{j:X) ^ Hg-i{X) and H'' (^X) H''-\X). 

A closed connected topological n-dimensional manifold X is orientable over k 
if Hn{X;'k) = k. Every compact connected manifold is oriented over Z2 or any 
field of characteristic two. 

Theorem B.l. 13 (Poincare duality). If a closed connected n-manifold is ori- 
entable over k, then Hg{X;k.) ^ iJ"-9(X;k). 

Cellular homology, and cohomology multiplication. Let X be a cell 

complex with skeletons sk" X = X" for n = 0, 1, 2, . . . 

We start with the case k = Z, and omit this coefficient group in the notation. 
The group Cg{X) = Hq(X'',X'^~^) is called the qth cellular chain group. This is a 
free abelian group with basis of g-dimensional cells of X, and therefore a cellular 
chain may be viewed as an integral combination of cells of X. 

The cellular boundary homomorphism dqi Cg{X) Cg-i{X) is defined as the 
composition 

dq:Cq{X) = i7,(X«,X«-i) ^ 7?,_i(X9-i) ^ Hg_,iX'^-\X'^-^) = Cq^X) 

of homomorphisms from the homology exact sequences of pairs (X'',X^~^) and 
(X'~^,X5~^). The resulting chain complex 

• • • ^ Cq(X) -% >Ci{X)^ Co{X) ^ 

is called the cellular chain complex of X . Its qth. homology group, which we denote 
by JiqlX) for a moment, is called the qth cellular homology group of X. 

Theorem B.l. 14. For any cell complex X, there is a canonical isomorphism 
Hq{X) = Hq{X) between the cellular and singular homology groups. 
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The cellular homology groups Hq{X; k) with coefficients in k and the cohomol- 
ogy groups H'^{X;'k) are defined similarly; they a canonically isomorphic to the 
appropriate singular homology and cohomology groups. 

We shall therefore not distinguish between the singular and cellular homology 
and cohomology groups of cell complexes. 

The product Xi x X2 of cell complexes is a cell complex with cells of the form 
ei X 62, where ei is a cell of Xi and 62 is a cell of X2- 

Given two cellular cochains ci G ^^(X) and C2 € C^^X), define their product 
as the cochain ci x C2 G C'^^^'^'^{X x X) whose value on a cell ei x 62 of X x X is 
given by (—l)''^''^ci (61)02(62). This product satisfies the identity 

S{ci X C2) = Sci X 62 + {-ly^ci X SC2, 

where 5 is the cellular cochain differential, and therefore defines a map of cochain 
complexes 

C*{X) (g) C*{X) -^C*{X X X) 
and induces a cohomology map 

X : {X) (g) (x) (X xx), 

which is called the (cohomology) x -product. 

The composition of the x -product with the cohomology map induced by the 
diagonal map A: X ^ X x X , A{x) = {x,x), defines a product 

: i/"! {X) (g) H"^ {X) iJ-Ji+s^ (XxX)^ i/9i+'?2 ^x), 

which is called the -^-product, or cohomology product. It turns H*{X) = 
^g^Q H''{X) into an associative and graded commutative ring. This ring structure 
on H*{X) is a homotopy invariant of X; it does not depend on the cell complex 
structure. It is also functorial, in the sense that a map f : X ^ Y induces a ring 
homomorphism /* : H*{Y) -> H*{X). 

There is also a relative version of the cohomology product, given by the map 

(X; A) (g) (X, B) — > iZ-Ji+e^ (x, A\JB). 

B.2. Elements of rational homotopy theory 

We only review some basis notions and results here. For a detailed account of 
this much elaborated theory we refer to |30| . |140| and |89j . 

Definition B.2.1. A map f: X ^ Y between spaces is called a rational 
equivalence if it induces isomorphisms in all rational homotopy groups, that is, 
/» : TTi{X) (E)Q g) Q is an isomorphism for all i. 

The rational homotopy type of X is its equivalence class in the equivalence 
relation generated by rational equivalences. 

Proposition B.2.2. // both X and Y are simply connected, then f : X -> Y 
is a rational equivalence if and only if f*: Hi{X;Q) ^ Hi{Y;Q) (or equivalently, 
f* : H^{Y; Q) — > H^X; Q) ) is an isomorphism for each i. 

A space X is nilpotent if its fundamental group 'Ki{X) is nilpotent, and 7ri(X) 
acts nilpotently on higher homotopy groups 7r„(A"). A simply connected space is 
nilpotent. 

Rational homotopy theory, whose foundation was laid in the work of Quillen 
|191) and Sullivan |213| . translates the study of the rational homotopy type of 
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nilpotent spaces X into the algebraic language of dg-algebras and minimal models 
(see Section [A. 4p . This translation is made via Sullivan's algebra of piece-wise poly- 
nomial differential forms Apl(X), whose properties we briefly discuss below (for 
the precise definition we refer to the sources mentioned above). 

The most basic dg-algebra model of a space X is its singular cochains C*{X; k). 
However, this dg-algebra is non-commutative, and therefore is difficult to handle. 
If X is a smooth manifold, and k = K, then we may consider the dg-algebra 
il*{X) of de Rham differential forms instead of C*{X;K.). It provides a functorial 
(with respect to smooth maps) and commutative dg-algebra model for X, with 
the same cohomology H*{X; R). It is therefore natural to ask whether a functorial 
commutative dg-algebra model exists for arbitrary cell complexes X over a field k of 
zero characteristic (over finite fields there are secondary cohomological operations 
obstructing such a construction) . A first construction of a commutative dg-algebra 
model which worked for simplicial complexes was suggested by Thom in the end 
of the 1950s. Later, in mid-1970s, Sullivan provided a functorial construction of a 
dg-algebra model Apl{X) whose cohomology is H*{X;Q), using similar ideas as 
those of Thom (a combinatorial version of differential forms) . 

The algebra Apl{X) has the following two important properties. 

Theorem B.2.3. 

(a) Api^{X) is weakly equivalent to C*{X; Q) via a short zigzag of the form 

Apl{X)^ D{X)^C*{X;Q), 

where D{X) is another naturally defined dg-algebra; 

(b) there is a natural map of cochain complexes Apl{X) — > C*{X;Q), the 
'Stokes map', which induces an isomorphism in cohomology. 

(c) if X is a smooth manifold, then the dg-algebra fl*{X) of de Rham forms 
is weakly equivalent to Apl{X) <Siq, M. 

The proof of (a) can be found in [l40l §111.3] or in [89l Corollary 10.10]. For (b), 
see [30l §2], and for (c), see [TiOl Theorem V.2] or [Ml Theorem 11.4]. 

Definition B.2.4. Given a cell complex X, we refer to a minimal model of the 
commutative dg-algebra Apl(X) as a minimal model of X, and denote it by Mx- 

In the case of nilpotent spaces, the rational homotopy type of X is fully de- 
termined by the commutative dg-algebra Apl{X) or its minimal model Mx- More 
precisely, there is the following fundamental result. 

Theorem B.2.5. There is a bijective correspondence between the set of rational 
homotopy types of nilpotent spaces and the set of classes of isomorphic minimal dg- 
algebras over Q. Under this correspondence, there is a natural isomorphism 

Hom(7r,(X),Q) - A'Px/{M+ ■ M+), 

i.e. the rank of the ith rational homotopy group of X equals the number of generators 
of degree i in the minimal model of X . 

For the proof, see |^140, Theorem IV.8]. 

Definition B.2.6. A space X is called formal if C*{X;Q) is a formal dg- 
algebra (equivalently, if Apl{X) is a formal commutative dg-algebra). 
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If X in nilpotent, then it is formal if and only if there is a quasi-isoniorphism 
Mx — > H*{X; Q). If X is a smooth manifold, then it is formal if and only if the de 
Rham algebra fl*(X) is formal; in this case we can define AIx as a minimal model 
of n*{X) instead of ^pl(X). 

Example B.2.7. 

1. Let X = be an odd sphere, n ^ 1. Then 

Mx = A[x], degx = 2n + 1, dx ^ 0. 

There is a quasi- isomorphism Mx — > fl*{X) sending x to the volume form of S'^"'^^. 

2. Let X = 5*2", n^l. Then 

Afx = A[j/] (g) E[a;], degx = 2n, degy = 4n - 1, dx ^ Q, dy ^ . 

The quasi-isomorphism Mx — > 0,*{X) sends a; to the volume form of 5^" and y to 
zero. 

3. Let X = <CP'\ n ^ 1. Then 

Mx ^ ^[y]^»^x\, degx = 2, degy = 2n+ 1, da; = 0, = 

There is a quasi-isomorphism Mx — > 51* (X) sending x to the Fubini-Study 2-form 
w = 2^99 log |zp e 172(CF") and y to zero. 

4. ''Let X = 'CP°". Then 

Mx Q[a;] = i/*(X;Q), degx = 2, dx = 0. 

In all examples above the space X is formal (an exercise). Here is an example 
of a nonformal manifold. 

Example B.2.8. Let G be the Heisenberg group consisting of matrices 

1 X z\ 

1 y , x,y,zeR, 
1/ 

and let F = Gz be the subgroup consisting of matrices with x,y, z G Z. The quotient 
manifold X = G/T is the classifying space for the nilpotent group F = tti{X), i.e. 
X = K{T, 1). The minimal model Mx is generated by the left-invariant forms 

uji = dx, UJ2 = dy, L03 = xdy — dz. 

This dg-algebra is isomorphic to the dg-algebra of example IA.4.71 Therefore, the 
manifold X is not formal. 

Exercises. 

B.2.9. Show that all spaces of Example IB. 2. 7l are formal. 

B.3. Group actions and equivariant cohomology 

Here we present the background material related to the notion of equivariant 
cohomology. The basic reference is the monograph |31| by Bredon, where the details 
of the constructions and proofs can be found. 

Let X be a Hausdorff topological space and G a topological group. It is said 
that G acts on X if for any element g G G there is a homeomorphism ipg-. X ^ X, 
and the assignment g t-^ ipg respects the algebraic and topological structure. In 
more precise terms, a (left) action of G on X is given by a continuous map 

G X X X, {g,x) gx 
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such that g{hx) — {gh)x for any g,h € x Cz X, and ex — x, where e is the unit 
of G. The space X is called a (left) G-space. Right actions and right G-spaces are 
defined similarly. In the case when G is an abelian group, the notions of left and 
right action coincide. 

A group action is effective if the set 

{g G: gx ~ X for all x} 

consists of a single element e G G. A continuous map f : X ^ Y oi G-spaces is 
equivariant if it commutes with the group actions, i.e. f{gx) — g{f{x)) for all g G G 
and X Cz X. A map / is weakly equivariant if there is an automorphism ip: G G 
such that f{gx) — ip{g){f{x)) for all g (z G and x G X. A weakly equivariant map 
corresponding to an automorphism tp is also called ip- equivariant. 
Let X e X. The set 

Gx = {g e G: gx ^ x} 

of elements of G fixing the point a; is a closed subgroup in G, called the stationary 
subgroup, or the stabiliser of x. A G-action is free if Gx is the trivial (unit) subgroup 
for all a; S X. The subspace 

Gx ^ {gx e X: g eG} C X 

is called the orbit of x with respect to the action of G. The set of all orbits is 
denoted by X/G, and we have a canonical projection tt: X ~^ X/G. The set X/G 
is endowed with the standard quotient topology (a set U C X/ G is open if and only 
if 7r~^(f7) is open), and is referred to as the orbit space, or the quotient space, and 
denoted by X/G. If G is a compact group, then the quotient X/G is Hausdorff, 
and the projection tt: X — >■ X/G is a closed and proper map (i.e. the image of a 
closed subset is closed, and the preimage of a compact subset is compact). 

A point X ^ X \s fixed if Gx = x, i.e. Gx = G. The set of all fixed points of a 
G-space X will be denoted by X'-' . 

A principal G-bundle is a locally trivial bundle p: X B with fibre G and 
structure group G, such that G acts fibrewise on X by right translations (that is, an 
element g € G maps a point g' in the fibre to g'g). The standard action of G on itself 
by left translations commutes with the right translations. This implies that for any 
principal G-bundle p: X ^ B there is a canonical free left G-action on X covering 
the trivial action on B. The map p: X ^ B induces a homeomorphism X/G = B, 
and therefore p can be regarded as the projection onto the orbit space of a free G- 
action. If the group G is compact, under some mild topological assumptions on X 
the converse is also true, namely, if G acts on X freely, then X is the total space of 
a principal G-bundle (see [311 Chapter II]). Therefore, in this case the notions of a 
principal G-bundle and a free G-action are equivalent. 

Now let G be a compact Lie group. Then there exists a principal G-bundle 
EG — ^ BG whose total space EG is contractible. This bundle has the following 
universality property. Let E ^ B he another principal G-bundle. Then there is 
a unique up to homotopy map f : B ^ BG such that the pullback of the bundle 
EG BG along / is the bundle E ^ B. The space EG is referred to as the 
universal G-space, and the space BG is the classifying space for free G-actions (or 
simply the classifying space for G). 

Let X be a left G-space. There is the following free left G-action on EG x X: 

g{e,x) = {eg~^,gx), g & G, e e EG, x e X. 
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The orbit space for this action is denoted by EG Xg X (we shah also use the 
notation BgX) and is called the Borel construction, or the homotopy quotient of 
X by G. (The latter term is used since the free G-space EG x X is homotopy 
equivalent to the G-space X .) There are two canonical projections 



After taking quotient by the G-action, the first projection gives rise to a bundle 
EG Xg X ^ BG with fibre X and structure group G, called the bundle associated 
with the G-space X. The second projection induces a map EG Xg X X/G. 
There is also a principal G-bundle EG x X — > EG Xg X. 

For each fixed point x & X there is a section BG — > EG Xg X oi the bundle 
EG Xg X ^ BG, and therefore we have an inclusion 

BGxX'^ ^ EG XgX. 

The equivariant cohomology of X with coefficients in a ring k is defined by 

H*(.{X-'k) = H*{EG Xg X-^'k). 

Hence, H^{pt;'k) = H*{BG;'k), and the projection EG Xg X BG turns 
H^{X;'k) into a iJQ(pt; k)-module. 

For a pair of G-spaces {X, A) (where the inclusion A C X is an equivariant 
map), there is a long exact sequence 

Its existence follows from the exact sequence in ordinary cohomology and the equi- 
variant homeomorphism (EG x X)/{EG x A) {EG x {X/A))/{EG x pt). 

The map EG Xg X X/G between the homotopy and ordinary quotients of 
X by G induces a homomorphism H*{X/G) — >■ Hq{X), which is an isomorphism 
in the case of a free G-action. In general, the equivariant cohomology contains 
more information about the action and its algebraic invariants than the ordinary 
cohomology of the orbit space. 

A bundle n: E ^ X with fibre F is called a G-bundle if tt is an equivariant 
map of G-spaces. By applying the Borel construction to a G-bundle tt: E X we 
obtain a bundle BgE BgX with the same fibre F. The equivariant characteristic 
classes of a G- vector bundle n: E ^ X are defined as the ordinary characteristic 
classes of the corresponding bundle BgE — ^ BgX. For example, the equivariant 
Stief el- Whitney classes of a vector G-bundle tt: E ^ X belong to Hq{X;Z/2) 
and are denoted by wf{E). If £' — X is an oriented G- vector bundle, then the 
equivariant Euler class e^{E) G Hq{X\ Z) is defined. If i? — > A" is a complex bundle 
and the G-action preserves the fibrewise complex structure, then the equivariant 
Chern classes cf{E) G H'^{X-Z) are defined. 

Now let M be a smooth oriented G-manifold of dimension n, where G is a com- 
pact Lie group. Let A^ C M be a G- invariant (e.g., fixed) oriented submanifold of 
codimension k. We can identify the normal G-bundle v{N C M) with a G-invariant 
tubular neighbourhood U oi N in M by means of a G-equivariant diffeomorphism. 
The same diffeomorphism identifies the Thom space Th v (see Section IE.2|) of the 
bundle v with the quotient space U /dU. We have the embedding i: N C M, the 
projection n: U N, and the Pontrjagin-Thom map p: M Thv contracting 





(e, x) I— )■ e 



and 



(e, x) X. 
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the complement M \ U to a point. In equivariant cohomology, the Thorn class 
TN G Hq ( Th v) is uniquely determined by the identity 

(a -p* (tat), (A/)) - (iV)), 

for any a G H'^C^ilM). Here (A/) e H^{M) denotes the fundamental class of M 
in equivariant homology. The Gysin homomorphism in equivariant cohomology is 
defined by the composition 

and is denoted by Then «*(«*(!)) G Hq{N) is the equivariant Euler class of the 
normal bundle i^{N C M). 

Exercises. 

B.3.1. Let G be a compact group acting on a Hausdorff space X. Show that the 
G-orbits are closed, the orbit space X/G is Hausdorff, and the projection tt : X — >■ 
X/G is a closed and proper map. 

B.3.2. If the quotient X/G is Hausdorff, then the G-orbits are closed. 

B.3.3. Give an example of a Hausdorff space X with a G-action whose orbits 
are closed, but the quotient X/ G is not Hausdorff. 

B.4. Eilenberg Moore spectral sequences 

In their paper |83j of 1966, Eilenberg and Moore constructed a spectral se- 
quence, which became one of the important computational tools of algebraic topol- 
ogy. It particular, it provides a method for calculation of cohomology of the fi- 
bre of a bundle E ^ B using the canonical i/*(i3)-module structure on H*{E). 
This spectral sequence can be considered as an extension of Adams' approach to 
calculating cohomology of loop spaces [ij. In the 1960-70s applications of the 
Eilenberg-Moore spectral sequence led to many important results on cohomology 
of homogeneous spaces for Lie groups. More recently it has been used for different 
calculations with toric spaces. This appendix section contains the necessary infor- 
mation about the spectral sequence; we mainly follow L. Smith's paper |i202j in 
this description. For a detailed account of differential homological algebra and the 
Eilenberg-Moore spectral sequence, as well as its applications which go beyond the 
scope of this book, we refer to McCleary's book jl53j . 

Here we assume that k is a field. The following theorem provides an algebraic 
setup for the Eilenberg-Moore spectral sequence. 

Theorem B.4.I (Eilenberg-Moore |202|, Theorem 1.2]). Let A he a differential 
graded \i-algebra, and let M , N be differential graded A-modules. Then there exists 
a spectral sequence {Er,dr} converging to TorA(M, iV) and whose E2-term is 

E-''' = Tovfj\X] {H[M] , H[N]) , ^, j ^ 0, 

where H[-] denotes the algebra or module of cohomology. 

Remark. The construction of Tor for differential graded objects requires some 
additional considerations (see e.g. [202] or |145|. Chapter XIIJ). 
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The spectral sequence of Theorem IB. 4. II hves in the second quadrant and its 
differentials dr add (r, 1 — r) to the bidegree, for r ^ 1. We shall refer to it as the 
algebraic Eilenberg-Moore spectral sequence. Its i?oo-term is expressed via a certain 
decreasing filtration {F^p ToiAiM, N)} in ToTAiM,N) by the formula 

E-P^"+P = F-P[ Tor7^' (Af,7V))/^^-f+i( ^ Tot^'-' {M, N)) . 

— i+j—n —i+j—n 

Topological applications of Theorem IB.4.11 arise in the case when A, M, N are 
cochain algebras of topological spaces. The classical situation is described by the 
commutative diagram 

E > En 

(^•1) 1 1 

B > So, 

where Eq — > So is a Serre fibre bundle with fibre F over a simply connected base Bq , 
and E ^ B is the pullback along a continuous map B ^ Bq. For any space X, let 
C*{X) denote the singular k-cochain algebra of X. Then C*{Eo) and C*{B) are 
C*(i?o)-niodules. Under these assumptions the following statement holds. 

Lemma B.4.2 ( [2021 Proposition 3.4]). Toyc>(Bo){C*{Eo),C*{B)) is a k- 
algebra in a natural way, and there is a canonical isomorphism of algebras 

Torc.iBo){C*{E,),C*{B)) ^ H*{E). 

Applying Theorem EXT] in the case A = C*(Bo), M ^ C*{Eo), N = C*{B) 
and taking into account Lemma IB. 4. 21 we come to the following statement. 

Theorem B.4.3 (Eilenberg-Moore) . There exists a spectral sequence {-E^-, 
of commutative algebras converging to H''{E) with 

E~''^ =ToT];:l^jH*iE„),H*iB)). 

The spectral sequence of Theorem lB.4.3l is known as the (topological) Eilenberg- 
Moore spectral sequence. The case when i? is a point is of particular importance, 
and we state the corresponding result separately. 

Corollary B.4.4. Let E B be a fibration over a simply connected space B 
with fibre F. Then there exists a spectral sequence {Er, dr} of commutative algebras 
converging to H*{F) with 

^2 =Tor^.(s„)(i/*(So),k). 

We refer to the spectral sequence of Corollary IB. 4. 41 as the Eilenberg-Moore 
spectral sequence of the fibration E ^ B. In the case when Eq is a contractible 
space we obtain a spectral sequence converging to the cohomology of the loop space 
VIBq. 

Remark. In rational homotopy theory, the Sullivan-de Rham algebra A*{X) 
of piecewise polynomial forms is used as a (graded) commutative algebraic model 
for X, instead of the rational singular cochain algebra C*(X;Q), which is not 
commutative. It is proved in [30', §3] that the above results on the Eilenberg-Moore 
spectral sequence hold with C* replaced by A* . This result is not a direct corollary 
of algebraic properties of Tor, since the integration map A*{X) C*{X, Q) is not 
multiplicative. 
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Regular T-manifolds and their orbit structures 

In this appendix we present the resuhs of Chapter 1 of Izmestiev's the- 
sis |127j . which summarise and generahse several ear her developments on equi- 
variant topology, including those of Janich jl28j. Bredon |31| . Davis |69j and 
Davis-Januszkiewicz |70| . The reader show refer here for the background material 
on locally standard T"- and Z2 -actions, their topological and smooth classification, 
and combinatorial structures in their orbit spaces. The latter include the notions of 
manifolds with faces and manifolds with corners, which are of independent interest 
in differential topology. 

As usual, we denote by Z2 (respectively, S = T) the multiplicative group of real 
(respectively, complex ) numbers of absolute value one. 

Unless otherwise specified, in this appendix we denote by G one of the groups 
Z2 or S = T, and denote by F its ambient field M or C respectively. We refer to the 
coordinatewise action of G" on F" given by 

{9l,---,9n) ■ {zi,...,Zn) = {giZi, . . . ,gnZn) 

as the standard action or standard representation. 

D.l. Locally standard actions, manifolds with faces, and manifolds 

with corners 

Definition D.1.1. Let M be a with an action of G". A standard chart on M is 
a triple {U, /, "0), where U G M is a G"-invariant open subset, ip is an automorphism 
of the torus T", and / is a ^/^-equi variant homeomorphism f : U W onto a G"- 
invariant open subset C F". (Recall from Appendix IB. 31 that the latter means 
that f{t ■ y) = ipit)f{y) for all t e T", ye U .) A T"-action on M is said to 
be locally standard if M has a standard atlas, i.e. if any point of M belongs to a 
standard chart. 

The dimension of a manifold with a locally standard G"-action is n if G = Z2 
and 2n if G = T. The orbit space of the standard G"-action on F" is the orthant 

Wt.^ {x^ (xi,...,a;„) e R": a;, ^ for i = 1, . . . , n}. 

Therefore, the orbit space of a locally standard action is locally modelled by M" . 
There are two slightly different ways to formalise this property, depending on 
whether we work in the topological or smooth category. 

Definition D.l. 2. An manifold with faces (of dimension n) is a topological 
manifold Q with boundary dQ together with a covering of dQ by closed connected 
subsets {Fi}iQS^ called facets, satisfying the following properties: 

(a) any facet Fi is an (n — l)-dimensional submanifold of dQ; 
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(b) for any finite subset I d S, the intersection Plie/ ^» either empty or 
a disjoint union of submanifolds of codimension |/|; in the latter case we 
refer to a connected component of the intersection HiG/ ^ /'^'^^ '^^ '5; 

(c) for any point q Cz Q, there exist an open neighbourhood U 3 q and a 
homeomorphism (p: U W onto an open subset W C MJi, such that 

ip~\wn{xj ^o})^unF, 

for some i (z S. 

Observe that set S has to be countable, hence the set of faces in a manifold 
with faces Q is also countable. If Q is compact, then both these sets are finite. 

The orthant R" itself has the canonical structure of a manifold with faces; each 
face has the form Mi. for / C [n], where Rl^ = {x e W^: Xj = for j ^ I}. The 
codimension c(x) of point x G R" is the number of zero coordinates of x. A point 
has codimension k if it belongs to a face of codimension k and does not belong to 
a face of codimension fc + 1. 

Definition D.1.3. An manifold with corners (of dimension n) is a topological 
manifold Q with boundary together with an atlas {Ui^ipi} consisting of homeomor- 
phisms ^pi : Ui ^ Wi onto open subsets Wi C R^ such that ^i^pj^ : ^j{Ui fMJj) — > 
ifiiUi n Uj) is a diffeomorphism for all i,j. (A homeomorphism between open 
subsets in R" is called a diffeomorphism if it can be obtained by restriction of a 
diffeomorphism of open subsets in R".) 

For any q £ Q, its codimension c{q) is well-defined. An open face of Q of 
codimension fc is a connected component of c~^{k). A closed face (or simply face) 
of Q is the closure of an open face. 

A manifold with corners Q is said to be nice if the covering of Q by its facets 
satisfies condition (c) of Definition ID. 1.21 (conditions (a) and (b) are satisfied auto- 
matically). 

Remark. Our definitions of faces differ from those of |69) and |127) : the reason 
is that we want our faces to be connected. 

Example D.1.4. 

1. The 2-disc with a single 'corner point' on its boundary is a manifold with 
corners which is not nice. All other examples in this list will be nice. 

2. A smooth manifold Q with boundary is a manifold with corners, whose 
facets are connected components of dQ, and there are no other faces. 

3. A product of manifolds with corners is a manifold with corners. In particular, 
a product of smooth manifolds with boundary is a manifold with corners. 

4. Let P be a simple polytope. For each vertex u e P we denote by [/„ the 
open subset in P obtained by removing all faces of P that do not contain v. The 
subset Uy is affinely isomorphic to a neighbourhood of zero in R" . Therefore P is 
a compact manifold with corners, with atlas {Uy}. 

As we shall see in the next sections, the orbit space Q — Af/T" of a locally 
standard torus action is a manifold with faces, and if the action is smooth, then 
the orbit space is a nice manifold with corners. 

Exercises. 
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D.1.5. A manifold with corners Q is nice if an only if any point of codimension 
two is contained in exactly two facets. 

D.l. 6. Two simple poly topes are diffeomorphic as manifolds with corners if and 
only if they are combinatorially equivalent. 
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Stably complex structures and complex bordism 

Here we summarise the required facts from the theory of bordism aud cobor- 
dism, with the most attention given to complex (co)bordism. Cobordism theory 
is one of the deepest and most influential parts of algebraic topology, which expe- 
rienced a spectacular development in the 1960s. Proofs of many results presented 
here would require a separate monograph and a substantial background in alge- 
braic topology. There are a few exceptions where the proofs can be made concise, 
in which cases we include them here. For the rest an interested reader is referred 
to the works of Novikov |171) . |172| . and monographs of Conner-Floyd [63j and 
Stong [2T2] . 

We consider topological spaces which have the homotopy type of cell complexes. 
All manifolds are assumed to be smooth, compact and closed (without boundary), 
unless otherwise specified. 

E.l. Bordism of manifolds 

Given two ri-dimensional manifolds Mq and Mi, a bordism between them is 
an {n + l)-dimensional manifold W with boundary, whose boundary is the disjoint 
union of Mq and Mi, that is, dW = Mq U Mi. If such a W exists, Mq and Mi are 
called bordant. The bordism relation splits the set of manifolds into equivalence 
classes (see Fig. IE. Il l), which are called bordism classes. 

We denote the bordism class of M by [M] , and denote by the set of bordism 
classes of n-dimensional manifolds. Then is an Abelian group with respect 
to the disjoint union operation: [Mi] -I- [M2] = [Mi U M2]. Zero is represented 
by the bordism class of the empty set (which is counted as a manifold in any 
dimension), or by the bordism class of any manifold which bounds. We also have 
d{M X I) = M U M. Hence, 2[M] = and i?^ is a 2-torsion group. 

Set ~ ®n>o ■ The direct product of manifolds induces a multiplication 
of bordism classes, namely [Mi] x [A/2] = [Mi x M2]. It makes il^ a graded 
commutative ring, the unoriented bordism ring. 

For any space X the bordism relation can be extended to maps of manifolds 
to X: two maps Mi X and M2 — ^ X are bordant if there is a bordism W 
between Mi and M2 and the map Mi U M2 X extends to a map W ^ X. The 
set of bordism classes of maps M ^ X with dim M — n forms an abelian group 
called the n-dimensional unoriented bordism group of X and denoted 0„(X) (other 
notations: Nn{X), AIOn{X)). We note that On{pt) — , where pt is a point. 

The bordism group 0„ {X, A) of a pair ^ C X is defined as the set of bordism 
classes of maps of manifolds with boundary, (M, dM) — >■ {X, A), where dim M — n. 

Figure E.l. Transitivity of the bordism relation. 
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(Two such maps /o : (Mo, dMo) {X, A) and /i : {Mi.dMi) {X, A) are bordant 
if there is W such that dW — Mq U Mi U M, where M is a bordism between OMq 
and dMi, and a map f : W X such that /|mo — /o, /U/i /i and f{M) C ^.) 
We have 0„(X, 0) = 0„(X). 

There is an obviously defined map x On{X) 0,n+n(X) turning 0^,(X) = 
0^>qO„(X) into a graded f2^-module. The assignment X 0*(X) defines a 
generalised homology theory, that is. it is functorial in X, homotopy invariant, has 
the excision property and exact sequences of pairs. 

E.2. Thorn spaces, bordism and cobordism 

A remarkable geometric construction due to Pontrjagin and Thom reduces the 
calculation of the bordism groups On{X) to a homotopical problem. Here we 
assume known basic facts from the theory of vector bundles. 

Given an n-dimensional real Euclidean vector bundle ^ with total space E — i?^ 
and Hausdorff compact base X, the Thom space of ^ is defined as the quotient 

Th^ = E/E^i, 

where E^i is the subspace consisting of vectors of length > 1 in the fibres of ^. 
Equivalently, Th£^ — BE/SE, where BE is the total space of the n-ball bundle 
associated with ^ and SE ~ dBE is the (n — l)-sphere bundle. Also, ThS^ is the 
one-point compactification of E. 

Given two spaces X and Y with basepoints pt-^ and pty respectively, their 
smash product is defined as 

X hY = X X Y/{{X X pty) U {ptx X Y)). 

The Thom space T/i^ has a canonical basepoint, the image of E^i. 

Proposition E.2.1. //^ andij are vector bundles over X andY respectively, 
and ^ X ij is the product vector bundle over X x Y , then 

Th{^ XTj)= Th^A Thr]. 

The proof is left as an exercise. 

Example E.2.2. 

1. Regarding M.^ as the total space of a /c-plane bundle over a point, we obtain 
that the corresponding Thom space Th{U!') is a /c-sphere S*' . 

2. If ^ is a 0-dimensional bundle over X , then Th^ — X^ = X Upt. 

3. Let R'' denote the trivial fc-plane bundle over X. The Whitney sum ^® M'' 
can be identified with the product bundle ^ x K*-', where M*^ is the /c-plane bundle 
over a point. Then Proposition IE. 2 .T] implies that 

Thi^^R'') = S*-' Th^, 

where S'^ denote the A;-fold suspension. 

4. Combining the previous two examples, we obtain 

T/i(K'=) = S'^X V S'^ 

Construction E.2.3 (Pontrjagin-Thom construction). Let M be a subman- 
ifold in with normal bundle v = v{M C M™). The Pontrjagin-Thom collapse 
map 

5™ Thv 
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identifies the tubular neighbourhood of M in M™ C S*™ with the set of vectors 
of length < 1 in the fibres of v, and collapses the complement of the tubular 
neighbourhood to the basepoint of the Thom space Th v. 

This construction can be generalised to submanifolds M C in the total 
space of an arbitrary m-plane bundle ^ over a manifold, giving the collapse map 

(E.l) Thi^ Thv, 

where v = v{M C E^). Note that the Pontrjagin-Thom collapse map is a particular 
case of (|E.1[) . as S*™ is the Thom space of an m-plane bundle over a point. 

Recall that a smooth map f : W Z manifolds is called transverse along a 
submanifold F C Z if, for every w G f^^{Y), the image of the tangent space to W 
at w together with the tangent space to Y at f{w) spans the tangent space to Z 
at f{w): 

If /: — > Z is transverse along Y C Z, then f^^{Y) is a submanifold in W of 
codimension equal to the codimension of Y in Z. 

Construction E.2.4 (cobordism classes of r/-submanifolds in E^). Let ^ be 
an m-plane bundle with total space E^ over a manifold X, and let ry be an n-plane 
bundle over a manifold Y. An rj- submanifold of E^ is a pair (M, /) consisting of a 
submanifold M in E^ and a map 

/: iy{McEO^V 

such that / is an isomorphism on each fibre (so that the codimension of M in E^ 
is n). Two ?7-submanifolds {Mq, /q) and (Afi, /i) are said to be cobordant if there 
is an r?-submanifold with boundary {W, J) in the cylinder i?^ x / such that 

d{W, /) = ((Mo, /o) X 0) U ((A/i, /i) X 1). 

Theorem E.2.5. The set of cobordism classes of rj- submanifolds in E^ is in 
one-to-one correspondence with the set [Th^, Thrj] of homotopy classes of based 
maps of Thom spaces. 

Proof. Assume given a based map g: Th^ ^ Thrj. By changing g within its 
homotopy class we may achieve that g is transverse along the zero section Y (Z Thrj 
(transversality is a local condition, and both Th ^ and Th rj are manifolds outside 
the basepoints). Since r] is an n-plane bundle, M = g^^{Y) is a submanifold of 
codimension n in E^ — Th^\pt such that 

iy{M C EO = 9*ii^{Y C Efj)) = g*7^. 

That is, M is an jy-submanifold in E^. 

Conversely, assume given an yy-submanifold M C E^. We therefore have the 
map of Thom spaces Thv ^ Thrj (induced by the map of v to rf), whose compo- 
sition with the collapse map (jE.ll) gives the required map Th£_ Th rj. 

The fact that homotopic based maps T/i ^ — !■ Thrj correspond to cobordant 
ry-submanifolds, and vice versa, is left as an exercise. □ 

Construction E.2.6 (cobordism groups). Let rjk be the universal vector fc- 
plane bundle EO{k) BO{k). Following the original notation of Thom, we denote 
MO{k) =Thr)k. 
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Every submanifold M C of dimension n is an jy/c-submanifold via the 

classifying map of the normal bundle iy{M C M"+'''). Denote by fl"^'^ the set of 
cobordism classes of M C M"^'^. The base of 77^ is not a manifold, but it is a direct 
limit of Grassmannians, and a simple limit argument shows that Theorem IE. 2. 51 
still holds for r^fc-submanifolds. Hence, 

^ y^^^j ^ 7r„+, (MO (fc)). 

There is the stabilisation map fT^'^ — > Qq""^^^ obtained by composing the sus- 
pended map S'»+''^+i ^ EMO(fc) with the map Y.MO[k) MO{k + 1) induced 
by the bundle map r/^ ©R — )■ rjk+i- We therefore may define the {—n)th cobordism 
group as 

(E.2) = limfe^oo ^^o"''' = linife^oo n„+k{MO{k)). 

Proposition E.2.7. We have a canonical isomorphism 

between the cobordism and bordism groups, for n ^ 0. In other words, two n- 
dimensional manifolds Mq and Mi are bordant if and only if there exist embeddings 
of Mo and Mi in the same which are cobordant. 

Proof. Forgetting the embedding M C M"+'' we obtain a map J?^"''' -> Q^, 
which may be shown to be a group homomorphism. It is compatible with the 
stabilisation maps, and therefore defines a homomorphism >!7q" — > fi^- Since 
every manifold M may be embedded in some R"+'^, it is an isomorphism. □ 

Together with (|R2t . Proposition IE.2.71 gives a homotopical interpretation for 
the (unoriented) bordism groups. This also implies that the notions of the 'bordism 
class' and 'cobordism class' of a manifold M are interchangeable. Theorem IE. 2. 51 
may be applied further to obtain a homotopical interpretation for the bordism 
groups On{X) of a space X: 

Construction E.2.8 (bordism and cobordism groups of a space). Let X be 
a space. We set ^ = 8"+^^ (an [n + fc)-plane bundle over a point) and rj = X x 
rjk (the product of a 0-plane bundle over X and the universal fc-plane bundle rjk 
over BO{k)), and consider cobordism classes of ?7-submanifolds in E^. Such a 
submanifold is described by a pair (/, t) consisting of a map f : M X from an 
n-dimensional manifold to X and an embedding t: M R"+'^ (the bundle map 
from i/(i) to T] is the product of the map Ev{b) — > M — X and the classifying map 
of v{i))- By Theorem IE. 2. 51 the set of cobordism classes of yy-submanifolds in 
is given by 

[^"+^ Th{X X ryfc)] = 7r„+fc((X+) A MO{k)). 

As in the proof of Proposition IE . 2 . 7l there is the map from the above set of cobor- 
dism classes to the bordism group On{X), which forgets the embedding M C M"+'''. 
A stabilisation argument shows that 

(E.3) 0„(X)=limfc^ ((X+)AMO(fc)), 

providing a homotopical interpretation for the bordism groups of X. 
We define the cobordism groups of X as 

(E.4) 0"(X) = Wmu^oo [S'=-"(X+), MO(fc)] . 
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If X is a manifold, then the groups 0"(X) may also be obtained by stabilising 
the set of cobordism classes of 77-submanifolds in E(^. Namely, we need to set 
f = R'^"" (the trivial (fc — n)-plane bundle over X), and rj = rjk- In other words, a 
cobordism class in 0^{X) is described by the composition 

(E.5) M X X M'=-" — > X, 

where the first map is an embedding of codimension k. 

The maps of Thom spaces MO{k) A M0{1) MO{k + I) (induced by the 
classifying maps rih®rii — )■ -qk+i of the Whitney sums) turn 0*{X) = 0„g2 0"(X) 
into a graded ring, called the unoriented cobordism ring of X. 

Exercises. 

E.2.9. Prove Proposition IE.2. II 

E.2.10. If 77 is the tautological line bundle over MP" (respectively, CP"), then 
Thri can be identified with RP"+i (respectively, <CP"+^). 

E.2.11. Prove that cobordism of 7]-submanifolds is an equivalence relation. 

E.2.12. Complete the proof of Theorem [ETsI 

E.2.13. The forgetful map Qq^'^ — > is a homomorphism of groups. 

E.2.14. Given any (fc — n)-plane bundle ^ over a manifold X and an embedding 
M ^ of codimension k, the composition 

M ^ — > X 

determines a cobordism class in 0"{X). (Hint: reduce to (|E.5p by embedding ^ 
into a trivial bundle over the same X.) 

E.2.15 (Poincare-Atiyah duality [4\ in unoriented bordism). If X is an n- 
dimensional manifold, then 

0^-k(^X) ^ Ok{X) for any k. 

In particular, for X ~ pt we obtain the isomorphisms of Proposition IE. 2 . 71 

E.3. Oriented and complex bordism 

The bordism relation may be extended to manifolds endowed with some addi- 
tional structure, which leads to important bordism theories. 

The simplest additional structure is an orientation. By definition, two oriented 
n-dimensional manifolds Mi and M2 are oriented bordant if there is an oriented 
{n + l)-dimensional manifold W with boundary such that dW = Mi U M2, where 
M2 denotes M2 with the orientation reversed. The oriented bordism groups f^^'^ 
and the oriented bordism ring flf'^' = ®„>q ^n'~' are defined accordingly. Given 
an oriented manifold M , the manifold M x / has the canonical orientation such 
that d{M X I) = M U M. Hence, -[M] = [M] in 12^°. Unhke 17°, elements of 
n^'^ generally do not have order 2. 

Complex structure gives another important example of an additional structure 
on manifolds. However, a direct attempt to define the bordism relation on complex 
manifolds fails because the manifold W must be odd-dimensional and therefore 
cannot be complex. This can be remedied by considering stably complex (also 
known as stably almost complex or quasicomplex) structures. 
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Let TM denote the tangent bundle of M . We say that M admits a tangential 
stably complex structure if there is an isomorphism of real vector bundles 

(E.6) cr: TAf el'' ^ 

between the 'stable' tangent bundle and a complex vector bundle f over M. Some 
of the choices of such isomorphisms are deemed to be equivalent, that is, determine 
the same stably complex structures. This equivalence relation is generated by 

(a) additions of trivial complex summands; that is, cj- is equivalent to 

TM ® 1'= ® C e © C, 

where C in the left hand side is canonically identified with ; 

(b) compositions with isomorphisms of complex bundles; that is, cj- is equiv- 
alent to (/3 • ct" for every C-linear isomorphism if. ^ — > C- 

The equivalence class of cj- may be described homotopically as the equivalence class 
of lifts of the map M — > BO{2N) classifying the stable tangent bundle to a map 
M -J> BU{N) up to homotopy and stabihsation (see |212[ Chapters II, VII]). A 
tangential stably complex manifold is a pair consisting of M and an equivalence 
class of isomorphisms C7-; we shall use a simplified notation (M, C7-) for such pairs. 
This notion is a generalisation of complex and almost complex manifolds (where 
the latter means a manifold with a choice of a complex structure on TM , that is, a 
stably complex structure (jE.6l) with fc = 0). 

We say that M admits a normal complex structure if there is an embedding 
i: M ^ E^ with the property that the normal bundle ^{i) admits a structure 
of a complex vector bundle. There is an appropriate notion of stable equivalence 
for such embeddings i, and a normal complex structure c^, on M is defined as the 
corresponding equivalence class. Tangential and normal stably complex structures 
on M determine each other by means of the canonical isomorphism TM ®i^(i) = E^. 

Example E.3.1. Let M = CP^. The standard complex structure on M is 
equivalent to the stably complex structure determined by the isomorphism 

r(Cpi)eE2 A^eyy 

where 77 is the tautological complex line bundle. On the other hand, the isomor- 
phism 

r(Cpi) ^r)®r]^C^ 
determines a trivial stably complex structure on CP^. 

The bordism relation can be defined between stably complex manifolds by tak- 
ing account of the stably complex structure in the bordism relation. As in the case 
of unoriented bordism, the set of bordism classes [M, C7-] of n-dimensional stably 
complex manifolds is an Abelian group with respect to disjoint union. This group 
is called the n-dimensional complex bordism group and denoted by . The sphere 
S" has the canonical normally complex structure determined by a complex struc- 
ture on the trivial normal bundle of the embedding S" ^ E"+^ . The corresponding 
bordism class represents the zero element in . The opposite element to the bor- 
dism class [M, Cf] in the group may be represented by the same manifold M 
with the stably complex structure determined by the isomorphism 

TM ® l*-' ® C C © C 



E.3. ORIENTED AND COMPLEX BORDISM 



251 



where r : C — > C is the complex conjugation. We shall use the abbreviated notations 
[M] and [M] for the complex bordism class and its opposite whenever the stably 
complex structure cj- is clear from the context. There is a stably complex structure 
on M X / such that d{M x /) = M U M. 

The direct product of stably complex manifolds turns = ®„>o ii^o a 
graded ring, called the complex bordism ring. 

Construction E.3.2 (complex bordism and cobordism groups of a space). 
The complex bordism groups Un{X) and cobordism groups U"{X) may be defined 
homotopically similarly to (jE.3p and (IE.4[) : 

Unix) =limk^oo7r2k+n{iX+) AMU (k)), 

C/"(X) = hmfc^oo MU{k)] , 

where MU (k) is the Thom space of the universal complex fc-plane bundle EU (k) — 
BU{k). Here the direct limit uses the maps T?MU{k) MU{k + 1). 

Both groups Un{X) and [/"(X) may also be defined geometrically, in a way 
similar to the geometric construction of unoriented bordism and cobordism groups 
(Construction IE.2.8p . The complex bordism group Un{X) consists of bordism 
classes of maps M — > X of stably complex n-dimensional manifolds M to X. 
Complex cobordism groups of a manifold X may be defined using the notion of 
complex oriented maps. A map M ^ X between manifolds is said to be complex 
orientable of codimension n if it can be decomposed as 

M ^ X X R^'^-" — > X, 

where the first map is an embedding whose normal bundle has a structure of a 
complex fc-plane bundle, and the second map is the projection onto the first factor. 
A choice of this decomposition together with a complex bundle structure in the nor- 
mal bundle is called a complex orientation of the map Af — > X. The group t/"(X) 
consists of cobordism classes of complex oriented maps M X oi codimension n. 
li X = pt, then we obtain 

u-^pt) = u,,{pt) = r2^ 

for n 5^ 0, from either the homotopic or geometric description of the (co)bordism 
groups. We also set i^^}" = U~"{pt). 

The maps of Thom spaces MU{k) A MU{1) MU{k + I) (induced by the 
classifying maps of the Whitney sum) turn U*{X) = ®„gz ^^"(-''^) into a graded 
ring, called the complex cobordism ring of X . It is also a module over ^2^. 

Example E.3.3. Let X be a manifold of dimension n. The inclusion of a point 
pt <Z X defines the bordism class 1 G Uo{X) and the fundamental cobordism class 
of X in U"{X). (The normal bundle of a point has a complex structure if n is even, 
otherwise the normal bundle of a point in X x R has a complex structure.) 

The identity map X ^ X defines the cobordism class 1 S U'^{X). It defines 
the fundamental bordism class of X in Un{X) only when X is stably complex. 

Here is another example of situation when certain cobordism classes can be 
represented very explicitly by maps of manifolds. 

Construction E.3.4 (geometric cobordisms). For any cell complex X the 
cohomology group H'^{X) can be identified with the set [X, CP°°] of homotopy 
classes of maps into CP°°. Since CP°° = MU{1), it follows from (|E?7| that every 
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element x e H^{X) determines a cobordism class Ux E U'^{X). The elements of 
U'^{X) obtained in this way are called geometric cobordisms of X. We therefore 
may view H'^{X) as a subset in C/^(X), however the group operation in H'^{X) is 
not obtained by restricting the group operation in U'^{X) (the relationship between 
the two operations is discussed in Appendix [F| . 

When X is a manifold, geometric cobordisms may be described by submanifolds 
M (Z X oi codimension 2 with a fixed complex structure on the normal bundle. 

Indeed, every x £ H^{X) corresponds to a homotopy class of maps : X — > 
CP°°. The image fx{X) is contained in some <CP^ C CP°°, and we may assume 
that fx{X) is transverse to a certain hyperplane H C CP^ . Then Mx — fx^{H) 
is a codimension-2 submanifold in X whose normal bundle acquires a complex 
structure by restriction of the complex structure on the normal bundle of iJ C CP^ . 
Changing the map fx within its homotopy class does not affect the bordism class 
of the embedding Mx — X. 

Conversely, assume given a submanifold M C X oi codimension 2 whose normal 
bundle is endowed with a complex structure. Then the composition 

X Th{v) MU{1) = CP°° 

of the Pontrjagin-Thom collapse map X Th{v) and the map of Thom spaces 
corresponding to the classifying map M — >■ BU{1) of v defines an element xm G 
H'^{X), and therefore a geometric cobordism. 

If X is an oriented manifold, then a choice of complex structure on the normal 
bundle of a codimension-2 embedding M C X is equivalent to orienting M. The 
image of the fundamental class of M in the homology of X is Poincare dual to 

XM e H\x). 

Construction E.3.5 (connected sum). For manifolds of positive dimension 
the disjoint union Mi U M2 representing the sum of bordism classes [Mi] + [M2] 
may be replaced by their connected sum, which represents the same bordism class. 

The connected sum Mi # M2 of manifolds Mi and AI2 of the same dimension 
n is constructed as follows. Choose points vi G Mi and V2 G M2, and take closed 
e-balls Bg{vi) and Bg(v2) around them (both manifolds may be assumed to be 
endowed with a Riemannian metric). Fix an isometric embedding / of a pair of 
standard e-balls £>" x 5° (here S° = {0, 1}) into Mi U M2 which maps D" x onto 
B^{vi) and D" x 1 onto Bs{v2)- If both Mi and M2 are oriented we additionally 
require the embedding / to preserve the orientation on the first ball and reverse in 
on the second. Now, using this embedding, replace in Mi U M2 the pair of balls 

X 5'*' by a 'pipe' S'"~^ x . After smoothing the angles in the standard way 
we obtain a smooth manifold A/i # M2. 

If both Ml and M2 are connected the smooth structure on Mi ^ M2 does 
not depend on a choice of points vi, V2 and embedding I?" x 5° ^ Mi U M2. It 
does however depend on the orientations; Mi ^ M2 and Mi # M2 are not diffeo- 
morphic in general. For example, the manifolds CP^ # CP^ and CP^ # CP^ are 
not diffeomorphic (and not even homotopy equivalent because they have different 
signatures) . 

There are smooth contraction maps pi : Mi # M2 — > Mi and p2 '■ Mi # M2 — )■ 
M2 . In the oriented case the manifold Mi # M2 can be oriented in such a way that 
both contraction maps preserve the orientations. 
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Figure E.2. Disjoint union and connected sum. 

A bordism between AIi U M2 and Mi # M2 may be constructed as follows. 
Consider a cylinder Mi x /, from which we remove an e-neighbourhood Ue{vi x 1) 
of the point vi x 1. Similarly, remove the neighbourhood Ue{v2 x 1) from M2 x / 
(each of these two neighbourhoods can be identified with the half of a standard 
open {n + l)-ball). Now connect the two remainders of cylinders by a 'half pipe' 
S'" X / in such a way that the half-sphere 5" x is identified with the half-sphere 
on the boundary of Ue{vi x 1), and S*^ x 1 is identified with the half-sphere on the 
boundary of Ue{v2 x 1). Smoothing the angles we obtain a manifold with boundary 
Ml U M2 U (Ml # M2) (or Mi"u M2 U (Ml # M2) in the oriented case), see Fig. E.2. 

Finally, if Mi and M2 are stably complex manifolds, then there is a canonical 
stably complex structure on Mi # Af2, which is constructed as follows. Assume the 
stably complex structures on Mi and M2 are determined by isomorphisms 

cr,i : TMi ® 1*^1 ^ and era ■ TM2 e I''" ^ 6 ■ 

Using the isomorphism T(Mi # M2) ® M" = plTMi (B P2TM2, we define a stably 
complex structure on Ali # M2 by the isomorphism 

r(Mi #M2) 

= P*iTMi ® ® p;rM2 ® W "^''®"'^-'-) pI^i © ^^^2. 

We shall refer to this stably complex structure as the connected sum of stably 
complex structures on Mi and M2. The corresponding complex bordism class is 
[Mi] + [Af2]. 

Exercises. 

E.3.6. Assume given a complex {k — ^)-plane bundle ^ over a manifold X and 
an embedding M whose normal bundle has a structure of a complex fc-plane 

bundle. Then the composition 

M EC — > X 

determines a complex orientation for the map M X of codimension 21, and 
therefore a complex cobordism class in J7^'(X). (Compare Exercise IE. 2. 141 ) 

Similarly, an embedding M ^ E{C © R) whose normal bundle has a structure 
of a complex fc-plane bundle determines a complex cobordism class in ?7^'~^(X), 
via the composition 

M ^ E{C © 1) — >X. 
This is how complex orientations were defined in [193]. 

E.3.7 (Poincare-Atiyah duality [4j in complex bordism). If X is an n- 
dimensional stably complex manifold, then 



(X) = UkiX) for any fc. 
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E.4. Structure results 

The theory of unoriented (co)bordism was the first to be completed: the co- 
efficient rmg was calculated by Thorn, and the bordism groups 0^,{X) of cell 
complexes X were reduced to homology groups of X with coefficients in J?^. The 
corresponding results are summarised as follows. 

Theorem E.4.1. 

(a) Two manifolds are unorientedly hordant if and only if they have identical 
sets of Stiefel-Whitney characteristic numbers. 

(b) f2^ is a polynomial ring over Z/2 with one generator in every positive 
dimension i — 1. 

(c) For every cell complex X the module 0*(X) is a free graded fi'^ -module 
isomorphic to H^,{X;'Z/2) (E)2,/2 

Parts (a) and (b) were done by Thom |216j . Part (c) was first formulated by 
Conner and Floyd |63| ; it also follows from the results of Thom. 

Calculating the complex bordism ring turned out to be a much more difficult 
problem: 

Theorem E.4.2. 

(a) ^ Q is a polynomial ring over Q generated by the bordism classes of 
complex projective spaces CP', i ^ 1. 

(b) Two stably complex manifolds are hordant if and only if they have identical 
sets of Chern characteristic numbers. 

(c) is a polynomial ring over Z with one generator ai in every even di- 
mension 2i, where i ^ 1. 

Part (a) can be proved by the methods of Thom. Part (b) follows from the 
results of Milnor [161j and Novikov [ 169| . Part (c) is the most difficult one; it was 
done by Novikov [169j using the Adams spectral sequence and structure theory 
of Hopf algebras (see also |170| for a more detailed account) and Milnor (unpub- 
lisheco) . Another more geometric proof was given by Stong |212| . 

Note that part (c) of Theorem IE.4.11 does not extend to complex bordism; 
U^,{X) is not a free i7^-module in general (although it is a free /2^-module if 
if*(X;Z) is free abelian). Unlike the case of unoriented bordism, the calculation 
of complex bordism of a space X does not reduce to calculating the coefficient ring 

and homology groups H^,{X). The theory of complex (co)bordism is much 
richer than its unoriented analogue, and at the same time is not as complicated 
as oriented bordism or other bordism theories with additional structure, since the 
coefficient ring does not have torsion. Thanks to this richness and lack of tor- 
sion, complex cobordism theory found many striking and important applications 
in algebraic topology and beyond. Many of these applications were outlined in the 
pioneering work of Novikov |171| . 

The calculation of the oriented bordism ring was completed by Novikov [169] 
(ring structure modulo torsion and odd torsion) and Wall [227J (even torsion), with 
important earlier contributions made by Rokhlin, Averbuch, and Milnor. Unlike 
complex bordism, the ring l^f^ has additive torsion. We give only a partial result 
here (which does not fully describe the torsion elements). 



^Milnor's proof was announced in I121h it was intended to be included in tlie second part 
of [161] . but has never been published. 
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Theorem E.4.3. 

(a) J7f ® Q is a polynomial ring over Q generated by the bordism classes of 
complex projective spaces CP^' , i ^ 1. 

(b) The subring Tors C f^f^ of torsion elements contains only elements of 
order 2. The quotient J?f'^/Tors is a polynomial ring over Z with one 
generator a,; in every dimension Ai, where i ^ 1. 

(c) Two oriented manifolds are bordant if and only if they have identical sets 
of Pontrjagin and Stief el-Whitney characteristic numbers. 

E.5. Multiplicative generators 

To describe a set of multiplicative generators for the ring f2^ we shall need a 
special characteristic class of complex vector bundles. Let ^ be a complex fc-plane 
bundle over a manifold M. Write its total Chern class formally as follows: 

cio = 1 + ci(e) + • • • + ckio - (1 + xi) • • • (1 + xfc), 

so that Ci(^) — (T,;(xi, . . . ,Xk) is the ith elementary symmetric function in formal 
indeterminates. These indeterminates acquire a geometric meaning if ^ is a sum 
^1 ® . . . ® ^fc of line bundles; then Xj = ci('Cj), 1 ^ J ^ fc- Consider the polynomial 

Pnixi,...Xk) = a;^-H h 

and express it via the elementary symmetric functions: 

P„(xi, . . . = s„(cri, . . . ,crfc). 

Substituting the Chern classes for the elementary symmetric functions we obtain a 
certain characteristic class of f : 

Sn(0 = Sn(ci(e),---,Cfc(0)ei^'"(Af). 

This characteristic class plays an important role in detecting the polynomial gener- 
ators of the complex bordism ring, because of the following properties (which follow 
immediately from the definition). 

Proposition E.5.1. 

1. SniO = for 2n > dimAf. 

2. Snk®T]) = SniO+Sniv)- 

Given a stably complex manifold (M, Cf) of dimension 2n, define its character- 
istic number 

Sn[M]^SniO{M) e Z 

where ^ is the complex bundle from (jE.6l) . and (M) e H2n{M) the fundamental 
homology class. 

Corollary E.5.2. // a bordism class [M] e 12^^ decomposes as [Mi] x [M2] 
where dimAfi > and dim A/2 > 0, then s„[A/] = 0. 

It follows that the characteristic number Sn vanishes on decomposable elements 
of fi2n- It ^-Iso detects indecomposables that may be chosen as polynomial genera- 
tors. The following result featured in the proof of Theorem IE. 4. 21 
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Theorem E.5.3. A hordism class [M] G fi2n "^^2/ chosen as a polynomial 
generator a„ of the ring fl^ if and only if 



Sn[M] = 



±1, i/ n 7^ p*^ — 1 for any prime p; 
ztp, if n — p^ — 1 for some prime p. 



There is no universal description of connected manifolds representing the poly- 
nomial generators a„ £ fi^ . On the other hand, there is a particularly nice family 
of manifolds whose bordism classes generate the whole ring fl^ . This family is 
redundant though, so there are algebraic relations between their bordism classes. 

Construction E.5.4 (Milnor hypersurfaces) . Fix a pair of integers j ^ i ^ 
and consider the product CP* x <CP^ . Its algebraic subvariety 

(E.8) = {(zo ■■■■■■■Zi)x{wo:---:w.j)c, CP' x CP^' : 

ZqWq H h Z^Wi = 0} 

is called a Milnor hypersurface. Note that i/oj — CP-'^^. 

Denote by pi and p2 the projections of CP* x CP^ onto its factors, and by 
f] the Hopf line bundle over a complex projective space; then f] is the hyperplane 
section bundle (it is usually denoted by 0(1) in the algebraic geometry literature). 
We have 

H*{CP' X CP^') = 1[x,v\/{x'+^ = 0, y^'+i = 0) 
where x = p\ci{fj) , y ^ plci{fi) . 

Proposition E.5.5. The geometric cohordism in CP* x CP-' corresponding to 
the element x + y G _ff^(CP* x CP-*) is represented by the suhmanifold Hij. In 
particular, the image of the fundamental class {Hij) in iJ2(i+j-i) (CP* x CP-') is 
Poincare dual to x + y. 

Proof. We have x + y = ci{pl{fj) (8)_P2(^))- The classifying map f^+y : CP* x 
CP^ — > CP°° is the composition of the Segre embedding 

cr: CP* X CP^' ^ CP*^+'+^ 

{zq : ■ ■ ■ : z^) X {wq : ■ ■ ■ : wj) (zoWq : zqWi : • • • : ZkWi : • • • : ZiWj), 

and the embedding ^p^'J+^+i CP°°. The codimension 2 submanifold in CP* x 
CP-' corresponding to the cohomology class a; + y is obtained as the inverse image 
a~^{H) of a generally positioned hyperplane in CP*^+*+-' (that is, a hyperplane H 
transverse to the image of the Segre embedding, see Construction [E]33|. By (jE.Sp . 
the Milnor hypersurface is exactly a^^{H) for one such hyperplane H. □ 



Lemma E.5.6. 



S.J+J_l[Hy] 




if i = 0, that is, Hqj = CP-'-^ 

■if i= 3 = 

if i = ^, j > 1; 

if i>l. 



Proof. Let i = 0. Since the stably complex structure on Hoj = CP^^^ is 
determined by the isomorphism T{CP^^^) (B C ^ fj (B ■ ■ ■ (S) fj [j summands) and 
X = ci{f]), we have 

s,_i[CP^-i] =jV-i(CPJ'-i) = j. 
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Now let i > 0. Then 



+,_i(r(CF' X CP^) = + + [j + l)y' 



^ \2x^ + {j + l)y\ if 1 = 1; 
[0, ifi>l. 

Denote by f the normal bundle of the embedding l : Hij CP* x CP-' . Then 
(E.9) TiH,,) ®iy = i*{T{<CP' x CP^)). 

Since ci(i') = l*(x + y), we obtain Si+j_i(i^) = l*(x + yY^^^^ ■ 



Assume z = 1. Then (jE.9|) and Proposition IE.5. Il imply that 
sAHiA - s,(r(i/i,))(i/i,> = i*{2x^ + (j + l)y= -{x + yy){H,,) 

'2, if j = 



i2x^ + (j + l)y^ -{x + yy){x + y){CP^ x CP^') 



0, if J > 1. 



Assume now that i > 1. Then Si+j_i(T(CP* x CP^)) — 0, and we obtain 
from (|E.9P and Proposition IE. 5 . 1 1 that 

s^+,-i[H,,] = -,s,+,_i(^.)(i/y) = -L*{x + yY+^-'{H,,) 

= -(a; + yy+'{CP' x CP-'') = - ft')- 

□ 

Remark. Since si[i?ii] — 2 = si[CP^] the manifold Hn is bordant to CP^. 
In fact = CP^ (an exercise). 

Theorem E.5.7. The bordism classes {[Hij],0 ^ i ^ j} multiplicatively gener- 
ate the ring fl^ . 

Proof. A simple calculation shows that 

gcdf("+^) l<i<n\=[^' if n =/■-!, 
* ^ "~ / |l, otherwise. 

Now Lemma IE. 5. 61 implies that a certain integer linear combination of bordism 
classes [Hij] with i + j = n-\-\ can be taken as the polynomial generator a„ of 12^, 
see Theorem Em □ 

Remark. There is no uniyersal description for a linear combination of bordism 
classes [Hij] with i + j = n + 1 giving the polynomial generator of i?^. 

Example E.5.8. Since si[CPi] = 2, S2[CP^] = 3, the bordism classes [CP^] 
and [CP^] may be taken as polynomial generators ai and a2 of fl^ . However [CP'^] 
cannot be taken as 03, since S3[CP'^] = 4, while 53(03) = ±2. The bordism class 
[H22\ + [CP^] may be taken as 03. 

Theorem IE. 5. 71 admits the following important addendum, which is due to 
Milnor (see [2T2l Chapter 7] for the proof). 

Theorem E.5.9 (Milnor). Every bordism class x e [2^^ with n > contains a 
nonsingular algebraic variety (not necessarily connected). 

The following question is still open. 
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Problem E.5.10 (Hirzebruch) . Describe the set of bordism classes in fi^ con- 
taining connected nonsingular algebraic varieties. 

Example E.5.11. The group is isomorphic to Z and is generated by [CP^]. 
Every class fc[CP^] € I?^ contains a nonsingular algebraic variety, namely, a disjoint 
union of k copies of CP^ for fc > and a Riemann surface of genus (1 — k) for fc ^ 0. 
Connected algebraic varieties are contained only in the bordism classes /c[CP^] 
with fc ^ 1. 

Exercises. 

E.5.12. Show that = CP^. 

E.6. Invariant stably complex structures 

Let M be a 2n-dimensional manifold with a stably complex structure deter- 
mined by the isomorphism 

(E.IO) cr : TM ® M2(/-n) ^ 

Assume that the torus T*' acts on M . 

Definition E.6.1. A stably complex structure cj- is -invariant if for every 
t the composition 

(E.ll) r{t) -.^^TM® TM ® ^ e 

is a complex bundle map, where dt is the differential of the action by t. In other 
words, (|E.11[) determines a representation r: T*"' — > Homc(^,0- 

Let a; e A/ be an isolated fixed point of the T'^-action on M . Then we have 
a representation r^. : T'^ — GL{1, C) in the fibre of ^ over x. This fibre — C 
decomposes as C"0C'~", where has no trivial summands on C" and is trivial on 
C'~". Also, the isomorphism ct,x of (jE.lOp induces an orientation of the tangent 
space Tx{M). 

Definition E.6.2. For any fixed point x e M, the sign a{x) is -|-1 if the 
isomorphism 

%{M) %{M) R2((-n) ^ ^ C" © C'-" ^ C", 

respects the canonical orientations, and —1 if it does not; here p is the projection 
onto the first summand. 

So (j{x) compares the orientations induced by and c-y^x on Tx{M). If M is 
an almost complex T'^-manifold (i.e., I = n) then a{x) = 1 for every fixed point x. 

Example E.6.3. We let the circle T 5^ act on CP^ in homo geneous coor- 
dinates by t ■ {zq : zi) = {zq : tzi). This action has two fixed points (0 ; 1) and 
(1:0). In the standard stably complex structure (see Example IE. 3. Ill the signs of 
both vertices are positive (this structure is complex and the map in Definition lE.6.21 
is a complex linear map C — > C) . 

On the other hand, the trivial stably complex structure on CP"'^ = S"^ may be 
thought of as induced from the embedding of into M'^ © with trivial normal 
bundle, which can be made complex by identifying it with C. We therefore may 
think of the circle action as the rotation of the unit sphere in around the vertical 
axis. The fixed points are the north and south poles. The rotations induced on 
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the tangent planes to the two fixed points arc in different directions. Therefore the 
signs of the two fixed points are different (which sign is positive depends on the 
convention one uses to induce an orientation on S"^ from the orientation of M^). 



APPENDIX F 



Formal group laws and Hirzebruch genera 



The theory of formal groups originally appeared in algebraic geometry and plays 
an important role in number theory and cryptography. Formal groups laws were 
brought into bordism theory in the pioneering work of Novikov |171j , and provided 
a very powerful tool for the theory of group actions on manifolds and generalised 
homology theories. Early applications of formal group laws in cobordism concerned 
finite group actions on manifolds, or 'differentiable periodic maps'. Subsequent 
developments included constructions of complex oriented cohomology theories and 
applications to Hirzebruch genera, one of the most important class of invariants of 
manifolds. 



F.l. Elements of the theory of formal group laws 

Let i? be a commutative ring with unit. 

A formal power series F(u, v) e R[[u, v]] is called a (commutative one- 
dimensional) formal group law over R if it satisfies the following equations: 

(a) F{u,0) = u, F{0,v) = v; 

(b) fIf{u,v),w) = F{u,F{v,w))] 

(c) F{u,v) = F{v,u). 

The original example of a formal group law over a field k is provided by the 
expansion near the unit of the multiplication map G x G — G in a one-dimensional 
algebraic group over k. This also explains the terminology. 

A formal group law F over R is called linearisable if there exists a coordinate 
change u i— 5_f(u) = u + X]i>i 9i^^ ^ ^[M] such that 

(F.l) 9F{Fiu, v)) = gpiu) + gp{v). 

Note that every formal group law over R determines a formal group law over Q. 
Theorem F.1.1. Every formal group law F is linearisable over R<S) Q. 

Proof. Consider the series uj{u) — 



uj{F{u,v)) 
We therefore have 
(F.2) 



dF{F{u,v),w) 



. Then 

w=0 

dF{F{u,w),v) dF{u,w) 



dw 


w=0 


du 


_ dF(u,v) 




~ w(F(ti,D)) 



dF{u, w) 



dw 



dF{u,v] 
du 



'Uj{u). 



Set 



dv 



then dg{u) ~ dg{F{u, v)). This implies that g{F{u, v)) = g{u) + C. Since F{0, v) — 
V and g{0) — 0, we get C — g{v). Thus, g{F{u, v)) = g{u) + g{v). □ 
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A series gpiu) = ti + X]i>i 5*"' satisfying equation (jF.lll is called a logarithm of 
the formal group law F; Theorem IF . 1 . 1 1 shows that a formal group law over i? (g) Q 
always has a logarithm. Its functional inverse series fpit) G i? ® Q[[i]] is called an 
exponential of the formal group law, so that we have F{u, v) — fpigpiu) + gpiv)) 
over R(E} Q. If i? does not have torsion (i.e. i? — > i? (g) Q is monomorphic) , the 
latter formula shows that a formal group law (as a series with coefficients in R) is 
fully determined by its logarithm (which is a series with coefficients in i? Q) . 

Example F.1.2. An example of a formal group law is given by the series 

(F.3) F{u, u) = (1 + u){l + v) - 1 ^ u + v + uv, 

over Z, called the multiplicative formal group law. Introducing a formal indetermi- 
nate /3 of degree —2, we may consider the 1-parameter extension of the multiplica- 
tive formal group law, given hy F/j = u + v — jSuv, with coefficients in Z[/3]. Its 
logarithm and exponential series are given by 

ln(l - Pu) 1 - e-P- 

9{u) = , /(.) = ^^. 

Let F — I Okiu^v^ be a formal group law over a ring R and r:R^R'a 
ring homomorphism. Denote by r{F) the formal series ^ r{aki)u^v^ G 
then r{F) is a formal group law over R' . 

A formal group law !F over a ring A is universal if for any formal group law F 
over any ring R there exists a unique homomorphism r: A R such that F = r{F). 

Proposition F.1.3. Assume that a universal formal group law T over A exists. 
Then 

(a) the ring A is multiplicatively generated by the coefficients of the series T ; 

(b) the universal formal group law is unique: if F' is another universal formal 
group law over A', then there is an isomorphism r: A ^ A' such that 
P = r{F). 

Proof. To prove the first statement, denote by A' the subring in A generated 
by the coefficients of F. Then there is a monomorphism i: A' A satisfying i{F) = 
F . On the other hand, by universality there exists a homomorphism r: A ^ A! 
satisfying r(F) = F . It follows that ir{F) — F. This implies that ir = id: A —i' A 
by the uniqueness requirement in the definition of F. Thus A' = A. The second 
statement is proved similarly. □ 

Theorem F.1.4 (Lazard |139) V The universal formal group law F exists, and 
its coefficient ring A is isomorphic to the polynomial ring Z[ai, 02, . . .] on an infinite 
number of generators. 

F.2. Formal group law of geometric cobordisms 

The applications of formal group laws in cobordism theory build upon the 
following basic example. 

Construction F.2.1 (Formal group law of geometric cobordisms). Let X be 
a cell complex and u,v G U'^{X) two geometric cobordisms (see Construction lE.3T4|) 
corresponding to elements x,?/ e H'^{X) respectively. Denote by u the geo- 
metric cobordism corresponding to the cohomology class x + y. 
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Proposition F.2.2. The following relation holds in U {X): 
(FA) u+„v ^ Fuiu,v) = u + V + ^ akiu'^v\ 

k^l, 1^1 

where the coefficients au G fijj'^^'^^^ do not depend on X. The series Fij(a,v) 
given by (jF.4p is a formal group law over the ring Qjj — Q^j . 



Proof. We first do calculations with the universal example X = CP°° x CP°°. 
Then 

[/*(CF°° X CP°°) = n*u[[u,v]], 

where u,v are canonical geometric cobordisms given by the projections of CP°° x 
CP°° onto its factors. We therefore have the following relation in U^{CP°° x CP°°): 

(F.5) u+hH^ X! (^kiu^v!:, 

where aki G f2jj^^''^''^^\ 

Now let the geometric cobordisms u,v G U'^{X) be given by maps fu, fv- X ^ 
CP°° respectively. Then u — {fu x w = (/„ x fv)*{v) and u +j^v — 

(fu X fv)*{u+Hll), where f^x f^: X ^ CP°° x CP°°. Applying the 17^-module 
map {fu X /„)* to (jF.Sp we obtain the required formula (|F.4p . The fact that F(j{u, v) 
is a formal group law follows directly from the properties of the group multiplication 
CP°° X CP°° -> CP°°. □ 



Series (jF.4[) is called the formal group law of geometric cobordisms; nowadays 
it is also usually referred to as the complex cobordism formal group law. 

By definition, the geometric cobordism u € U'^{X) is the first Conner-Floyd 
Chern class of the complex line bundle ^ over X obtained by pulling back the 
canonical bundle along the map fu'- X CP°°. It follows that the formal group 
law of geometric cobordisms gives an expression of the first class cf (g)?]) € U^{X) 
of the tensor product of two complex line bundles over X in terms of the classes 
u — Ci{(^) and v = S( {rj) of the factors: 

Ci{£.®r]) =Fu{u,v). 

The coefficients of the formal group law of geometric cobordisms and its loga- 
rithms may be described geometrically by the following results. 

Theorem F.2.3 (Buchstaber [371 Theorem 4.8]). 
Pu{u,v) = — T—^f—s 



where Hij (0 ^ i ^ j) are Milnor hypersurfaces (jE.SP and Hji = Hij . 

Proof. Set X = CP' x CPJ in Proposition IF. 2.21 Consider the Poincare- 
Atiyah duality map D : [/^(CP' x CP^) -> C/2(i+j)-2(CP' x CP^) (see Exer- 
cise ElJ| and the map e: C/*(CP' x CP^) U.,{pt) = f2^ induced by the projec- 
tion CP' X CP^ — > pt. Then the composition 



eD: U^{CP' x CP^') ^ ilF 
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takes geometric cobordisms to the bordism classes of the corresponding submani- 
folds. In particular, eD{u+^v) = [iJy], eD{u''v^) = [CP'-''][CP^-^]. Applying eD 
to (|F.4p we obtain 

k,l 

Therefore, 

i;j k,l i^k j^l 

which implies the required formula. □ 

Theorem F.2.4 (Mishchenko [1711 Appendix 1]). The logarithm of the formal 
group law of geometric cobordisms is given by 

gu{u) = u + Y^ ^fy"'^' ^ ® 
Proof. By (|E3, 



dgu{u) = 



du 


dFu {u,v) 




dv 


v=0 



Using the formula of Theorem IF.2.31 and the identity Hio = CP' ^ , we calculate 

dguju) _ l + Efc>o[CPV 

du l + E.>o([^d-[CPi][CP-i]K- 

Now [Hii] = [CP^][CP*^^] (see Exercise IF. 3.61 we have already seen that 
Hii = CP^ ill the Remark preceding Theorem IE. 5.71) . Therefore, dgu{u) — 
1 + X)fe>oP^'^]"'^' '^hich implies the required formula. □ 

Using these calculations the following most important property of the formal 
group law Fjj can be easily established: 

Theorem F.2.5 (Quillen |1921 Theorem 2]). The formal group law Fu of geo- 
metric cobordisms is universal. 

Proof. Let J- be the universal formal group law over a ring A. Then there is a 
homomorphism r: A fiu which takes J- to Fjj . The series JF , viewed as a formal 
group law over the ring A (8) Q, has the universality property for all formal group 
laws over Q-algebras. By Theorem IF. 1.11 such a formal group law is determined by 
its logarithm, which is a series with leading term u. It follows that if we write the 
logarithm of as ^ ^feT+T then the ring A(g)Q is the polynomial ring Q[6i, &2j • ■ •]■ 
By TheoremEMl r{hk) = [CP^] € ^u- Since Qu^Q"^ QipF^], [CP\ . . .], this 
implies that r Q is an isomorphism. 

By Theorem lEEl the ring A does not have torsion, so r is a monomorphism. 
On the other hand, Theorem lF.2.3l implies that the image r{A) contains the bordism 
classes [Hij] € Qjj^ ^ i ^ j. Since these classes generate the whole ring Qu 
f Theorem IE. 5. 7[) . the map r is onto and thus an isomorphism. □ 
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F.3. Hirzebruch genera 

Every honiomorphism if : S7u — !■ R from the complex cobordism ring to a com- 
mutative ring R with unit can be regarded as a multipUcative characteristic of 
manifolds which is an invariant of cobordism classes. Such a homomorphism is 
called a (complex) R-genus. (The term 'multiplicative genus' is also used, to em- 
phasise that such a genus is a ring homomorphism; in classical algebraic geometry, 
there are instances of genera which are not multiplicative.) 

Assume that the ring R does not have additive torsion. Then every i?-genus Lp 
is fully determined by the corresponding homomorphism Qjj (g) Q — > i? (g) Q, which 
we shall also denote by ip. A famous construction due to Hirzebruch |122 j allows us 
to describe homomorphisms tf : fiu ® Q i? Q by means of universal i?- valued 
characteristic classes of special type. 

Construction F.3.1 (Hirzebruch genera). Let BU = hm BU(n). Then 

n— >oo 

H*{BU) is isomorphic to the graded ring of formal power series Z[[ci,C2, . • .]] in 
universal Chern classes, degc^ = 2fc. The set of Chern characteristic numbers of a 
manifold M defines an element in Hom(_ff*(i?t/), Z), which in fact belongs to the 
subgroup H^{BU) in the latter group. We therefore obtain a group homomorphism 

(F.6) Qu-^H^iBU). 

Since the multiplication in the ring H^{BU) is obtained from the maps BUk x 
BUi — > BUk+i corresponding to the Whitney sum of vector bundles, and the Chern 
classes have the appropriate multiplicative property, the map (jF.6|) is a ring homo- 
morphism. 

Part 2 of Theorem IeX2] says that (jF.6l) is a monomorphism, and Part 1 of 
the same theorem says that the map Qu (g) Q — H^{BU ; Q) is an isomorphism. It 
follows that every homomorphism ip : flu (g) Q -> i? Q can be interpreted as an 
element of 

HomQ(iJ,(B[/;Q),i?«)Q) = H*{BU;Q) (g) R, 

or as a sequence of homogeneous polynomials {Ki{ci, . . . , q), i ^ 0}, degKi ~ 2i. 
This sequence of polynomials cannot be chosen arbitrarily; the fact that is a ring 
homomorphism imposes certain conditions. These conditions may be described as 
follows: an identity 

l + ci+C2-{ = (1 + c'l + 4 H ) • (1 + c'/ + 4' H ) 

implies the identity 

(F.7) J2 ^"(^1' ■ • ■ ' c«) = E ^^(^'i' ■ • ■ ' ^::) • E ^^-(^1 ' ■ • ■ ' c")- 

n^O 1^0 j^O 

A sequence of homogeneous polynomials /C = {Ki{ci, . . . , Ci), i ^ 0} with Kq — 1 
satisfying the identities (|F.7P is called a multiplicative Hirzebruch sequence. 

Proposition F.3.2. A multiplicative sequence K, is completely determined by 
the series 

Q{x) = l + qix + q2X^ H G i? (g) Q[[x\], 

where x = ci, and qi — Ki{l^ 0, . . . , 0); moreover, every series Q{x) as above deter- 
mines a multiplicative sequence. 
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Proof. Indeed, by considering the identity 
(F.8) 1 + ci + • • • + c„ = (1 + xi) • • • (1 + a;„) 

we obtain from (IF. 71) that 



Q{xi) ■ ■ ■ Q{Xn) = I + Ki{ci) + K2{CI,C2) + ■ ■ ■ 

+ Kn{ci, . . . ,C„) + X„+l(ci, . . . , C„, 0) + ■ 



□ 



Along with the series Q{x) it is convenient to consider the series f{x) e i? ( 
[x\] with leading term x given by the identity 

X 



Q{x) 



It follows that ring homomorphisms ip : Qu®<Q_ — > i?(g)Q are in one-to-one correspon- 
dence with series f{x) £ i?(8)Q[[a;]] with leading term x. Under this correspondence, 
the value of Lp on an 27i-dimensional bordism class [M] G fiu is given by 

n 

(F.9) ^[M] = (nyg^,(M) 

where the Chern classes Ci, . . . , c„ are expressed via the indeterminates ii, . . . , a;„ 
by the relation (|F.8|) . We shall also denote the characteristic class HlLi f{x ) °^ ^ 
complex vector bundle f by (p(^); so that ip[M] = Lp{TM){M) . 

The homomorphism ip: Qjj R Q given by formula (jF.9p is called the 
Hirzebruch genus associated with the series f{x) — x + ■ ■ ■ E R ® Q[[x]]- Thus, 
there is a one-two-one correspondence between series f{x) E R (S) Q[[x]] having 
leading term x and genera (p: Hij — i? (g) Q. 

Every genus ip: flu — ^ R gives rise to a formal group law ip(Fu) over i?, where 
Fjj is the formal group of geometric cobordisms fConstruction [F72. 1[) . 

Theorem F.3.3. For every genus ip: fljj — > i? ® Q, the exponential of the 
formal group law ip{Fu) is given by the series f{x) E R®^^[[x\\ corresponding to ip. 

This can be proved either directly, by appealing to the construction of geometric 
cobordisms, or indirectly, by calculating the values of the give Hirzebruch genus on 
projective spaces and comparing to the formula for the logarithm of the formal 
group law. 

1st proof. Let X be a manifold and u,v E U'^{X) its two geometric cobor- 
disms defined by the elements x,y E H'^{X) respectively. By definition (IF.4p of the 
formal group law Fjj we have the following relation between geometric cobordisms 
in f/2(X): 

[Mx+y] = X! (^kl[M^kyi] 

in f2ij, where Mx+y C X is the codimension-2 submanifold dual to a: -I-?/ E H'^{X), 
and M^kyi C X is a codimension-2 (fc -I- I) submanifold dual to x'^y^ E ff^(X). 
Applying the genus (p we obtain 

(F.IO) V[Mx+y\ = v{aM)v[Mx^yi]- 
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Let l: Mx+y C X be the embedding. Considering the decomposition 

L*{TX) ^TMx + y(Bl^iL) 

and using the muUiphcativity of the characteristic class ip we obtain 
Therefore, 

(F.ll) ^x+y] = L*{v{TX) ■ lS£±f){Mx+y) = {viTX) ■ f{x + y)){X). 
Similarly, by considering the embedding M^kyi — > X we obtain 
(F.12) m.-vA = {^{TX) ■ f{xfj{y)')){X). 

Plugging (|FlI|) and (|IU2)) into (|KT0| we finally obtain 

This implies, by definition, that / is the exponential of if{Fu). □ 

2nd proof. The complex bundle isomorphism TiCP^) ® C = 77 © ... © 77 
(fc + 1 summands) allows us to calculate the value of a genus on €-P^ explicitly. Let 
X = ci{ff) G H'^{'CP^) and let g be the series functionally inverse to /; then 



fc+i 



fc+i / 1 \ fc+i 



fx Xf^+J- 

coefficient of x in ( — -— = reso , 

^f[x)J \f{x, 

( ^fc+i ) ~ coefficient of u'^ in g'{u). 



reso 

. u 



(Integrating over a closed path around zero makes sense only for convergent power 
series with coefficients in C, however the result holds for all power series with 
coefficients in R(E)Q.) Therefore, 



g[u) = 2_^p[CP'']u''. 

Theorem IF . 2 . 41 then implies that g is the logarithm of the formal group law (p{Fij), 
and thus / is its exponential. □ 

A parallel theory of genera exists for oriented manifolds. These genera are 
homomorphisms fiso ~^ R from the oriented cobordism ring, and the Hirzebruch 
construction expresses genera over Q-algebras via certain Pontrjagin characteristic 
classes (which replace the Chern classes). 

Example F.3.4. We take i? = Z in these examples. 

1. The top Chern number c„(^) [M] is a Hirzebruch genus, and its corresponding 
/-series is /(x) = The value of this genus on a stably complex manifold 
(M, C7-) equals the Euler characteristic of M if cj- is an almost complex structure. 

2. The L-genus L[M\ corresponds to the series f{x) = tanh(a::) (the hyper- 
bolic tangent). It is equal to the signature sign(M) by the classical Hirzebruch 
formula [T22] . 
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3. The Todd genus td[Ajf] corresponds to the series f{x) = 1 — e^^". The 
corresponding formal group law is given by (jF.3|l . The Todd genus takes value 1 
on every complex projective space CP*"'. 

The 'trivial' genus e: flu Z corresponding to the series f{x) — x gives rise 
to the augmentation transformation U* — > H* from complex cobordism to ordinary 
cohomology (also known as the Thom homomorphism) . More generally, for every 
genus (p: Qjj — ^ R and a space X we may set h*^{X) — U*{X) R. Under 
certain conditions guaranteeing the exactness of the sequences of pairs (known 
as the Landweber exact functor theorem |138| ) the functor /i* (•) gives rise to a 
complex-oriented cohomology theory with the coefficient ring R. 

As an example of this procedure, consider the genus corresponding to the 1- 
parameter extension of the multiplicative formal group law, see Example IF. 1.21 It 
is also usually called the Todd genus, and takes values in the ring Z[/3], deg/3 = — 2. 
By interpreting /3 as the Bott element in the complex if-group K'^{S^) = K^^{pt) 
we obtain a homomorphism td: — ^ K*{pt). It gives rise to a multiplicative 
transformation U* — ^ K* from complex cobordism to complex if-theory introduced 
by Conner and Floyd |64j . In this paper Conner and Floyd proved that complex 
cobordism determines complex A'-theory by means of the isomorphism K*{X) = 
U*{X) where the J7c/-module structure on Z[/3] is given by the Todd 

genus. Their proof makes use of the Conner-Floyd Chern classes; several proofs 
were given subsequently, including one which follows directly from the Landweber 
exact functor theorem. 

Example F.3.5. Another important example from the original work of Hirze- 
bruch is given by the Xy -genus. It corresponds to the series 

" l + ye--(^+yy 

where y e R is a parameter. Setting y = —1, y — and y = 1 we get the top 
Chern number c„[M], the Todd genus td[M] and the L-genus L[M] = sign(M) 
respectively. 

If M is a complex manifold then the value Xy [M] can be calculated in terms of 
the Euler characteristics of Dolbeault complexes on M, see |122| . 

Exercises. 

F.3.6. Show that [Hu] = [CP'^][CP'^^^] (as complex bordism classes) for i ^ 
1 by calculating the Chern numbers. (The authors do not know of an explicit 
construction realising this cobordism.) 
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